SOLUTIONS TO 18.01 EXERCISES

Unit 5. Integration techniques

5A. Inverse trigonometric functions; Hyperbolic functions

™

5A-1 a)tan'V/3 = 3 @

b) sin! (*3°) = %

¢) tan @ = 5 implies sin § = 5/1/26, cos @ = 1/1/26, cot § = 1/5, csc§ = /265,

secf = /26 (from triangle)

V3

)= g e) tan™! tan(g) =

d) sin™! COS(%) = sin!(

2 — — —
f) tan~! tan(%) = tan~! tan(?ﬂ) T T

Il
=
=
+
©
=

!
S
I

5A-2

2
dz 12 1 ™
7:t - :t - 2——
au)/1 o] an x’l an 1

2b 2b
dr d(by) B
b)/b 22+ b2 _/b Gy + 2 P =)

2 dy 1 1 ™
= [ — 2 _ Z(tan~l2- =
/1b<y2+1> plan 2= 7)

= sin~!

2, =
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E. Solutions to 18.01 Exercises 5. Integration techniques

-1 1 1
5A-3 a)y = iﬁ’ sol—y?=4dx/(z+1)2, and 0 = (3;\_;5) Hence
dy _ 2
dr  (z+1)2
—Sin_ly = 7dy/dx
dx /1= 42
2 (x+1)
MCESVE N
B 1
IRCERN

b) sech?z = 1/ cosh? & = 4/(e* + e~ *)?

y=z+vVe2+1,dy/de=1+z/Vz>+1.

iln _dy/dx  1+x/ve2+1 1
dr Y y r+vVrZ+1 Va2 +1

d) cosy =2 = (—siny)(dy/dz) =1
dy -1 -1
de  siny /1— 22

e) Chain rule:

isin_l(ac/a) = — . = =

dx

f) Chain rule:

2 sin~Y(a/z) = e O
dx V1-=(a/z)?2 2%  2v2?—a?

g)y=x/V1—22 dy/de=(1—-2%)"32 149> =1/(1 —2?). Thus
dy/d 1
—tanfly— y/ x

dx IR V1—a?

=(1-2*)"21-2%) =

1

Why is this the same as the derivative of sin™ " z?

h) y =z —1,dy/dx = —-1/2/x — 1,1 — y?> = z. Thus,
.1 dyldz -1
—sin” Yy = =
dx V1i—y?  2y/z(1-2)
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5. Integration techniques E. Solutions to 18.01 Exercises

5A-4 a)y’ =sinhz. A tangent line through the origin has the equation y = ma.
If it meets the graph at = a, then ma = cosh(a) and m = sinh(a). Therefore,
asinh(a) = cosh(a) .

b) Take the difference:
F(a) = asinh(a) — cosh(a)
Newton’s method for finding F'(a) = 0, is the iteration
ani1 = an — F(a,)/F'(an) = a, — tanh(a,) + 1/ay,

With a1 = 1, as = 1.2384, a3 = 1.2009, a4 = 1.19968. A serviceable approximation
is

a~12
(The slope is m = sinh(a) ~ 1.5.) The functions F' and y are even. By symmetry,
there is another solution —a with slope —sinh a.

5A-5 a)
T _ T
y = sinhz 5
y' = coshz = ¢ +2€

y" =sinhz

y' is never zero, so no critical points. Inflection point x = 0; slope of y is 1 there.
y is an odd function, like e*/2 for x >> 0.

A

y = sinh x y = sinhx

b) y =sinh™' 2 <= z = sinhy. Domain is the whole z-axis.

¢) Differentiate = = sinhy implicitly with respect to :

dy
1:coshy'%
dy 1 1
dz ~ coshy Vsinh?y + 1
dsinh™' 1
dx T Va1
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E. Solutions to 18.01 Exercises 5. Integration techniques

d)

dx dx
/\/x2+a2:/a\/z2+a2/a2
d(xz/a)
V(z/a)? +1

=sinh~'(z/a) + ¢

5A-6 a) l/ sin0df = 2/x
T Jo
b)y=vV1l-122 = ¢y =-2/V1-22 = 1+ (y)? =1/(1 — 2?). Thus
ds = w(x)dx = dx//1 — 22.

