18.02 Exam 3 — Solutions

y (1,2)
ERAIEE 1 gy 2 1
1. a) (1,1) b) / / dxdy + / / dxdy.
0 Jy/2 1 Jy/2
y=u (the first integral corresponds to the bottom half 0 < y < 1, the second
integral to the top half 1 <y < 2.)
rsin 9
a) 0dA = rdrdf = sin 0drde.

M = // 0dA = / / sin 6 drd@-/ 281n9d9—[ 2COS(9}
0
) T = M// z0dA = — / / 7 cos 0 sin Odrdf

The reason why one knows that £ = 0 without computation is that the region and the density
are symmetric with respect to the y-axis (0(x,y) = §(—=z,y)).

3. a) N = —12y = M, hence F is conservative.

b) fr =322 —6y* = f =23 —6y°x + c(y) = f, = — 122y + ¢ (y) = —12zy + 4y. So (y) = 4y,
thus c(y) = 2y? (+ constant). In conclusion

f=a%—6xy* +2y* (+ constant).
¢) The curve C starts at (1,0) and ends at (1, 1), therefore

/F-dr:f(l,l)—f(l,o):(1—6+2)—1:—4.
C

4. a) The parametrization of the circle C' is z = cost, y = sint, for 0 < t < 27; then dx =
—sintdt, dy = costdt and

2T
W = / (5cost + 3sint)(—sint)dt + (1 4 cos(sint)) cos tdt.
0

b) Let R be the unit disc inside C}

]iF dr = //R(Nx — M,)dA = //R(O —3)dA = —3 area(R) = —3m.

5.a) (0,4) «tg (1,4) j{F-ﬁds:// div F dzdy
C R

// (y+cosz cosy — cosx cosy)dxdy = // ydxdy
Cy Ca R

0.0 / / ydmdy—/o ydy = [y*/2]5 =

C1




b) On Cy, x =0, so F = —siny j, whereas n = —i. Hence F - n = 0. Therefore the flux of F
through Cy equals 0. Thus

/ F . nds %F nds—/ F-ﬁds:j{F-ﬁds;
C14C2+Cs C Cy C

and the total flux through C; + Cs + (5 is equal to the flux through C.

6. Let u =22 —y and v = z + y — 1. The Jacobian U Uy | _ ‘ 2 -1 ‘ = 3.
Vg Uy 1 1
1
Hence dudv = 3dxdy and dxdy = gdudv, so that
vV = // (4— 2z —y)? — (x+y—1)?) daedy

(2z—y)24(z+y—1)2<4

// —u? —? dudv

uZ+v2<4
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