18.034, Honors Differential Equations
Prof. Jason Starr
An application of the Dirac delta function 4/1/04

1. A result from multivariable calculus

Let (s,t) be coordinates on R?. Let U — IR? be an open region and let a;<by,
a><b, be real numbers such that the multi-interval [a;, bi]x[a, b>] is contained
in U. Let y (s, t) be a continuously differentiable function on U. Define the
function y(t) on [ a3, by] by,

by
y(t) = [y(s t)ds.

9

b
, ¢ 0
Thm 1: The function y(t) is continuously differentiable and y (t): Ia—)t;(s,t)ds.

aq

The proof is found in most books on multivariable calculus, e.g., Theorem 5.1 of
chapter 11 in Corwin + Szczarba, “Multivariable calculus”.

Define the function z(s, t) on [a;, bi]x[a;, by] by,

z(s, t)= J.y(u, tdu.
a1

Cor 2: The function z(s, t) is continuously differentiable and g—i(s, t)=y(s, t),

S

Zs )= [
- (s,t)= J- 8t (u,t)du .

al
Proof: Clearly z(s, t) is continuous. Fix to in [a,, b>]. By the fundamental theorem
of calculus, z(s, ty) is differentiable and Z—z(s, to) = y(s, t). So Z—z exists and is
continuous. Fix sq in [a;, b;]. By Thm 1,
S0
0z

Z(sp,t) = a—y(u, t)du . So 92 exists and is continuous. Therefore (s, t) is
° ot ot

ot
al

continuously differentiable and the partial derivatives are g—z(s, t) = y(s, ),
S

0z oy

—(s, )= | =, t)du.

() jl lutd

Cor 3:Suppose a; = a, = a and b; = b, = b. The function z(t) = z (t, t) on [a, b] is
continuously differentiable and

t
z' (t) = IZ—{(U, t)du + y(t, t).

a
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Pf:By the Chain Rule, z(t, t) is continuously, diff. and

d 0z oz
-~ _ Y= g+ 2= .1
= z(¢) = (¢,¢)-1+ S, (¢,2)

2.The Green’s operator
Let [to, t1) be an interval (possibility t;=0c0), let ap(t), ai(t),...., an(t) be continuous
functions on [tg, t;), and let Ly be the differential operator,

Ly= y U+ a,(t)y° + ...+ ay(t)y'+ao )y .
For each real number s with t; < s < t;, denote by IZS (t) the unique (n+1)- times
continuously differentiable function on [ty, t;) that is the solution of the IVP

( Ks (s)=0

LK, (t)=0,
K" U(s)=0

Ps)=1

\

Also, denote by K (t) the function on [to, t1),
K. (t), sst<t
Ks (1) =
0 , th<t<s
Denote by K (s, t) the function on [tg, t;)x [to, t1) given by K (s, t) = K (t). Similarly
define K (t) = K (s, t).
sy

Prop 4:For each integer 0 < m < n, the partial derivative aat—n,f(s,t) exists and is

continuously differentiable (here m=0 gives that IZ(s, t) is continuously
differentiable).

Pf:This is easy to prove, but it will have to wait until we have discussed determinants
and Cramer's rule.

Let f(t) be a continuously differentiable function on [ty, t;) and define y4(t) by,

ya(t)= j‘l?'(s, t)f(s)ds = TK(S, t)f(s)ds .

Prop 5 : The function y4(t) is (n+1)- times continuously differentiable. Moreover, for
m=1,....,n,

yire) = %(s tf(skts, and

(n+1) an+1K f
y ey = t-([at”*l C (s, t)f(s)ds + f(t).
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Pf : The proof is by induction. For the base case y(s, t)= K (s, t) f(s) satisfies the
hypothesis of Cor 3. Therefore yq4(t) is continuously differentiable and

V0= [ S0 (5)s + Rle0)f o).
By definition, K(t, t)=0. Thus y,(t) = jg(s, t)f(s)ds

ot
to

Now let m be between 1 and n. By induction, assume that y4 is (m-1) - times

0K
continuously differentiable, and that y™)(t) exists and y!")(r)= j@t_m( (t)f(s)ds .
to
mN
By Prop 4, Zt—f(s,t)f(s) is continuously differentiable. Thus y'™)(t) is continuous.

And by Cor 3, yg’")(t) is continuously differentiable and

t ~J
(m+1)(r) — o"K
Y= | RG]

0"k -
If m < n-1, then at_’"(t't) = 0 by definition.

Eome1gy

In this case y ™ 1(t)= Ji’t%(s' t)f(s)ds.
to

In the case m=n, aaan(t,t): 1.

t

n an+1iz
So yg 1)(;) = j pors (s, t)f(s)ds + F(t).
to

Remark 6:1In fact Prop 5 is true if f(t) is only continuous. This can be proved on any
bounded interval [to,tl'] by taking a sequence of continuously differentiable functions

(fk(t)) that convergys uniformly to f(t), applying Prop 5 to each fk(t) and using
standard results about integrals and derivatives of uniform limits.

Def'n 7: The function K(s, t) is called the Green’s Kernel and the linear operator from
COlto,t;) to C"*t,, t;) defined by

t f
GIfT (1) = ya(t),  va(©)= [Ks,t¥(skds = [Kls,t¥(s)ds
to to

is called the Green’s Operator (both “associated to L").

Thm 8: Let f(t) be a continuous function on [ty, t;) and let yq4(t)= G[f] (t). Then yq4(t)
is the unique solution of the IVP
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Ya (to)=0
yg")(l‘o)z 0

Proof: By Prop 5, yq(t) is (n+1) - times continuously differentiable. From the
equations for the first n derivatives of yq, y™(t;) =0 for m=0,...., n. Finally, by the
equations of the derivatives of yq in Prop 5,

L ya(t)=f(t),

Lya ()= aglt)yy + art)yg +...... +a, (" + y"*Y, equals

t t npy toan+lpy
20(t)[ (s, t¥(s)s + ..ooo. 2, (0)] %(s, tF(s)s + | @at%(s, tF(s)ds + f(t) , equals

to to to
t ~J ~ ~
~ oK o"K oMK
.[ ag(t)K(s, t)+ a (t)E(s,t) +ovent @, (t)at_”(s' t)+ atT(s' t)}f(s)ds +f(t).
to

But for each s with 7, <s <7,

n+l
(s,t)+ oK (s,t):L Izv(t) which equals 0 by definition.

= 0'K
ao(t)K(s,t)+....+ a, (t) 5 e

t

So L yg (t)= jo f(sks + f(t) = 0 + £(t) = £(t).
to

Therefore yq (t) is the solution of the IVP.

Remark 9: Even if f(t) isn't continuous, the Green’s operator G[f] is often defined

and is the best candidate for a solution of the IVP. For linear PDE’s, a Green'’s
operator is also defined and plays a central role in the study of linear PDE’s.

(=)

n!

3. Examples :(A) Let Ly = y"*. Then Izs(t)

So G[f] = I@f(s)ds.

On the other hand, a solution of the IVP is clearly the integrated integral
t Up_y [ Uy
I Tt J {J. fiu,,ﬂ )dunH Jdun T ul "
ty ty \{o

Therefore, we have proved the identity

t (t )n tlu un-1(unp
J-_T;Sf(s)ds - .[ .[ o J. {J.f(unﬂ)dunﬂ}un - duy duy
to '

to\ to to \to
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(B) Let n=1, Ly = y" + ai(t) y' + ap(t). Let (yi(t), y2(t)) be a basic part of Ly=0.
Then Izs(t)—L- — 228/ (¢) is a solution of LK,(s)=0. Also

V2
_W[.Vlvyz](s) yZ(t) W[,Vlvyz](s)

K.(s)=0 and K.(s)=1. So the Green'’s Kernel is K(s,t)= yl(S))l:;[(;)_yyi((ss))yl(t) _and
1172

the Green’s Operator is

yq(t)= j‘ yi(sly(t)- yl(t)yZ(S)]F(s)ds.

Wlys, v, ]s)

This is the same formula derived by “variation of parameters”.

(C) Let Ly be a constant coefficient differential operator, i.e. Ly = p(D)y for some
polynomial p(Z). Observe that for any fixed number s, p(D)(y(t-s))=(p(D)y) (t-s). So
if y(t) is a solution of p(D)y=0, also y(t-s) is a solution.

Let K (t)=K,(t). Then for every s,

K (t - s) is a solution of the IvP [ K (s)=0

5
IZS("“)(S): 1
So K.(t)=k (t - s). Similarly, define k (t)=Kq(t). Then Ks (t)=k (t-s).
Let 'fv(t) be a continuous function on [ty, t;).

Define f(t)= 'fv(t), to<t<ty
0, t<tyort=ty

Then the solution of the IVP y(to)=0
i) - o
t
on [#,,¢]is given by y = Ik(t ~sF(s)ds

to

_ Tk(t ~sK(s)ds = (k *F)t).

So the Green’s Operator is G[F 1=(k*f)

This is another use of the convolution.
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4. Derivation of Theorem 8. Except for a few minor complications, Theorem 8 is
straightforward to prove. However, it is difficult to deduce from first principles. Why

t
should there be a solution of the form y4(t) = IK(s,t)f(sbs ?
to
Why should K(s, t) satisfy the initial value problem that it does?

The most direct answer to both questions uses the Direct delta function R. The main
observation is the following.