Therefore the average is

/ mm//_t\/l%

The numerator is / dx = 2. To see that these integrals are the same as the ones

in part (a), take x = cos@ (as in polar coordinates). Then dx = —sin6df and the
limits of integral are from 0 = 7 to § = 0. Reversing the limits changes the minus
back to plus:

1 dx ™
Vi-22— = in 0do
/;1 X 1_‘r2 o Sin

1 ™
d
/ - / do =
1 V1 =22 0
(The substitution 2 = sint works similarly, but the limits of integration are —m/2
and 7/2.)

¢) (x = sint, dr = costdt)

1 [t 1
z V1 - 22dy = =
2[1 z2dx 2/

—m/2
/21 2t

_ / + cos dt
0

/2 /2
cos? tdt = / cos? tdt
0

2
=m/4

5B. Integration by direct substitution

Do these by guessing and correcting the factor out front. The substitution used

implicitly is given alongside the answer.
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5. Integration techniques E. Solutions to 18.01 Exercises

1 ‘
5B-1 /xva —1dz = g(x2 —1)? 4c(u=2a?—1, du=2xdz)

1
5B-2 /esxdx = gesx + ¢ (u =8z, du = 8dx)

Inzd 1
5B-3 / ne $=§(1n$)2+c(u:1nx, du = dz/x)
x

5B-4

= +c¢ (u =2+ 3sinz, du = 3 cos zdzx)

/ cos zdx In(2 + 3sinx)
2+ 3sinx 3

sin z°

5B-5 /sin2 xcosxdx = + ¢ (u=sinz, du = cos zdx)

—cos T
5B-6 /sin Tedr = y +c (u="Tz, du="Tdr)

6xdx

5B-7 _—
V244

=6V22+4+c (u=2?+4, du = 2xdx)

5B-8 Use u = cos(4x), du = —4sin(4x)dzx,

/tan4xdw _ / sin(4z)dx _ / —du
cos(4x) 4u
~Inw In(cos 4x)

STy tem T e

3
5B-9 /em(l + %) V3dy = 5(1 +e")2B e (u=1+¢", du=e"dr)

1
5B-10 /sec 9xdx = g In(sec(9z) + tan(9z)) + ¢ (u = 9z, du = 9dx)

tan 9z

5B-11 /se(;2 9xdr = + ¢ (u =9z, du = 9dz)

2
_e_m

5B-12 /xe_z2dx = + ¢ (u=2? du=2zxdz)
)




E. Solutions to 18.01 Exercises 5. Integration techniques

5B-13 u = 23, du = 32%dx implies

/ x2dx / du tan—! u
= = +c
1426 3(1 + u?) 3

tan—1 (23
_ an3(m)+c

w/3 sin7/3
5B-14 / sin® z cos zdx = / udu (u = sinz, du = cos zdx)
0 s

in 0

\/5/2 \6/2
:/ uddu = ut /4
0

0

e 1 3/2d Ine
5B-15 / (nz)*dz = / u?du (u = Inz, du = dz/z)
1 1

T nl

Yo 521t _ 2
:/ y=dy = (2/5)y ’ =<
0 0 5

1 -1 tan~ 1

t d

5B-16 / wn rer / udu (u = tan"tz, du = dz /(1 + 2?)
—1 1+I2 tan—1! (—1)

/4 2
:/ udu = Ll
—x/4 2

(tanz is odd and hence tan~! z is also odd, so the integral had better be 0)

w/4
=0
—m/4

5C. Trigonometric integrals

1-— 2 in 2
5C-1 [ sinzdx = ﬂdz _r_smer +c
2 2 4

5C-2 /sinS(x/Q)dx = /(1 — cos?(x/2)) sin(z/2)dx = /—2(1 —u?)du
(put u = cos(z/2), du = (—1/2) sin(z/2)dzx)

2u’ 2 2)°
:—2u+%+c:—2cos(m/2)+%+c
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5. Integration techniques E. Solutions to 18.01 Exercises

1-— 2
5C-3 /sin4 xdr = /(#)Qdm =

/ 1 — 2cos2x + cos? 2z
1 dxr

/cosz(2x)d /1—|—cos4xd € sin 4z n
———dr= | —————dzx =< c
4 8 8 32

Adding together all terms:

3 1 1
/Sin4 xdx = g ~1 sin(2x) + 2 sin(4x) + ¢

—u?

5C-4 cos®(3z)dx = /(1 — sin’(3z)) cos(3z)dr = /1 du (u = sin(3z),

du = 3 cos(3z)dx)

u? sin(3z) sin(3z)°

9T T3 9 ¢

wle

5C-5 sin® z cos? xdr = /(1 — cos® x) cos® xsinxdr = /—(1 —uuldy (u =

cosz, du = — sin xdx)

U3 + ’LL5 + COS .173 + COs I'S
= —— _— C = —
3 5 3 )

+c

5C-6 /sec4xda: = /(1 + tan® z) sec® xdr = /(1 +u?)du (u = tanz, du =

sec? xdr)

Sa

u? tan
=u+— +c=tanx +

3

+c

.9 . .
5O /51112(4@ cos?(4z)d = / sin” 8rdr / (1 — cos 16x)dx _ 1 sinl6z
4 8 8 128

A slower way is to use

sin?(4z) cos? (4z) = <1 - C;S(Sx)) (1 +C<;S(8x))

multiply out and use a similar trick to handle cos?(8z).
7



E. Solutions to 18.01 Exercises 5. Integration techniques

5C-8
-2
/tanQ(ax) cos(az)dx = / de
cos(ax)
1— 2
_ / cos®(ax) de
cos(ax)
= /(sec(aw) — cos(azx))dx
1 .
= — In(sec(ax) + tan(ax)) — — sin(azx) + ¢
a a
5C-9
1— 2
/Sin3 rsec? xdr = / y sin zdx
cos? x
1— 2
= /— 2u du (u = cosz, du = —sinzdz)
u
1
=u+ —+c=cosxr +secx+c¢
u
5C-10

/(tan:c + cot )?dr = /tan2 x+ 2+ cot? xdr = /sec2 x + csc? xdx

=tanx —cotx +c

5C-11 /sinxcos(2x)dm
= /sinx(2 cos’z — 1)dx = /(1 —2u?)du (u = cosx, du — sin zdz)

2 3 2 3
:u—gu —|—c:cosm—§cos x4+ c

™

T 2
5C-12 / sin x cos(2z)dx = cosx — 3 cos®

-2
= — 27.
; 3 (See 27.)

0

5C-13 ds = +/1+ (y/)2dx = V1 + cot? xdx = csc zdx.

/2
= In(1+v?2)

/4

/2
arclength = / csc zdx = —In(esc x 4 cot x)
/4

T/a w/a
5C-14 / 7 sin®(ax)dr = 7r/ (1/2)(1 — cos(2ax))dx = ©*/2a
0 0



5. Integration techniques E. Solutions to 18.01 Exercises

5D. Integration by inverse substitution

5D-1 Put x = asinf, dx = acos6do:

dx 1 2040 — 1 tan 0 _ x
7((12—3#)3/2_? sec = g tan +C—7a2m+c
5D-2 Put x = asinf, dx = acos6do:

/x‘?’dx = a3/sin3 0df = a® /(1 — cos” ) sin 0do
Va2 — z?
=a®(—cosf + (1/3) cos® ) + ¢
= —a’Va? — 22 4 (a* — 223 /3 + ¢
5D-3 By direct substitution (u = 4 + 2?),
xdx 9

Put z = 2tan#, dx = 2sec? 6d#,
dx 1

/ % = (1/2)In(4 + 2%) + (1/2) tan" ' (z/2) + ¢

5D-4 Put 2 = asinhy, dz = acoshydy. Since 1 + sinh?y = cosh?y,

2
/\/ a2 + 22dx = a* /cosh2 ydy = % /(cosh(Qy) —1)dy
= (a®/4) sinh(2y) — a*y/2 + ¢ = (a®/2) sinhy coshy — a®y/2 + ¢

=zva? 4+ 22/2 — a®sinh ™ (z/a) + ¢
5D-5 Put x = asinf, dx = acos6db:

N —
/aTxdx:/cotQHdﬁ
:/(csczef1)d9:71n(csc9+cot0)70+c

= —1In(a/z + Va2 — 22/x) —sin" (x/a) + ¢

5D-6 Put z = asinhy, dr = acosh ydy.
/x2 Va2 + x?dx = a4/sinh2 y cosh? ydy
at/2) /sinh2(2y)dy = a4/4/(cosh(4y) — 1)dy

In all,

= (

= (a*/16) sinh(4y) — a*y/4 + ¢

= (a*/8) sinh(2y) cosh(2y) — a*y/4 + ¢

= (a*/4) sinh y cosh y(cosh? y + sinh? y) — a*y/4 + ¢

= (1/4)x\/m(2$2 +a?) — (a*/4) sinh ™' (z/a) + ¢
9



E. Solutions to 18.01 Exercises 5. Integration techniques

5D-7 Put x = asecl, dx = asec tan 0do:
/ Va? —a’dr / tan? 0do
x2 “ ) secl

sect

29 _
:/wz/(se(:@—cos@)dﬁ

sec @
= In(secf + tanf) — sin 6 + ¢

=In(z/a+ V2?2 —a2%/a) — Va? —a?/x +c
=In(z+ Va2 —a®) - Va2 —a?/r+c; (¢ =c—Ina)
5D-8 Short way: u = 22 — 9, du = 2xdx,

/1:\/ 22 — 9dx = (1/3)(x? — 9)%/2 4+ ¢ direct substitution

Long way (method of this section): Put z = 3sec, de = 3sec 6 tan 6df.
/x\/zQ — 9dz = 27/se(:2 0 tan® 66

= 27/tan2 0d(tan @) = 9tan® 0 + ¢

=(1/3)(2* - 9)*? +¢

(tanf = vz2 —9/3). The trig substitution method does not lead to a dead end,
but it’s not always fastest.

5D-9 y' =1/z,ds=+/1+ 1/x%dx, so
b
arclength :/ V1+1/22dx
1

Put z = tané, dz = sec? §d0,

Vz2
/ xz2 + ldx :/SeceseCQGdQ
x tan 6
_/s<ec9(1+t3un2 9)

o tan 6 d9

:/(csc0+secc9tan0)d9

= —In(csc + cot §) +secd + ¢

=—In(va?+1/z+1/x)+ V22 +1+4c¢

=—In(vVz2+1+1)+nz+vVa?2+1+c¢c
arclength = —In(vb2 +1+1) +Inb+ Vb2 +1+In(vV2+1) — V2
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5. Integration techniques E. Solutions to 18.01 Exercises

Completing the square

dz dz
5D-10 /(x2+4:c+13)3/2 = /((x+2)2+32)3/2 (x +2 = 3tand, do =
3sec? 0d)

(z+2)

ZE/COSQdQZESin9+C:—+C
9 9 9vVa? 4+ 4x + 13

5D-11
/x\/ —8 + 6z — x%dx = /a:\/l —(z—3)%dz (x—3=sinf, dx = cosfdf)

= /(sinH + 3) cos? 0df

= (—1/3) cos 0+(3/2)/(cos29+1)d0
cos® 0 + (3/4)sin 20 + (3/2)0 + ¢

cos® 0+ (3/2) sinf cos 0 + (3/2)0 + ¢

)
Sy
- —(1/3)
= —(1/3)(—8 + 6z — x2)3/2

+(3/2)(z — 3)V/ —8 + 62 — 22 + (3/2)sin"H(z — 3) + ¢

5D-12

/\/*8+6£L‘*Ide:/\/lf(:E73)2dx (xr — 3 =sin6, dx = cos0df)

= /C082 0do

= %/(COS 20 4+ 1)df

1 0
:ZSIH26+§+C

1 0
= isin9cos9+ 5 +c

(x —3)V/-8+6x — 22 sin'(z—3)

= + +c

2 2

Put x — 1 =sin#, doz = cos 0d6.

dx dx
5D-13 Y—_— = | —YY—
/\/21‘—$2 /\/l(xl)2
:/d9:9+c:sin71(x—1)+c

Put £ +2 = 3tané, do = 3sec? 6.

5D 14/ rdx _/ rdx
Va? 4z + 13 Ve +2)2432
:/(3tan9—2)se09d9:35609—21n(5609+tan9)+c

=va?+4r+13-2In(Va?2 +4x+13/3+ (2 +2)/3) +¢

2?2 +4r4+13-2In(vVa?+4e+ 13+ (2 +2))+c¢1 (cg =c—1n3)
11



E. Solutions to 18.01 Exercises 5. Integration techniques

2 — 2
5D-15 /\/4CC —dx + 17dx /\/ (2¢ — 1)% + 4%2dx

20 — 1 20 -1
(put 2 — 1 = 4tan @, dov = 2sec? §df as in Problem 9)

= 2/ secf sec? 0do
tan @

2
:2/5600(1—1—‘5311 g)dé
tan 6

= 2/(0800 + sec @ tan 6)df

= —21In(csc O + cot 0) + 2sech + ¢

= —2In(V422 — 4z + 17/(2z — 1) + 4/(22 — 1)) + /42?2 — 4z + 17/2 4 ¢
= —2In(V422 — 4z + 17+ 4) + 2In(2x — 1) + V422 — dz + 17/2 + ¢

5E. Integration by partial fractions

pE-l (z — 2)196 +3) =z i 2 ;}i—/g (cover up)
/ = (1/5)In(xz — 2) — (1/5)In(z + 3) + ¢
5E-2 x 2/ 3/5 (cover up)

(x —2)(z+ ) r—2 zx+3

xdx
/ CEDEEDR (2/5) In(z — 2) 4 (3/5) In(z + 3) + ¢

x L 1/10 0 1/2 . —3/5
@—2)@+2)@+3) -2 z+2 743

/ % = (1/10)In(z — 2) + (1/2) In(z + 2) — (3/5) In(z + 3)

5E-3

(cover up)

322 4+ 42 — 11 2 -2 3
5E-4 dx = .
P D@-2)" a1 a1 T aog V)

2dx —2dx 3dzx
/x_1+x+1 + 2 2w — 1) = 2In(e + 1) + 3In(e — 2) + ¢

12



5. Integration techniques E. Solutions to 18.01 Exercises

3r + 2 2 B 1

5E-5 L2 _ = o et B ot L
r(r+1)? = et (z+1)2 (coverup); to get B, put say x
5 B 1
- =2+_-+- = B=-2
1Tty

3z +2 1
———dr =2lnx — 21 1) — ——
/x(x—i—l)Q x nx n(x + 1) x+1—|—c

2x — 9 Ax + B C
5E-6 =

(@2 4+9)(z+2) 2249 +x+2
By cover-up, C' = —1. To get B and A,

20— 9 1
/mdm:§mm2+9)_ln($+2>+c

5E-7 Instead of thinking of (4) as arising from (1) by multiplication by z —1, think
of it as arising from

x—T=A(x+2)+ Bz —1)
by division by x 4 2; since this new equation is valid for all z, the line (4) will be
valid for x # —2, in particular it will be valid for z =1 .

5E-8 Long division:

x? 1
a)x2—1:1+a?2—
3
b)x2—17x+x2—1
x? 1/9
= 1
©) g7 =BT 3
4 x4+ 2 _1+ 7/3
3z—1 3 3z-1
588 B 1‘3 + Bg$2 + le + BO
S —— Y R P U P R By S
e) ($+2)2((E—2)2 4T + 3T + 2T + 11’+ O+ (.’L‘+2)2((E—2)2

5E-9 a) Cover-up gives

1 1 12 —1/2
2—1 (z—-D(@+1) z-1 z+1
13




E. Solutions to 18.01 Exercises 5. Integration techniques

From 8a,

x? 1/2 —1/2
RS VLI V)

d
2 -1 r—1 a+1 an

[ 5 =t a2 -0 - (/DG ) o

b) Cover-up gives

v x 12 12
2—1 (z—-D@+1) z-1 z+1
From 8b,
23 12 1/2
= d
2?2 —1 x+x—1+x+1 a
r3dx 9
7 =2+ (1/2)In(z —1) + (1/2) In(z + 1) +¢
c¢) From 8c,
2
/3;_1d1;:z2/6+x/9+(1/27)1n(3x—1)+c
d) From 8d,

/ 39;t21 de = x/3+(7/9)In(3z — 1)

e) Cover-up says that the proper rational function will be written as

G0 by 4 by
x—2 (x—2)2 z+4+2 (x+2)?

