18.03 Problem Set 6: Part II Solutions

Part I points: 22. 8§, 23. 0, 24. 8, 25. 0.

22. (a) [4] From IL.21(f), g(t) = 2(sin(t)— 3 sm(Bt) 25 sin(5t)—- - - ). By Superposition
IIT and the fact that A% is a solution to Z + wlx = Asm(wt), we find that a solution
é( sin(t) 1 sin(3t) +.

loz1z ~3Tozog2 -+ ), as long as w,, is not an odd

to @ + w2z = g(t) is given by z, =
integer.

(b) [4] If w,, is an odd integer there is no periodic solution.

(c) [4] w, = 1. For w just less than 1, the term 223 t) dominates, and z, is relatively

close to this: This is antiphase with sin(t) and has large amplitude. When w, is just
greater than 1, the same term occurs and dominates but now is a positive multiple of
sin(t), so the system response is in phase with the input.

(d) [4] This is a tricky question. When w,, is not an odd integer, the solution x, above is
periodic of period 2m. The general solution of the homogeneous equation is a cos(w,t) +
bsin(wy,t), which is periodic of period Z—: The sum is periodic if some multiple of 27 is
equal to some multiple of i—”, and this happens when w,, is a rational number (but not
an odd integer). !

(e) [4] Yes. [They are periodic of period 27 if w,, is an even integer.]

23. (a) [3] f(t) = —u(®)t, f'() = —u(?).

(b) [3] F(t) = u(®)(X = 1), f'(t) = —u(t) + ().

(c) 3] F(t) = (u(t) —u(t = 1))(2t = 1), f'(t) = 2(u(t) —u(t = 1)) = 0(t) = 6(t = 1).
() [3] £(8) = (u(t)—u(t— ))H( (=1 —u(t=2))(t =1+ (u(t=1)—u(t-2))({-2)+
u(t)t —u(t —1) —u(t —2) —

24. (a) [4] The roots of the characteristic polynomial are —1 £, so the general solution
to the homogeneous equation is e *(acost + bsint). The unit impulse response for this
second order operator has w(0) = 0 and w(0+) = 1. The first forces @ = 0 and the
second gives b= 3: w(t) = su(t)e 'sint.

(b) [4] For t > 0, the unit step response is a solution to p(D)z = 1. In our case, z, = 5 is

such a solution, and the general solution is then x = § + e *(acost + bsint). We require

rest initial conditions: 0 = 2(0) = $+aora = —3. @ = e *((—a+b) cost+(—a—b)sint),
s0 0=12(0) = —a+band b= —1 as well: v = 1u(t)(1 — e *(cost + sint)).
(c) [4] v =—3e7'((— 1+1)c0st+( 1—1)sint) = se 'sint.

(d) (i) [4] This function has a jump in wvalue, so the operator must be of first order.
(aD + bI)(2u) = 2aé(t) + 2bu(t), so b=0and a = 1: p(D) = iD.

(ii) [4] This function has no jump but its derivative does, so the operator must be of
second order. For ¢t > 0, w(t) =t is the solution to as@ + a14 + apxr = 0 with z(0) =0
and #(0) = é Plug in: a; + agt = 0 implies a; = ap = 0, and 1 = %th:o = é implies
that a; = 1. So p(D) = D? Or you can argue that w(t) = wu(t)t, w(t) = u(t) and
w(t) = 0(t), so axd(t) = d(t) and ay = 1.



(iii) [4] This function w(t) has no jump in value or derivative, but its second derivative
does jump: 1i(t) = 2u(t). So w®(t) = 26(t). This means that we are looking for a third
order operator, azD? + as D? + a; D + apl. t? is a solution to the homogeneous equation,
SO ag - 2 + ay - 2t + agt* = 0, which implies that ag = a; = ay = 0. w(0) = 2 implies
that a3 = 1 and p(D) = 1D3 Or you can argue that w(t) = u(t)t?, w(t) = u(t)2t,
w(t) = 2u(t), w(3)( ) = 2(5( ), 50 agw(3)( ) = 6(t) implies that az = 3.

25. (a)(LG] >( )= fo T)dT = fo Kt=7) cos(wT) dr = e*ktf Re(e*+)7) dr =
+iw)t
e MRe“ = Re((k — zw)((cos(wt) M) +isin(wt)) = e (kcos(wt) +

wsin(wt) — ke ™). Then & = i (—kw sin(wt) + w?cos(wt) + k%), and indeed

& + kx = cos(wt). Also, 2(0) = 0: the convolution chose the transient just right.

(b) [6] «(t) = w(t) = q(t) = fyw(t = T)g(r) dr = - [y sin(wn(t — 7)) dr = & cos(wn(t -
N = 22(1 — cos(wyt)). Then & = isin(wnt) and & = cos(wy,t), so it is true that

7 +w?r = 1. Also z(0) = 0 and %(0) = 0: so rest initial conditions. Once again the

convolution integral has chosen just the right homogeneous solution to produce rest initial

conditions.

(c) [6] 2t = [j(t—7)rdr = [[(t21 —2t7° + %) dr = §t' — 20+ 1t = Lyt

txt? = [[(t—7)r2dr = [j(tr? — %) dr = 31 — Lt = Lyt

(d) [6]t*t—f0t—77d7—fo( — 72 dr = 1P — 3% = L5

‘
Now (txt)«t = ¢ [J(t—7)37 dr = éff 1 3t127+3t7'21—7'3)7d7' =1(3-3+3-D)t° = 515,
Whllet*<t*t :6f0 t_T )T dr = (3 — )P = 55t
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