Velocity and acceleration

Now we will see one of the benefits of using the position vector. Let’s assume we have a
moving point with position vector

r(t) = xz(t)i+ y(t)j.
(We assume the point moves in the plane. The extension to a point moving in space is
trivial.)

Velocity

Over a short time At the position changes by Ar. The average velocity over this time is
simply

A
Kjﬁ" i.e., displacement /time. y
H
The figure shows Ar = Az i+ Ayj. Dividing by At we get Ar Ayj
locit Ar Az, n Ay .
average velocity = — = — i+ — .
& YT Ar T AT ALY Az i -

Now, as we usually do in calculus, we let At — 0. The average velocity becomes the (instan-
taneous) velocity and the ratios in the formula above become derivatives. For completeness
we write the velocity vector in a number of different forms

dr dr, dy

velocity = i El + E‘j =di+yj= <x/7y/>'

Tangent vector: (same thing as velocity)

In the picture above, we see that as At shrinks to 0 the vector % becomes tangent to
the curve. When the parameter is time we can rightfully refer to r’(¢) as the velocity. In
general, we will abuse the language and refer to the derivative of position with respect to
any parameter as velocity. If we are thinking geometrically or want to be precise, we will
call the derivative by its geometric name: the tangent vector.

As always, we encourage you to remember the geometric view of the velocity vector. Know-
ing it is tangent to the curve will be important as we develop the subject and solve problems.

Acceleration

There is no reason to stop taking derivatives after one. Since acceleration is change in
velocity per unit time, we get
dv  d’r

=g =201+ (1) =" y").

acceleration = a(t) =

Example: A rocket follows a trajectory

r(t) = z(t)i+y(t)j=voati+ (—%tQ + g yt)j-

Find its velocity and acceleration vectors.



Answer:

) dr ) .
velocity = v(t) = i V0,21 + (—gt + voy)J,
. dv .
acceleration = a(t) = o= 9

Example: Find the velocity and acceleration vectors for the cycloid

r=60-—sinf, y=1--cosd.

Answer: As noted, this a slight abuse of language,

dr

)= 0= (2'(0),4'(0)) = (1 — cos 0,sin 0).

velocity = tangent vector = v (6

d
acceleration = a(f) = & (sin B, cos 0).

6

Example: In the cycloid above, suppose the wheel rolls at 3 revolutions per second. Write
the parametric equations in terms of time, and compute the velocity.

Answer: Since 3 rev/second = 67 radians/sec, we have § = 67t. Therefore,
x(t) = 67t — sin(67t), y(t) = 1 — cos(67t).

v(t) = (6m — 67 cos(67t), 67 sin(67t)).
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