Recitation 13, March 18, 2010

Fourier Series: Introduction

1. What is the general solution to 7 + w?x = 07 [Quick!]

The characteristic polynomial is p(s) = s? + w?, with roots +iw,. The
general complex solution is/ae™nt + be~™rt  and the general real solution is
x = ¢1 cos(wpyt) + o sin(wyt).

2. Discuss why (as long as w # +w,)

cos(wt
i +wlr = acos(wt) has solution z, = 5 ( )2
Wy —w
n
in(wt
i +wlr = bsin(wt) has solution =z, =15 —31211( )2
wr — w
n

Assume w # w,, then the first equation is the real part of the equation Z +
whz = ae™'. By the exponential response formula, z = —%—¢™* Taking

the real part yields solution z, = &% . Similarly, the second equation

is the imaginary part of the equation 7 + w?z = be™*, which has a solution

2= ﬁem. Taking the imaginary part yields =, = b“; (“:2

n

3. What about i + w2z = cos(w,t)? What is a particular solution? What is
the general solution? Are there any solutions z(t) such that |z(¢)| < 10° for
all t7 Are there any periodic solutions?

Assume w, # 0, otherwise the equation becomes trivial. Again we take the
complex replacement of the equation and get Z+w?z = ¢“*. Since p(iw,) =0,
P (iw,) = 2iw, # 0, then by RERF, the particular solution is z, (t) = &

Taking the real part yields z, (t) = % The solution of the homogeneous

equation is given by problem 1, so the general solution of this equation is
w(t) = B0 e cos(wyt) + ¢ sin(wpt).

2wnp,

2iwn °

Due to the factor ¢ in x,, any solution z (t) will exit the range (—10°, 10°)
when ¢ is large enough. To see this, consider ¢, = 2k+1/27r for K € N. Then
sin (w,tr) = sin (2km +7/2) = 1 and cos (w,tx) = cos (2km+m/2) = 0, so
x (ty) = 2kt1/2 0 4 ¢y, Therefore for any cs, we can always choose sufficiently

2w2
large integer k , such that z (t) = 2k+1/27r + ¢o > 10°. So there will be NO

solution x(t) such that |z (t)] < 106 for all £,

c1 cos(wyt) + o sin(wyt) is a periodic function with period 27 /w,, but z, (t) =
t sin(wnt)

o is not periodic since the magnitude increases as t increases. So the
n



general solution x(t) = x, (t) + ¢1 cos(wy,t) + ¢ sin(w,t) is not periodic. There
is NO periodic solution.

4. On the same set of axes, sketch graphs of sint, sin(2t). Then sketch the
graph of f(t) = sint + sin(2¢). Some pointers: f(t) is easy to evaluate when
one of the terms is zero. What is the derivative at points where both terms
are zero? This information should be enough to let you make a rough sketch.
What are the periods of these three functions?

sint has period 27, and sin(2t) has period 7. Both sint and sin (2¢) will
vanish at ¢t = kr for k € Z. f'(t) = cost 4+ 2cos(2t), so at those points,
1, kodd,
3, keven.

sin (2t), so its period is the least common multiple of the periods of sint and
sin (2t), i.e., 2.

frkn) = (=1 +2 = f(t) is a linear combination of sint and

5. For what values of w, is there a periodic solution to the equation
¥+ w?r = by sint + by sin(2t)

(where by and by are nonzero)? Name one if it exists.

Consider the complex replacement of the equation 2 +w?z = bye® + bye?. The
characteristic polynomial is p(s) = s* + w?. By linearity, a solution to this
equation is given by the sum of a solution to Z + w?z = b€’ and a solution to
Z4wlz = bye*. When w,, # 1, Z+w2z = bie' has the solution bye/ (w2 — 1);
when w, # 2, 2 + w2z = bye* has the solution bye?®/ (w? —4). So if both
wp, # 1 and w,, # 2 are satisfied, a complex solution of the original equation
will be f%‘i + fffij. Taking the imaginary part yields z, = le%Si_nf + bifén_(it),
which is a periodic solution with period 27.

6. (very tricky) For what values of w is sint + sin(wt) periodic? And the
periods?

When w = 0, the function is simply sin ¢ which is periodic with period 27. Now
assume w # 0, then sin (wt) is periodic with period 27/w. Since the period of
sint is 27, then if sint 4 sin (wt) is about to be periodic, its period must be
2km for some positive integer £ € N, which also has to be an integer multiple
of the period of sin (wt). Therefore if sint + sin (wt) is periodic, then there
exist positive k € N and positive n € N, such that 2k7m = n%ﬂ, ie, w=n/k.
On the other hand, for any choice of a pair of positive integers k£ and n, set
w = n/k, then sint + sin (wt) will be periodic with period %, where (k, n)
denotes the greatest common divisor of k£ and n.
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