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18.02 Practice final-Solutions 

Problem 1. 

P : (1, 1, −1), Q : (1, 2, 0), R : (−2, 2, 2) 

−−→
PR =< −3, 1, 3 > PQ × PR

−→
=PQ =< 0, 1, 1 >, 

−→ −−→ i j k 
0 1 1 
−3 1 3 

Plane: 2x − 3y + 3z = −4 (substitute any of the pts. into 2x-3y+3z=d) 

Problem 2. 

1 0 c 
2 c 1 
1 −1 2 

= (2c − 2c) − (c2 − 1) = 1 − c2 ∴ | | = 0 ⇔ c = ±1 

1 0 
2 2 

⎡⎣ ⎦ cofactor 

⎤ 

1 = − 
1 0 
1 −1 

2 
1 

1 
= 1, det= 1 − 22 = −3 ∴ − 

31 −1 2 

Problem 3. 
−−→
OP = 

−−→
QP , OQ = a < cos θ, sin θ >, QPOQ + 
−−→ −−→ −−→

= aθ 
√

2 
√

2 
2 , 2 

θ
√

2 θ
√

2
∴ x = a(cos θ + ), y = a(sin θ + )

2 2 

Problem 4. 

�r =< 3 cos t, 5 sin t, 4 cos t > �v =< −3 sin t, 5 cos t, −4 sin t > 

|�v| = 9 sin2 t + 16 sin2 t + 25 cos2 t= 5 . Passes through yz plane when x = 0, 
π 3π

∴ when cos t = 0 : t =
2 

, 
2 

∴ at (0, ±5, 0) 

Problem 5. 

ω = x2y − xy3 ,P = (2, 1) 

a)
−→�ω = (2xy − y3)i + (x

−→
= 3i − 2j, 

dω 
= (3i − 2j)�ωp 

ds 

2 − 3xy2)j 

3i + 4j 1 
= · 

5 5 p 

b) 
Δω 
Δs 

≈ 
1 
5 
, ∴ Δω ≈ 

1 
5 
(.01)= .002 

1 
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Problem 6. x2 + 2y 2 = 5, 
−→2 + 2z �ω =< 2x, 4y, 4z >=< 2, 4, 4 > at (1, 1, 1) 

tan. plane: x + 2y + 2z = 5 , dihedral angle θ (angle between normals) : 

cos θ = 
< 1, 2, 2 >

k̂ = 
2 

∴ θ = cos−1(2/3)
3 

· 
3 

Problem 7. 

Minimize x2 + y2 + z2, with 2x + y − z − 6 = 0 ⊕
2x = 2λ � � 

Lagrange equations: 2y = λ substituting into ⊕: 2λ + λ 
2 − −λ = 6 2 

2z = −λ 
∴ λ = 2. Ans: (2, 1, −1) 

Problem 8. 

∂z g(x, y, z) = 3, (
−→

=< 2, −1, −1 > ∴ gx = 0; at P ,�g)p + gz · ∂x 

−2
a) 

∂z 
= 
−gx = = 2 �∂x � gz −�1 � � � � � 

b) 
∂ω 

= (fx) 
∂x 

+ (fy) 
∂y 

+ (fz) 
∂z 

= 1 1 + 1 0 + 2 2= 
∂x ∂x ∂x ∂x 

· · · 
y y y y 

Problem 9. 

� 3 � 9 � 9 � √y
2 2 

xe−y dydx = xe−y dxdy

0 x2 0 0
 � �√y

2 21 2 1
Inner : x e−y = ye−y ,

2 2 
2 0 

y = x

x = 

√
y � 

2 
�9


Outer : =− 
e−

4 

y 

4
1 � 

1 − e−81
� 

0 
Problem 10. 

5 

� 2 cos θπ

1 4 

region: 8 2 r ·Circle is r = 2 cos θ. Integrate rdrdθ over 
8 0 0 

π 
4 

or 4 . . . 
π− 4 

Problem 11. 

Pdy − Qdx or −Qdx + Pdy 

b) By Green’s Thm: above= (Px + Qy )dxdy = (a + b)dxdy = area of R 
R R 

a + b = 1 ⇔ 

2 
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Problem 12. � � � 
F = G 

cos φ 
ρ2 

· δ · ρ2 sin φ dρdφdθ � 2π � � 1π 
2 

δ = z = ρ cos φ ∴ F = G ρ cos2 φ sin φ dρdφdθ = 
0 0 0� 1 � �1ππ 

− cos3 φ 122 
2 φ sin φdφ ρ22π 2π= G ρdρ = Gcos = · · · · · ·

30 0 0 2 0 

1 1 πG 
= 2πG = · 

3 
· 
2 3 

Problem 13. 

Line from P : (1, 1, 1) to Q : (2, 4, 8) is:


x = 1 + t, y = 1 + 3t, z = PQ =< 1, 3, 7 >) 0 ≤ t ≤ 1. ∴
1 + 7t (since 
−−→� � 1 � 1 � �1

(y − x)dx + (y − z)dz = 2tdt − 4 7tdt = −26tdt = −13t2 = −13· 
0 

C 0 0 

Problem 14. 

a) F� =< ay2 , 2yx + 2yz, by2 + z2 > 

Test: 2ay = 2y ∴ a = 1, 2y = 2by ∴ b = 1, 0 = 0 

3
b) By any method, f(x, y, z) = xy2 + y2z + z 

3 

3
c) Any surface S: xy2 + y2z + z 

3 = C 

Problem 15. �� ��� �� �� ��� 
� 

S 
F� · dS = 

V 
F dV. ∴ 

B 

�� 
· �

U 

� · �
V 

dV = 3V .� div � F dS + F dS = � 2π � 1 r2 1 
�1 

π
Volume V = (1 − r 2)rdrdθ = 2π 

2 
− 

4 
=

2
, 

0 0 0 

3π 
= 0 since F� dS = z = 0 on xy-plane ∴ F dS= 

B · · 
2U 

Problem 16. 

F� =< x, y, z >, z = 1 − x2 − y2 

n̂dS =< −fx, −fy, 1 > dxdy =< 2x, 2y, 1 > dx 

F� ˆ 2 + 2y 2 + y2 + 1)dxdy ∴ flux over U is:ndS = (2x 2 + z)dxdy = (x��· � 2π � 1 � 
4 2 �1 

r r 3 3π
(x 2 + y 2 + 1)dxdy = (r 2 + 1)rdrdθ = 2π + = 2π = 

4 2 
· 
4 20 0 0 

3 
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Problem 17. 

= 
i j k 

∂x ∂y ∂zF� d�r = � F dS�, � F· �× � · �× � = −zj 
2 2C S x y xz 

−→
fxi + fzkThe normal vector to f(x, z) = 0 is n̂ = 

�f 
=

ˆ
−→
�f

−→
�f| | | |

∴ � F n̂ = 0, so F� d�r = 0 �× � · 
C 

· 

Problem 18. �
�0 

∞ ∞ 
2 2 

e−x e−y dydx 
∞ ∞

2 2
a) = e−x e−ydx dy = I I· 

0 

0 0 

0 �∞2 
e−r π ∞ π 1 π2 2

b) = rdrdθ = π/2e−r = = · ·
−2 

0 
2 
· 
2 4 

√
π 

2
I2 = 

π 
∴ I= 

4 

4 
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