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Lecture 37 18.01 Fall 2006

Lecture 37: Taylor Series

General Power Series

What is cosx anyway?

Recall: geometric series

1
l+a+a®+ - =—— for |[al<1
1-a

General power series is an infinite sum:
_ 2 3
f(z) = a0+ a1 + azz® + agx® + - - -

represents f when || < R where R = radius of convergence. This means that for |z| < R, |apz™| — 0
as n — oo (“geometrically”’). On the other hand, if |z| > R, then |a,2"| does not tend to 0. For

1
example, in the case of the geometric series, if |a| = 3 then |a"| = on" Since the higher-order terms

get increasingly small if |a| < 1, the “tail” of the series is negligible.

Example 1. If a = —1, |a™| = 1 does not tend to 0.

1—1+1—1+--

The sum bounces back and forth between 0 and 1. Therefore it does not approach 0. Outside the
interval —1 < a < 1, the series diverges.

Basic Tools

Rules of polynomials apply to series within the radius of convergence.

Substitution/Algebra

1 2
—=1l4+zx+a"+--
l—x
Example 2. x = -u.
1 2 3
=l—-u+u" —u 4+
14+u
Example 3. z = —v2.
;:1 w2t — 8.
1402
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Example 4.

1—=z 1—=z

( 1 )< ! >:(1+x+x2+~~)(1+x+x2+--~)

Term-by-term multiplication gives:
14224327+ -

1
Remember, here = is some number like 7 As you take higher and higher powers of x, the result

gets smaller and smaller.

Differentiation (term by term)

d 1 d
il =—0 2 S
dz [1—x} dx[ tatat ety ]

m:0+1+2x+3x2+--- where 1 is ag,2 is a; and 3 is as

Same answer as Example 4, but using a new method.

Integration (term by term)
/f(ff)dx26+ (ao+%x2+a§2x3+m)

where
f(z) =ag + a1z + axx® + - -

du
14+u

Example 5. /

1
(:1—u+u2—u3+~-~)
14+u

du n u2+u3 u4Jr
=c u— — -
14+u 2 3 4

ln(l—i—x)—/x du —x—x—Q—i—x—?)—&—x—‘l
Sy 14w 2 3 4

So now we know the series expansion of In(1 + ).

Example 6. Integrate Example 3.

T L
/ dv et v3+v5 ’U7+
1102 T\ 375 7
tan—1 /"‘c dv x3+ 5 x7+
an = = P — -
o 1+0? 35 7
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Taylor’s Series and Taylor’s Formula

If f(z) = ap+ a1x + azx® + -+ -, we want to figure out what all these coefficients are.
Differentiating,
f'(x) = a1 + 2a02 + 3azx® + - --

f(z) = (2)(Daz + (3)(2)azx + (4)(3)agz® + - - -
[ (@) = (3)(2)(Das + (4)(3)(2)asz + - -
Let’s plug in = 0 to all of these equations.
f(0) = ao; f'(0) =a; f"(0) = 2az; f"(0) = (3)as

Taylor’s Formula tells us what the coefficients are:

F™(0) = ())ay

Remember, n! =n(n —1)(n —2)---(2)(1) and 0! = 1. Coeflicients a,, are given by:

on=(5) 10)

Example 7. f(z) =¢".

1
Therefore, by Taylor’s Formula a,, = — and
n

1
x
€ 6 + *$ + 533 + gl' + -
Or in compact form,

oo 1;"
E— —_
© - Z n!

n=0

Now, we can calculate e to any accuracy:
1+1 + + o ! + ! + ! +-
e =
3! 5!
Example 7. f(z) = cosz.

f(r) = —sinx

f'(x) = —cosx
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" (xz) =sinz
FD(z) = cosz
£(0) = cos(0) =1
1/(0) = —sin(0) =0
17(0) = —cos(0) = —1
F(0) =sin(0) =0

Only even coeflicients are non-zero, and their signs alternate. Therefore,

1 1 1 1
cos:vzl—ixz—&—lel—§$6+§x8+~-~

Note: cos(x) is an even function. So is this power series — as it contains only even powers of .

There are two ways of finding the Taylor Series for sinz. Take derivative of cos z, or use Taylor’s
formula. We will take the derivative:

—sinx:(chosx=0—2(;>m+ix3—g!a:5+§!x7+---
I’3 I’5 177
:—x+§—a+?+
x> b 2
sm(;v)—x—y—l-g W-i—

Compare with quadratic approximation from earlier in the term:

1
cosxz1—§x2 sinz ~ x
We can also write:
© ok 0 2
o T 1k o 1\y0T 2t 1 t.2
cosx—;mk)!( )¥=(-1) 0!+( 1) o7 + 1— -2+
0 2k+1 .
sinx = (2k+1)'( 1) —n=2k+1

Example 8: Binomial Expansion. f(z) = (1+ x)¢

-1 —1)(a—2) .
ST et N D) R W
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Taylor Series with Another Base Point

A Taylor series with its base point at a (instead of at 0) looks like:

f"(b) fO )
2 3!

f(x)=f(b)+ f'(b)(z —b) + (x—b)*+ (x—b)3+ ...

Taylor series for y/z. It’s a bad idea to expand using b = 0 because 1/« is not differentiable at = 0.

Instead use b = 1.
1 1
! ()G
/2 = 1+f(x—1)+—(;z:—1)2

2 21 e





