Recitation: 9
10/30/03

Canonical Ensemble

Consideranensemblef systemswith N,V and7 constant.Eachof the systemss closedto
the flow of matterand hasthe samevolume, V' but it allows heatto fluctuatethroughits walls.
Becausef this, all the systemsarearethe sametemperature]’, buttheir energyF canfluctuate.
Notethat the ensemble itself is asolatedsystem, and therefor® and AN,AV remainconstant.

Becausef fluctuationsn E, we haveto considethespectrunof energyE; (N, V'), Ex(N, V) ...
for eachsystem Eachof thesystem$asaccesso thesamespectrunof energyandthereforeeach
energyvalue £ can be repeated matiynes (degeneracy).

In the canonical ensemble, the followingnditions must be satisfied:
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whereFEr is thetotal energyof theensemblelf we useLagrangemultipliersfor thetotal number
of systemsand energyn the ensembleye finally obtain:
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for N, V, T fixed.

If weuse@ = > exp(—fE,), we canfind the macroscopianechanicalpropertiesof this
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@ is the partition function for this ensembleandit is the mostimportantproperty. Fromit,
everythingelse can be derived:

Finding T, S
To find .S, we can use the approach by Hill,



We can takehe differentialof £ = i Ei Py

dE = E;dP; + P;dE;
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We obtain .

Substituting in EqQ. 1, we have:
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Note thatZ; are only function ofV and V.

Using the properties aP;:
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we have:
1 =
—Ed(Pj In P;) = dE + pdV
From Thermodynamics, we knatat

TdS = dU + pdV
And we therefore can establish the followirgjations:
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We finally have:
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If we substitute the expressidor P;:
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FistheHelmholtzfreeenergyandis the characteristicpotentialfor systemswith N, V andT
asindependentariables.Note thatthesearethe sameboundaryconditionsstatedfor the Canoni-
cal ensemble.

OncewehaveF (N, V,T) = —kTInQ(N, V,T), we candefineall thethermodynamigroper-
tiesrelated to this potential:
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The last expressiocomes from:
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If you havethe partitionfunction() you canobtaineverythermodynami@ropertyof asystem.

General Structure for any set of Boundary Conditions
For any setof boundaryconditions,the probability for the systemto bein any microstatev is
givenby:



The partition function, for this probability distributiors givenby:
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Each ensemble has its characteristic function,
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For any setof thermodynamidoundaryconditions,the main problemis to find ). This can
be done usinghe followingprocedure:

i) Write downthe Euler relation in the entropgpresentation and dividey &:

S
T =PE+ 3PV —BuN + ...

i) Identify theindependentariablesin the ensemble Thesevariablesarethe Thermodynamic
Boundary Conditionskor the canonical ensemble, the independent variadesl’, V, N)

iif) Compare théoundaryconditionsto the natural variablefor the entropyS (£, V, N).

iv) Legendretransformthe Euler expressionn the entropyrepresentationwith respectto the
independenintensivevariableghatappeain theensembleFor the CanonicalEnsemblewe

have: g
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v) (O is givenby:
O=a-7
Forthe Canonical Ensemhla/e have:
O=d— % = —f(F

vi) The characteristic function is:

Forthe Canonical Ensembiee have:
A=F=FE-TS

vii) Using the general structure for Stat Mech we hdoethe CanonicalEnsemble
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It is possible to expandoth sides of the equation

F = —kTInQ
with
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If we expandboth sides of this equation, vapparently obtain:
F=FE-TS=F
According to the expressicabove theT'S term has disappeared!!

To resolvethis discrepancyremembethatthe summationin ) is over all the microstates
available to the systemand not over the energylevels Eachenergylevelis highly degenerate,
and( can be expresseak:
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Now, we can perform the expansion:

F=E-TS=E-kTin Y Q(N,V,E)

FE levels
By inspection, it can be seen that
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This expressions the classicakexpressiorior the entropyof anisolatedsystem(microcanoni-
calensemble).

Note that theCanonicalensemblas basically a collection aficrocanonicakensembles.
In general, we can write dowthe partition function for angnsemble as:
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In this generalexpressionthe degeneracyf eachenergylevel hasbeentakeninto accountoy
Q2 (N,V, E). Thesumin this caseis not overall the microstatesut over the differentvaluesthat
theextensiveproperties (such as energglume,N, magnetization, etecan take).
Formore details, see Hill, |80

Example: Ensemble with N, P and T as independent variables:



1. EulerRelation: g

E =
2. Theindependent variablesme(T, P, N)
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3. We need to do the Legendrigansform:
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4. By inspection,
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Onceyou havethe partitionfunctionandyou haveidentifiedthe characteristiédunction,every-
thing else can be readily obtained:

From Classical Thermodynamics, we have:
dG = =5dT + VdP + pdN

And therefore,
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Problem 1
Lagrange Multipliers:

N N
Showthat— ) P, In P;, subjectto thecondition ) | P, = 1 is amaximumwhen P; is a con-
j=1 j=1
stant.

Solution 1

Here we use Lagrange multipliers agaiith the constrainEj P; =1
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Problem 2
The partition function of a monatomic ideal gas

1 /2 MﬁBN@

Derivean expressioffor the pressure and the eneifggm this partition function.

Solution 2
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