where the coefficients as and by can be evaluted from the B’s using cover-up and the
coefficients a; and by can then be evaluated using x = 0 and x = 1, say. Therefore,
the integral has the form

Ayx® /5 + Azt /4 + Apx® /3 + A12? /2 4+ Agz + ¢

b
+ayln(x—2) — $(1_22 + by In(x 4+ 2) — :E-iQ
5E-10 a) By cover-up,

1 1 -1 1/2 1/2
RV

-z z(x-1)(z+1) x z—1 x+1

d 1 1
/x?’fx = —1nx+§1n(m— 1)+§ln(x+1)—|—c
1 — 4
b) By cover-up, (z+1) = 3 + . Therefore,

(x—2)(z—-3) x—2 x-3

@+l r=—3In(zr - n(z — c
/($_2)($_3)d i( 2) + 4In(z — 3) +



5. Integration techniques E. Solutions to 18.01 Exercises

)(:z:2+z+1) +77:17+1 B
c) L = _ cover-u
x2 4+ 8z 2 + 8z Y P

~Tr+1 Tzl 1/8  -57/8

= = d
g @ty @ Tzrs M
(2?2 + 2+ 1)
[N (s e T/ e+ 8) e

d) Seeing double? It must be late.

) I 1 7é+5 C
¢ 422 22z +1) z 22 z+1

Use the cover-up method to get B =1 and C = 1. For A,

1 1

dx 1 1 1 .
/:173+$2_/(_$+x2+x+1>d$——lnx+ln(at+1)_x+c

In all,

34+222 4+ x(z+1)2 _;+m+1+(x+1)2

f) 2 +1 2 +1 A B C

By cover-up, A =1 and C = —2. For B,

2 B 2
r=1— Z—lJrEfZ — B=0 and

2?41 1 2 2
——————dr = - |dx =1 —
/x3+2m2+xx /(:c (m+1)2) v nx—i—erl—l—c

g) Multiply out denominator: (z +1)?(x —1) = 23 + 22 — 2 — 1. Divide into
numerator:
3 24+ r+1
ey T e i
42—z -—1 42 —z—1

Write the proper rational function as

—24+x+1 A B C

(x+1)%(x—1) a:+1+(x+1)2+:c—1
By cover-up, B =1/2 and C = 1/4. For A,

1 1 )
=0 = _1_A+§15_Z = A__Z and



E. Solutions to 18.01 Exercises 5. Integration techniques

/ (x+1>x<—1>dz -/ (l it <m1+/21>2 * 5141) "

=z—(5/4)In(x + 1) — 2(%_‘_1) +(1/4)In(z—1)+¢

(2% + 1)dz / 1+ 2z / (2y — 1)dy
py [T g 2T g e [ DY Gy =
)/m2+2x+2 ( x2+2x+2)x * y2+1 (put y

z+1)
—z—In(y? +1)+tan 'y +c
=z —In(z? +22+2) +tan (z+ 1) +c¢

5E-11 Separate:
dy
y(1—vy)
Expand using partial fractions and integrate

[ stom- fo

=dz

Hence,
ny—In(y—1)=xz+c
Exponentiate:
ﬁ =" = Ae® (A =¢e")
Ae®
Y= der —1
(If you integrated 1/(1 — y) to get —In(1 — y) then you arrive at
Ae®
Y7 derr1

This is the same family of answers with A and —A traded.)

5E-12 a) 1+ 22 =1+ tan?(0/2) = sec?(6/2). Therefore,

1 22
2 — in? =l-—=—
cos”(6/2) = 52 and sin“(6/2) =1 1+22 1422
Next,
1 22 1 — 22
— 2 2) — si 2 92) = _ —
cos @ = cos*(6/2) —sin“(0/2) 1122 1122 1422 and
1 22 2z
inf = 2si 2 2)=2 =
snd = 25021 cost02) = [ =
Finally,
) ) 2dz
dz = (1/2)sec?(8/2)d8 = (1/2)(1 + )df = df =

16



5. Integration techniques E. Solutions to 18.01 Exercises

b)

/“ de _/tam/? 2dz/(1 + 22)
o L+sing®  Jano 14+22/(1+22)

_/‘X’ 2dz _/°° 2dz
o 21422y (z+1)2

—92 |

=2
1+2z|,

/’T de /mn“/? 2dz/(1 4 22) /°°2(1+z2)dz
o (M+sind)?  Jiao  (1+2:/(1+22)2  Jo  (I+2)?

/°° 2(1 4 (y —1)*)dy

(put y =2+1)

Y
> (242 — 4 4)d >
:/ 2y o 1 =/ 2y~ — 4y~ + 4y~ )dy
1 Yy 1
= -2y ' +2y 2 — (4/3)y P =4/3
T 2z 2dz © 4zdz
0 /0 bmed@_/o 1+221+22_/0 (1 + 22)2
—92 |
1+22|,

5E-13 a) z = tan(0/2) = 1+ cosf =2/(1 + 2?) and 0 < 6 < 7/2 corresponds

to0<z<1.
A_/“/Q do _/1 2dz/(1 + 22)
o 21 4cos0)2  Jy 8/(1+22)2

1
- [amas = a2l =13

b) The curve r = 1/(1 + cos ) is a parabola:
r+rcosf=1 = r+ar=1= rP=(1-2)? = y*=1-22
This is the region under y = 4/1 — 2z in the first quadrant:

1/2

A= V1 = 2xdr = —(1/3)(1 — 2x)3/2 ;/2 =1/3

0

5F. Integration by parts. Reduction formulas

a+1 a+1 a+1 1
5F-1 a) xalnmdx:/lnxd(x J=Inz- m _/x - —dx
a+1 a+1 a+1
17




E. Solutions to 18.01 Exercises 5. Integration techniques

2t lng / x® 2t lng xotl be(as-1)
— — T = —_ c (a -
a+1 a+1 a+1 (a+1)2

b) /x_llnxd:t =(nz)?/24+c¢ (u=1Inz, du = dz/)

5F-2 a)/me”dx:/a:d(e”’):x-e’”—/e’”dx:x-ex—ex—i—c

b) /xzeﬂix = /x2d(ew) =2%. e — /e‘T - 2xdx

:xQ-e‘T—Q/xexdx:xz-em—23:-61—1—269”—&—0

c) /m3emdx = /x?’d(ez) =3 e" — /ew - 32%dx

:x3-e”—3fx26xdx:x3~e”—3x2~e”+6x-ex—66”+c

ax

d) /x"e‘”dm = /x”d(e—) = o [ e lde
a a a

ax
e n _
:7'1‘71—7/56” leaxdx
a

4dx

/sin_1(41’)dm =z -sin"!(4z) — /xd(sin‘1(4m)) =z -sin” ! (4z) — /I \/ﬁ

= -sin” ' (4x) + / Sc\h/% (put u = 1 — 162%, du = —32xdx)

1
=z -sin~'(4x) + 1ﬁ+c

1
= -sin” ' (4z) + Vi 1622 + ¢

/em cosxdx = /emd(sin x) =e"sinx — /em sin zdx

=e"sinz — /e"”d(f cos x)

5F-4

=e%sinz + e® cosx — /ewcosxdx

18



5. Integration techniques E. Solutions to 18.01 Exercises

Add /ew cos zdx to both sides to get

2/6’” cosxzdr = e sinx 4+ e* cosx + ¢
Divide by 2 and replace the arbitrary constant ¢ by ¢/2:
/e’” cosxdr = (e sinx + e® cosx)/2 + ¢
5F-5
/cos(ln x)dr = x - cos(lnzx) — /xd(cos(ln x))

=z -cos(lnz) + /sin(lnm)dx

=z -cos(Inz) + z - sin(lnx) zd(sin(Inz))

=z -cos(lnz) + - sin(ln z) cos(Inz)d

Add /cos(ln x)dx to both sides to get

2 / cos(lnx)dx = x cos(Inz) + zsin(lnz) + ¢
Divide by 2 and replace the arbitrary constant ¢ by ¢/2:
/cos(ln x)dx = (zcos(lnzx) + zsin(lnx))/2 + ¢

5F-6 Putt=¢®* = dt = e®dx and z = Int. Therefore

/x"e””dx = /(lnt)”dt
Integrate by parts:

/(lnt)"dt =t-(lnt)" — /td(lnt)” =t(Int)"” — n/(lnt)”*ldt
because d(Int)” = n(Int)"~1t~tdt.

19
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