18.02 Practice Exam 4A

Problem 1.
Let R be the solid region defined by the inequalities
4yt +22<ad® >0, y>0

(a) (15) Set up a triple integral in cylindrical coordinates which gives the volume of R. (Put in integrand and
limits, but DO NOT EVALUATE.)

(b) (15) Find the formula in spherical coordinates which gives the average distance of points of R to the

xz-plane.
(Put in integrand and limits, but DO NOT EVALUATE.)

Problem 2.

Let F be the vector field (axz, —1 —bz? 2% — 2yz + 4).

(a)(10) For what values of a and b will F be a conservative field?

(b)(10) For these values of a and b find a potential function f for F.
Use a systematic method and show your work.

Problem 3.
—
Let F = (xz,yz + z,zy).
e
(a) (10) Find V x F.

(b) (15) Let C be the simple closed curve (oriented counterclockwise when viewed from above) x —y + 2z = 10
whose projection onto the zy-plane is the circle (z — 1)% + 3% = 1.

R
By using Stokes’ theorem, compute F . dr.
c

Problem 4.

—

(a) (20) Use the divergence theorem to compute the flux of F = (1 + y?)j out of the curved part of the
half-cylinder bounded by 22 +y* = a? (y > 0), 2 =0, z = b, and y = 0. Justify your answer.

(b) (5) Suppose that S is a closed surface that lies entirely in y < 0.
—
Is the outward flux of F = (1 + y2)j through S positive, negative, or zero? Justify your answer.



Solutions to Practice Exam 4A.

Problem 1.
a w/2 pvVa?—z2
1% :/ / / rdrdfdz
—aJo 0
(b) V = (1/4)(volume of ball) = (1/4)(47a®/3) = wa3/3.

The distance to xzz-plane is |y| = psingsinf. (Note that y > 0 and hence sinf > 0 in the range we
are c0n51der1ng ) Thus the average is

w/2 /2
7ra3 / / psin @ sin 0)p? sin ¢ dpdpdd = / / / p>sin? psin @ dpdpdd
0 0

Problem 2.

(a) Py =0=Q (compatible).
P,=axr=R,=2x — a=2.
Q.=—-2bz=Ry—=-2z = b=1
ANSWER: a =2,b=1.

(b) fo=212z = f=2’2+9g(y,2) =
fy=gy,=-1-22 = g=—y—yz2+ h(2). Therefore, f = 2?2 —y — y2% + h(z).
fo=2%-2yz+W(2) =22 -2yz+4 = W =4 = h = 4z(+const).
In all, f=2% —y — yz* + 4z(+const)

Problem 3.

g g ’2 j ’% -
(a) VxF =|09/0z 9/oy 8/9z |=i(z—y)—iy—=)+k(1)=
Tz Yz +x Ty

- = o 1 1
VXxF-dS={x—y,z—y,1)- 5(1,—1,2>dmdy: 5((:v—y)— (x —y) + 2)dzdy = dady

— - =
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Problem 4.

(a)

S1:y=0,—a<x<a 0<2z <D, dsS = —7 dzdz, and F. dS = —(1 4+ y?)dedz = —dadz because

y = 0. Thus,
N N b a
// F'dS:f/ / daxdz = —2ab
Sl 0 —a

The top Ss (z = b) and bottom S5 (z = 0) have normal +k and F k= 0, so the flux through these

surfaces is zero. Therefore,
// F-dS=-2ab+U
S14+S2+S3+S4

Where U is our unknown flux through the curved portion. On the other hand, by the divergence
theorem,

N . N b pm pra
// F.dsz/// V-F dV:/// 2y dV:/ / / (2r sin 0)rdrdfdz
S1+S2+S3+S4 D D 0 0 0
b prm pra b 71' a 2
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4
—2ab+U = §a3b

and

In all

)

so that the flux out of the half-cylinder through the curved portion Sy is

- = 4 4
/ F.-dS=U = -a’b+ 2ab
S 3

Recall that ? F = 2y. Since S encloses a region W that is entirely in the region where y < 0, then

7 5 f oo <

In other words, the flux is always negative out of such surfaces S.



