18.02 Final Exam Solutions

Problem 1.
a) Line L has direction vector v = (—1,2, —3) which lies in P.

To get a point Pyon Ltaket=0 = Py=(1,1,2).
= P 6 —1,1,2) — (1,1,2) = (—2,0,0) also lies in P.
= A normal to P is

n=vxPeQ =

=1i(0) — j(—6) + k(4) = (0,6,4).
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So, the equation of P is

O(z—1)+6(y—1)+4(2—2)=0 or 6y=4z=14 or 3By+2z=T.

b)ng=(2,11) = n=7(211), v=(-12-3) = Vv=—=(-1,2,-3)
Component of n on V is
~ - 1 3
n-v= 242-3)=—=
6 14( ) V84

Problem 2.
a) Direction vector for L: v = (1,2,0).
Py =1(0,0,1) = equation for L:

= (x,y,2) = (0,0,1) + ¢(1,2,0)

or

r=t, y=2t 2z=1
b) n = normal vector for P = (1,2,0) since L L P.
Py=1(0,0,1) = 1(z—=0)+2(y—0)+0(z—1) or x + 2y = 0.
c) Pon L = P =(t,2t,1) for some ¢t # 0 (part (a))
P* = (—t, —2t, 1) since then dist(Py, P) = dist(Py, P*) = |t|\/5.

Problem 3.
1 0 3

a)| —2 1 -1 :1“ _;’—0’:? ;’+3‘_1 1’ 3-3=0.
-1 1 2

b) To get a non-zero solution take the cross-product of any two rows of Ay; for example

ij k
10 3|=(=3-51
21 -1



-3

This implies all solutions to Ax =0 arex =t | —5
1
c)
100
A7'Ay == 010
0 0 1
* % % 1 0 3 * * %
-3 p 5 -2 1 -1 | = -3—2p—5 x x = —8-2p=0 = p=—4
x % % -1 1 1 * * %
Problem 4.
a) r'(t) = (—sin(e')e!, cos(et)et, et) = |r'(t)| =e'V/I+1=¢e'\2
(1) 1 ‘
= T(t) = = —(—sin(e'), cos(e"), 1).
@O V2
b)
T'(t) = L(— cos(e'), —sin(e'), 0) = —e—t(cos(et) sin(e), 0).
\/§ Y Y \/5 Y Y
Problerré]::).
xz
F=—o =2 = F,(1,3,23) =2/2 = 1.
=g = ge T B3 =2
oF z 2
Fp=—=—r——-+- = F,(1,3,2)=3/2.
Y 81/ 2(x2+y)1/2 +Z y( » ) /
or 2y 1
Fo=—="+y)?*-= = F(,32) =
z az (I +y) 2’2 = Z( 737 ) 2
31
n=VF(,32)= <1,§, §>, Py=1(1,3,2)

= tangent plane equation

3 1
1(x—1)—|—§(y—3)+§(z—2) or 2z + 3y + z = 13.

b) At Py = (1,3,2) we have |F,| = 3/2 > |F,|,|F|. So, a change in y produces the
largest change in F'.

3
AF = F,Ay = $(0.1) = 0.15.

1 1 1
c) g _q. VF(Py) =4=(-2,2,1)-(1,3/2,1/2) = £=(-2+3 - 1/2) = £—.
ds | p, 3 3 6
F 1
Amfi_ As = 01=As = [As=00]
S 1P



Problem 6. a)

fo = 1-2/(z%y)=0 x?y = _
fy = 4_2/@92):0} - :Ey2:1/2} - r=dy

There is one critical point at (z,y) = (2,1/2).

b) fxx = 4/(‘7:2?/)7 fyy = 4/(1‘?/3), fzy = fyw = 2/(3723/2)

A= fu(2,1)2) =1, C = f,,(2,1/2) =16, B = f,,(2,1/2) =2

= AC - B?*=12>0,A>0 = f has a relative minimum at (2,1/2).

Problem 7.

f(xvya Z) - diSt2 - (.T - xO)Q + (y - y0)2 + (Z - ZO)2
subject to g(z,y,2) = Av 4+ By + Cz = D.
Vf=2x—z0,y—1yo,2—2), Vg=(AB,C).

2(x — x9) = NA
(y —w) =AB
Vf Vg7 ana g = 2(2_20> —\C

Ar+ By+Cz=D.

Problem 8. a)
or 6F8_x 8F@ 8F%

96 " 06 T ayoe 02 06

g_z =pcospcost = x4(2,m/4, —m/4) = 2cos(m/4) cos(—n/4) = 1.
g_i = pcospsind = yu(2,7/4, —7m/4) = 2cos(w/4) sin(—n/4) = —1.
g_; = —psing = z4(2,7/4,—7/4) = —2sin(n/4) = —V9.

b) NOT Possible
(—y, ) is not a gradient field. (Test: (—y,z) = (P,Q): P,=—-1#Q,=1.)



Problem 9.

2 <2
a) R_{x_y_ Ve
Y 0<z<?2
jzl\ﬁx _I\ }/’
+ €|-— -
&5 x= Y4
Y [ _x_:'f
ey > 3]
R
} -t
b)

:{ 328;;5\@ = //RfdA:/;/y:Zf(x,y)dxdy.

