Recitation: 5
10/02/03

See Callen, first part.

Legendre Transforms

In boththeentropyandenergyrepresentationsheextensivegparameterplay therolesof math-
ematicallyindependent variableshereas intensiveariablesare derivecconcepts:

0 _
%)V,N =T
%)S,N =-P
a_N)S,V =H
In experimentsthe opposite is true.
The problem is equivalern the following:
Given
Y =Y (X)
P=3%)
Find
Y =Y(P)
Problem:We lack information:
Y Y
Y=Y(X) Y=Y(P)
X X

Figurel: Legendrelransformy1)

Solution:Need intercepty:
From the Straight Line Equation:

_ Y9
P=x
or
b=Y — PX

The same approach can be used in Thermodynamics!!!
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Figure2: Legendrelransformy?2)

Forexample]et ussaythatwe wantto find afunctionthatrepresentthethermodynamictate
of asystenmin whichwe wouldlike to controltemperature]’, whichis easyto measurendcontrol,
insteadof theentropy,S, which cannotbemeasurear controlledusingconventionaexperimental
techniques.

In this case, we woultaveto perform the operation:
U(S,V,N) — F(T,V,N)

So, usinghe analogies:

U—-=Y
X - S
0 _
PH%)V,N:T
Y — F
we have,
F=U-TS

F, calledthe Helmoltz FreeEnergyrepresentsthen, a statefunction in which 7', insteadof S
constituteghe independent variable.

The complete differentiadf this function is then giveby:

dF = dU — TdS — SdT
dF = —SdT — PdV + udN

Similar Legendreransformationganbe performedso differentintensivevariablestakethe place
of their conjugateextensivevariables as independent variables:

H=UIP]|

G=UI[PT]
o =UIT,



whereH is calledthe enthalpy,G is the GibbsFreeEnergy,and® is the GrandCanonicalPoten-
tial, which is of great use in Statistical Mechanics....(more later).

Above, extremumprincipleswerestatedfor the entropyandenergyrepresentationslhe same
canbe done for the Legendteansforms:

¢ HelmholtzPotential Minimum Principle: The equilibrium value of any unconstrainedn-
ternal parameterin a systemin diathermalcontactwith a heatreservoirminimizesthe
Helmholtzpotential ovethe manifold of states for which = 7.

e EnthalpyMinimumPrinciple: Theequilibriumvalueof anyunconstrainedhternalparame-
terin asystemn contactwith a pressureeservoirminimizesthe enthalpyoverthe manifold
of states of constant pressure (equal to the pressure reservoir).

e Gibbs Potential Minimum Principle: The equilibrium value of any unconstrainednternal
parametem asystemin contactwith athermalandpressuraeservoirminimizesthe Gibbs
potentialat constant temperature and pressure (equal to those of respestveoirs).

In general,
0F >
0H >0
0G >0
Note that

e F'isthe workavailableat constant temperature.
e H represents the heat added to the system at constant pressure.

e (G isthework availablein a systemat constanfpressureandtemperatureOnly Ny, N,, N3
canvary. This is veryuseful for chemical reactions!!!

Using the Euler relation, and the Legendiransformswe havethat:

H=U+PV=TS+> un
F=U-TS=-PV+)» un
G=U-TS+PV=> un

Maxwell Relations
SinceS, U, H, G, F are state functions, their differentiadse perfect differentials.

Forexample,

dU =TdS — PdV + pdN
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So,
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Thisis a Maxwell Relation for the Energytate Function.

or

Forthe Gibbs free energwe have:

dG = —SdT + VdP + pdN

So theMaxwell relations woulde:
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Important definitions:

“voar),
o= LV
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a8
=Tir),
S
=T —
Cv 8T>V

General Rule for Maxwell Relation

In class, ProfCeder gavgrou a general rule to determine Maxwell Relations:
8X) _ L 8CONJ(Y)>

2 CONJ(X) OCONJ (X) /]y



In order to knowthe sign of the equalitythere is a vergimple technique:

X andCON J(Y') shouldbe the dependenvariablesof the potentials.So, we needto find a
potentialthathasCON J(X) andY astheir dependentariables.Thenwe write downthe differ-
entialform of the potential and find the appropriate sign.

Forexampleget the Maxwell Relation fo%)v:

Using Prof.Ceder’sRule, we have:

oP\ _, 0T
oS ), T oV )y

To find the sign, we recognizehatthis Maxwell Relationmustcomefrom a potentialthathas
V andS asthe independent variables.

We immediately recognize that — U (S, V) andfrom dU = T'dS — PdV we find that:

ory _ _oT
oS ), oV )q
Gibbs Free Energy:

At constanpressureandtemperaturethe conditionfor equilibriumin a systemis obtainedby
minimizing the Gibbs free energy.

dG = —SdT + VdP + Y Nidp,

oGy _ _g PG\ _ _=Cp
oT)p — oz ), T T T
9G\ 26\ _
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At constant pressure and temperature:

dG =" Nidp

Gibbs-DuhemEquation

Fromfist law:
dU =TdS — PdV + pdN

FromEuler Relation:
dU =TdS + SdT'— PdV — VdP + udN + Ndu

Since dU= dU
SdT'—VdP + Ndu =0

IntensiveVariablesare Not Independent!!!
Clausius-ClapeyronEquation



If two phases are at equilibrium,

G =G’

At the coexistence lineany changen the Gibbsenergy ofa must bematchedoy a corresponding
changean the Gibbs energpf ;:

dG® = dGP
Therefore,
— ST 4+ VedP = —SPdT + VPdPpP
Consequently,
dr  AVe—s
dP  ASe—B

Thisis the Clausius-Clapeyrdaquation.

Problem 1

Consideraninsulatedandrigid chamberdivided by one partition at the middle. One of the
partitionsis full with agas.If thedividing wall suddenlybreakspleasaleterminehowthetemper-
atureof thesystemwill changeasafunctionof propertiessuchasspecificheat,compressibilities,
thermalconductivity,etc.

Problem 2
In classwe sawthat, for an adiabaticpull, with force, F', the changein temperaturaunder

constanforce is:
a_T . —LOéLT
OF ] Cp

What is the relationship betweéry andCp?




