Recitation: 11
11/13/03

Configurational D.O.F
In classwe sawhow to treatsystemsof identical, distinguishablenon-interactingad-atoms

weretheonly degree®f freedomwereconfigurationalln this casewe consider) total positions
for IV identicalparticles.For suchsystemsassuming NV, V, T') boundaryconditions the partition
functionobtained was:

Q=) Q(E)e*

Sincethe energyof this ensemblavasindependenof the actualconfigurationof the system,
thereis effectivelyone energyevel and we just have:

Q=Q(E)e"
The degeneracy? (F) of this energylevel canbe calculatedasthe total numberof waysin
whichwe can arrangéV particlesin M sites:
M!
_ —BNe
= Nar— e
Using the knowrformalism for this ensemble,

F=—kT-InQ
S=k-InQ

Notethatthe entropyof this systemcorrespondso the entropyof the micro-canonicaénsem-
ble. This is due to the fadhat the total energgf each sub-system (particle) is the same

Equivalencebetween Ensembles
In classwe alsosawthatthe behaviorof the systemis independentf theensembleéhatwe use

to describet. In the previousexamplewe consideredwo possibilities:

e Thead-atomaveresubjectedo boundaryconditionsconsistentvith fixed NV, V andT'. This
correspond$o the canonical ensemble.

e Thead-atomsveresetin equilibriumwith avapor,sotheB.C.wereu, V andT'. Thisis the
grandcanonical ensemble.

In the caseof the Canonicalensemblewe found anexpressiorior the chemicalpotentialasa
functionof = where zis the occupation fraction%:
T
1
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Usingthe GrandCanonicaknsembleywe foundanexpressioror x asafunctionof thechem-
ical potential:

u—s—l—kT-ln(
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T T 1feBEm (2)
If we solvefor p in the expressiorabove we obtainthe sameexpressioraskq. 1. Therefore,

the calculatedthermodynami@ropertiesof the systemare independenof the ensemblehoserto
describeit.

Vibrational Degreesof Freedom
In class,we considera collectionof N independenanddistinguishable3 — D harmonicos-

cillators. For this system,consideringthe Canonicalensemblethe partition function obtained
was:

3N
Jnr
Q = 0
e /T —1

wheref = %‘" andw = \/% Notethat f andm arematerial-dependergroperties.This simple
approximations called the Einstein’'model for a vibrating crystal.

Usingthe alreadywell known expressiongor the thermodynamigropertiesof the Canonical
ensembleywe obtained:

o
E= BNQM 4 3NKT - (L>

ee/T -1
0\’ ee/T
Fr)

The followinglimits were obtained:

Er_o =30 Er_ g =3NkT
Cvir—o =0 Cvr_high = 3Nk

The universafunction for theCy, as a function o% has the followingshape:

Observehow fast the solid reacheghe Dulong-Petitelimit of % ~ 3. For the majority of
solids, ¢; ~ 1000 K.

The entropyof an Einstein Solid can be calculated from

JlnQ
S—kan+kT( 5T )

0

e T —1

S =3Nk
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Figure 1: 5L v.s. 5

Notethat,as7 — 0, S — 0. Thismeanghat,as7T — 0, the systemsinksto its lowestenergy
state.Each atom is in its vibrational ground state (does not vibrate).

Problem 1

A systemconsistof N non-interactingatoms.Eachatommay bein two statesa low energy
statewith energy, £= 0 and an ‘excitedstate, with energy.

a) How manyatoms are in the excitextate?

b) Whatis the total energyU of this systemasa functionof N, E, k (the Boltzmannconstant)
andT?

Solution 1

(a) A systemof N non-interactingparticleswith two possiblestateseitherO or . A goodrule
istooassumeéparticles” (e.g.atoms electronsgetc) areindistinguishableinlessheyarelocalized
in a crystalor on a surface. The numberof atomsin the excitedstatecan be determinedusing
Boltzmannstatisticsunderthe assumptiorthat we are working at high temperatureand/orlow
density.

Consider a system on non-interacting indistinguishable particles, for which

qN
QIN.V.T) = 15



with .
gV, T) =) err

J

Remember that this holds whén(¢) >> N.

Forthis system, the total energygivenby:

S

Oln@Q e
E:N-s:kTQ( ) =N e,.——

Note that, according to the expressulmove,

o ST

€= E gj—
J

q

The probability that a molecule is in théh state is

o kT o CIkT
q D e_gj/kT
J

7Tj:

In this problem,the two availablestatesare) ande, andthe total numberof particlesin thee
stateare

N. = Nm,

wherer. is theprobabilityanatomwill bein states This probabilityis determinedisingthesingle
particlepartition function and can be written as

exp 7]

Te =& __ r-27 3
> exp [17] ©

But our systemcanbe in only two states,so the sumin the denominatorcan be found
explicitly:

So N. canbe written as




(b) The total energys simplylU = Ne = N > m;e; (McQuarrie 4-12 and 4-13)

U:NZWigi:N(W151+7T252):N[(l—m)-O—l—m-e]

U:N(wga):N<%’z_ﬂ]> e

1 +exp |71

Ne
1+exp[ﬁ]

Note: Sincemany particleswill occupythe samestate(either0 or ¢) theseparticlesmustbe
Bosons. At lower temperaturesve would haveto useBose-Einsteirstatistics(McQuarrie4-26)
which would leadto a much more complicatedproblemsincewe would haveto determinethe
chemicalpotential.