Problem 10.
. 4<u<9
e 1<v<?2
. Ty Ty w78 [3 —ulBy=4/3 /3 2 1N Ly o Ly o
Jacobian J = o | | wBu?3)3 2u/3ym1/33 | T gt g ) P = ST e

1

/f z,y)dA = th/ f(u 13y~ ul/3v2/3)(§u_1/3v_2/3)dudv.

Problem 11.
a) Net flux out of R will be positive (more flow out than into R)

/F~ﬁds:/—Nd:c—i—]\/[dy:/—a:dx—i—xdy
c c c

Ciix=1—-t,y=t = do=—dt, dy=dt

= F-ﬁds:/1—(1—t)(—1)+(1—t)(1)dt: (11—t =1.
1 0
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Cy:2=0 = F-nds=0.
Ca
! x? 1
C3:y=0,dy=0 = F-nds:/—xdx:——:——.
Cs 0 2 2

Thus,

1
fpﬁds:/ =1+0+(-1/2)= .
c Cy4+CatCs 2
c)

div(F) =M, + N, =1 = //diV(F)dA—//dA—area(R)—%~1~1—%
R R

Problem 12.
a) Limits on G are 2r < 2<2; 0<r<1; 0<6<2r.

1

In cylindrical coordinates dV = dzr dr df.
Thus

27 1 2 27 1 1
M:///de:/ / / zdzrdrd@z/ / 21 —r*)rdrdf = 4w - = T.
G o Jo Jor o Jo 4
b)
1 1 2 b2
Z:—///z~5dV:—/ / / 22 dzrdrde.
M G ™ Jo 0o Jor

c¢) In spherical coordinates: z =2 = pcos¢p =2 = p = 2seco.
Limits on G: 0 < p <2sec; 0< ¢ <tan"(1/2); 0<6 < 2m.
In spherical coordinates: dV = p?sin ¢ dpde¢ df and z = pcos ¢, so

1 1 2 ptan—1(1/2) p2sece
EZM///GZ.ng:;/ / / (pcos @) p*sin g dpde db.
0 0 0
)



Problem 13.
a) We have F = (P, Q, R), where P =y + 3?2z, Q=12 — 2+ 2zyz, R=—y+ x>

or_,_or 0 on_ or 9
az_y_&r’ 0z

f’o-/

x1 Y1 zZ1
f(xhylvzl) :/ P(.Z',0,0)dx—|— Q<x17y70)dy+/ Q(xbyl”z)dz'
0 0

0
P(Q],070) = 07 Q(‘rlayao) = T1; R(xhylaz) =~ + Jfly%

Y1 Z1
f(x1,y1,21) :0+/ wlder/ (—y1 + 21y}) dz
0 0
= f(z1,01,21) = Ty1 — 121 + myiz = f(z,y,2) = 2y —yz +ay?z + C.

) /CF dr = F(1,-1,2) — f(2,2.1) = —10+ 3 = —T.

Problem 14. a)

J

b) n = 1(z,y,0), F=(z0,0).

~ 1 . o .
Thus, F-n = 5952 and in cylindrical coordinates dS = 2dz df.



On the surface © = 2 cos § and the limits of integration are 0 < z < 4, and 0 < 0 < 7/2

//FndS— //[E dS = = / / (2cos @) dz2d0—4/ dz/ cos? d9—16—

(We used the half angle formula cos®§ = (1 + cosb).

¢)div(F) =V - F—1:>///V FdV = ///mv Vol( )_—w22 4 = 4.

d) Flux of F across all four flat faces of G is zero.

Check:

face on xz-plane: n=—j = F-n=0.

face on yz-plane: n=—i = F-n = —x =0 on yz — plane.

faces on xy-plane and plane z = 4: n = —k and k respectively, in either case F - n.

Problem 15. a)

i j k
VxF=|& & & |=il)—j(-y)+k(=22) = (e,y,-22).
yz —zy 1

ndS = (—z,, —2y, 1) dA = (2z,2y,1) dA.
(VxF)ndS = (22°+2y*—2z) dA = (subst. for 2 ) = (202 +2y*—2(4—2*—y?)) dA = 4(z°+y*—2) dA.

Limits of integration on R are 0 <r <2; 0<6 <m/2.
2

// (VxF)ndS = 4//:U+y —2)dA = 4/ / r?—2)rdrdf = 4- —(——7"2 =271(4—4) = 0.
0

b) F = (yz, —2z,1) = /F'drz/(yz)dx—(xz)dy—i-ldz.
C C

7



C) is in the yz-plane: v =0,dr =0,y =t, 2 =4 —t* dz = (=2t) dt t goes from 2 to 0.

0
N F-dr:/ 1dz:/(—2t)dt:4.
C1 C1 2

Cy is in the zz-plane: y =0, dy =0, 2 =t, 2 =4 — 12, dz = (=2t) dt t goes from 0 to 2.

2
= F~dr:/ 1dz:/ (—2t)dt = —4.
Ca Co 0

Cj5 is in the xy-plane: z =0, dz =0

/ F.-dr=0.
Cs

%F-dr:/ F-dr=4+(—4)=0.
C C1+Co+Co

Thus,



MIT OpenCourseWare
http://ocw.mit.edu

18.02SC Multivariable Calculus
Fall 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms

