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18.02 Practice Exam 4B — Solutions

Problem 1.
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Problem 2.

a) sphere: p = 2a cos ¢. b) plane: p = a sec ¢. i i
2n  pm/4 p2a cos¢

/ / / p? sin ¢ dp d¢ do.
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Problem 3.

a) 8%(2:@—{—2 ) =2z = 830( 22 + 2y2); %(23@@/4—23) =322 = %(y2 + 3222 — 1);

2 (2% +2y2) =2y = a—y(y +3z22—1); so F is conservative.

b) Method 1: f(x,y,z2) = f01+02+03 F - dr:

e, F.di = m1(2xy+z3)da:: O“Oda:zo (y=0, 2=0) o e

f F.di = (:U +2yz)dy = |, Y22dy = 22y; (v =21, 2=0) G ?

Je, F.di = fo (4322 —1)dz = [J'(yF + 32122 — 1)dz =yiz1 + 212 — 21 (@ =21, y =11)
So f(z,y,2) =2’y +y*z+22° — 2+

(Ilvyla Z1)

Method 2: gf =2zy + 23, 50 f(z,y,2) = 2%y + 223 + g(y, 2).
gg—iﬁ —i—ag—:ﬁ + 2yz, so8 = 2yz.

Therefore 9(y,2) = y?z + h(z), and f(z,y,2) = 2%y + 223 + y%2 + h(2).
% =322 +y? + R (2) = y? + 3222 — 1,50 W (2) = —1.

Therefore h(z) = —z + ¢, and f(z,y,2) = 2%y + 223+ y*2 — 2z +c.

Problem 4.

a) S is the graph of z = f(z,y) =1 — 22 — y?, so 1dS = (— fu, — fy, 1) dA = (22,2y, 1) dA.
Therefore [[; F-1dS = [[o(z,y,2(1—2))- 22,2y, 1) dA = [[4 222+ 2y +2(1—2) dA = [[44a%+
42 dA (since z = 1 — 22 — 2).

Shadow = unit disc #? + y? < 1; switching to polar coordinates, we have

[[gF-0dS =7 [\ ar?rdrd = [ [rY], do = 2.

b) Let T = unit disc in the zy-plane, with normal vector pointing down (i = —k). Then
[[,F-1dS = [[(z,y,2) - (k) dS = [[,—2dS = —2 Area = —27. By divergence theorem,
ffSJrTﬁ-ﬁdS = fffDdivﬁdV =0, since divF =1+ 1 — 2 = 0. Therefore [ls=— [ =+2m.

Problem 5.
i j k
a) cwlF =| 9, Oy 0. | =2yi—21j.
—2xz 0 92

b) On the unit sphere, i = z1 4 yj + 2k, so curl F - f = (2y, —2x,0) - (z,y,2) = 2zxy — 2xy = 0;
therefore [[,curl F'-1dS = 0.

c) By Stokes, §, F-di= ([ R curl F -1 dS, where R is the region delimited by C' on the unit sphere.
Using the result of b), we get ¢, F.di = I curl F - i dS = 0.