Observation. Let f(s, t) be a continuous function on [so,sl]x [to,tl). Let y(s, t) be a

6n+1y
atn+1

function on [sy, s;]x [te, t;) such that y(s, t), g—);(s,t),...., (s,t) are defined and

continuous and s.t. for each s, L y(s,t) = f(s,t) , where t is the independent variable.

s1
Then y(t)= jy(s, t)ds is (n+1) - times continuously differentiable and
S0

s1
Ly(t)= j f(s, t)ds.
S0

This is not difficult to prove. Since the proof is not directly relevant, it is omitted.

t
Now the continuous function is of the form jf(s,t)ds, where f(s, t)=f(s)R (t-s).

to
Of course f(s, t) is a fictional function that is certainly not continuous. But the
observation motivates us to hope we can make sense of the ODE Ly(s, t)=f(s)R (t-s)

ty
and that y(t)= jy(s,t)ds will be a solution of Ly(t)=f(t).

to
There is one straight forward reduction. Suppose we can make sense of Ly= R (t-s)
and let K(s, t) be a solution. Then, by linearity of L, L(f(s)K(s,t))= f(s)L K(s,t) =
f(s)R (t-s). So we can take y(s,t)= f(s)K(s,t) leading to the equation

tq
y(t)= j k(s, t)f(s)ds
to

We need to impose some conditions that are less easy to justify. We consider the IVP

Ly= f(t)

y(to)=0 . We know that if f; and f, are 2 functions s.t. f;(t)= f,(t)
: fortp =t < ty, theny,(t)=yu(t) fortg < t < by, i.e. the

y(™ (t)=0 solution of the IVP on [to, t.] depends only on the value

of f on [to, tz]

5} 3]
Therefore, for ty < t < ty, IK(S, t)f,(s)-f,(s)ds =0, i.e. IK(s, t)f,(s)-f.(s)ds = 0
to t2
for t < t,. But the difference f,(s)-f,(s) can be an arbitrary cts. function that is 0 on

[to,to]. Taking f,(s)-f,(s) limiting to R(s-t3) for t;>t, gives the
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ty

jK(s,t)Q(s —t3)ds =0 for t > t,, i.e. K(ts, t)=0 for t3 > t,> t. But now tzand t are
t

arbitrary as long as t; > t. This gives the strong restriction

K(s, t)=0 for s>t

So for t < s, K(s, t)=0. Since R(t-s)=0 fort > s, also fort > s K(s, t) is a solution
of the homog. equation, L K(s, t)=0. If K(s, t) were n-times differentiable in t, it

t
would follow that lim %(s,t)=0 for k=0,..., n+1. This would imply that K(s, t) is

t—ot Ot

the solution of the IVP LK(s, t)=0, K(s, s)=.....=K"*! (s, s)=0, namely K(s, t)=0.

This choice certainly does not lead to a solution of Ly=f(t)! Therefore, we should not
expect K(s, t) to be (n+1)- times diff. It turns out the best we can hope for is that
K(s, t) is (n-1)- times continuously differentiable and (n+1)- times piecewise
continuously differentiable.

It may occur to the reader that we need not assume even this. The best response is
that this is the assumption that leads to a true theorem. Another justification is
nature: real-world systems that are modeled by linear differential operators do
exhibit this behavior: If you kick a soccer ball, it does not instantaneously move 10
meters away. Rather the position of the ball is continuous and the velocity of the ball
is piecewise continuous.

Since K,...., K"V are continuous, for t > s this leads to the conditions,
k
lim Zt—f(s,t)=0 for k=0,..., n-1. The only missing piece of information is
tost
. 0"K
lim

por (s,t). Let us call this u(s).
t-st

To compute this, we reason heuristically as follows. The difference

Ko+ )- KiPls) = im [k

Of course Kﬁ””)(t) is only piecewise defined/cts, and it is not defined at t=s.

However, our equation says
KO(E) + a, (K IE) + ...+ ay ()KL (E) + ap (K () =R

So we can solve for K"*U(t) and we get,

KED(0)=R (t-5)-(ap (OKLE) + .. + @y (0K () + ao e,

So j KO ()t =1 - ja,,(t)Kg")(t)+ oot ag (K S (E)t

Now K(t),....,K"V(t) are all approximately 0 for € small, and
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lim S].g(ao(t“)KS(t“)+ e an(t)Kg(t)dt) is 0. And Sj‘ga,,(t)Kg”)(t) ~ - a,(s)(s).
So lim S]‘ga,,(t)Kg’(t) =0 as well.

In the limit, this gives

S+¢ S+¢&
lim (K" ()t = J'R(t —spt =1
-0
S—-¢ S—-¢
So u(s) = 1.
This leads to the definition that K¢(t) for t = s is the unique solution of the IVP,
LKs(t) =0
Ks(s)=0 , and K¢(t)=0 for t < s. This is the definition that gives
: : the formulation of Theorem 8.
K" (s)=0
K" (s)=1
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