Recitation: 10
11/06/03

Ensembles and Relation to T.D.
It is possible to expandoth sides of the equation

F = —kTInQ
with

Q=3 "
If we expandboth sides of this equation, vapparently obtain:
F=EFE-TS=F
According to the expressiaabove theT'S term has disappeared!!

To resolvethis discrepancyremembethatthe summationin ) is over all the microstates
available to the systemand not over the energylevels Eachenergylevelis highly degenerate,
and( can be expresseak:

Q — Z Q (N’ ‘/’ E) 6_ﬁEE levels
FElevels
Now, we can perform the expansion:

F=E-TS=E—kTin Y Q(N,V,E)

FE levels
By inspection, it can be seen that

S=k > InQ(N,V,E)
FElevels

This expressions the classicalexpressiorior the entropyof anisolatedsystem(microcanoni-
calensemble).

Note that theCanonicalensemblas basically a collection afnicrocanonicakensembles.
In general, we can write dowthe partition function for angnsemble as:

7 = Z Q(N,V, E) e PXie-0%
X1,Xo...
In this generalexpressionthe degeneracyf eachenergylevel hasbeentakeninto accountoy
Q(N,V, E). Thesumin this caseis not overall the microstatedut overthe differentvaluesthat
theextensiveproperties (such as energyglume,N, magnetization, etecan take).



Formore details, see Hill, B30

Fluctuations

In StatisticalMechanicsthe mechanicalariables(thosevariablesthat can be explicitly de-
finedfor eachof the microstatesaccessibleo the system)fluctuatearoundtheir averaggor most
probable)aluewith a characteristispreadwhichis afunctionof theactualboundaryconditions
of thesystem under study.

Dependingon the boundaryconditions(i.e. ensemblelsed,different mechanicaproperties
fluctuate.

It is important to answer to these twoiestions:
e How big are fluctuations of mechanical properties?
¢ Doesthe relativesize of the fluctuations offarewinformation?

In generalthe spreadof the distributionfor the valuesof the instantaneousnechanicaprop-
ertiesaround theilaveragevaluesis givenby:

—2

o2 =(M—-M)"=M2-M

In class, we sava three-step procedure to obtain the fluctuation of a mechanical variable:
Giventhe explicitequation for the averagaluefor a mechanical property/:

M = ZM,,P,,

1) Multiply both sides by the partition function of the ensemble:

MZ = Z M,P,Z

2) Take the derivative of the equality with respectto the conjugatevariable of the fluctuating
mechanicalariable.

3) Divide both sides by the partition function and re-arrange.

In generalthe spreador extensivanechanicalariabless very smallfor largesystemg N ~
10%3):
OM 1

—_—~ —

M /N

There are some cases, howevenen fluctuations are not negligible:

e SmallSystems



e Critical Points

Applications of Statistical Mechanics to Specific Systems
In generalthe partitionfunctionfor a statisticalmechanicabnsembl€in this casethe Canon-

ical Ensemble) is giveby:
Q= Z e PEv

For systemsof non-interactingparticles,it is possibleto write their partition functionin an
explicit manner.

Examples of these systems:

e IdealGas

e Electronsn a periodic crystal
e PhotonGas

e LatticeVibrations

Distinguishable Particles
For non interactingparticles,we sawin classthat the total energyof the systemcan be ex-

presseds:

Er=cl+eb +ef+4 -

wheres{ is the energyof particlea in microstate.

If the particles are non-distinguishable, the partition function is easy to evaluate:

Q = —PE, — .. —5<87+a§n+g%+...)
R RN

0= (3e) (2t (o) -

Q=G WG
If all the particles are identicad, = ¢, = ¢.- - -:

Q=q"
where

q= Z e Be

l

wherel is the subindexcorrespondingo eachof the microstatesaccessibléo eachof the particles
comprisingthe system.



Non-distinguishable Particles
Whenthesystemnis composeaf non-interactinghon-distinguishablparticlestheunrestricted
sum:

Q=Y = YT e
v l m n
hasto be corrected.
Forfermions, there cannot be twparticles in the same microstate:

£ 4 el + &5 + - - — violates Pauli

Forbosons:
e84l +e¢ del et b4l el OvercountingNtimes
€94 el 48 del et 4l fef el Overcounting%times
e84 el +ef el et 4l et el OvercountingN!times

Whenthe numberof statesavailableis muchgreateithanthe numberof particlesin thesystem
¢ (E) >> N, thelasttermdominateghe sum,andthe partition function canbe approximated
as:

This is usually the case for:
e High Temperatures

e Low Density

e LargeMass

Problem 1
Consider the isothermal-isobaric ensemble, for which the partition function is

A — Z e~ BEi—BpV;
'7j

For this ensemblecalculatethe standarddeviationoy, of the volume, asa fraction of the total
volumeof the system.

Solution 1
We know that

2

o2 =V2I-V
In orderto calculatethe fluctuationfor the volumein this ensemblewe follow the procedure
seenn class:



First, we write the expliciequation for the averagelumein this ensemble:

Z Vje_ﬂEl_ﬂpV?

V= A

1) Multiply both sides of the equality by the partition functidn
VoA = Z VjefﬁEwﬁij
i

2) Takethederivativeof both sideswith respecto the conjugatevariablefor V, in this casewe
definethe conjugateariableasy = gp:

- o V.e BEi—Vj
o(V-A) (z; " )

0y B 0y

ov
A+ V— _ V2ePEY;
oy Z

- o ZefﬁErﬁ’Vj
o,y \E I P
oy oy A

oV
—BE;—V; 2 ,—BE;—V;
P Ejv ==Y Ve tEe

3) Divide both sides by the partition function:

ov 2 3
p Vi=-V
Fromthis we finally obtain (here we haexpandedy = ;%):
ov
o =V2 -V’ = —kT ( )
Vv = ap

Using the definition for the isothermal compressibilitye have:

oy = kTVkr
Thenormalizedstandard deviatioof the volumes givenby:

ov  (kIVer)'?  [kTkp
Vo 1% B %

Foran ideal gas, + = % andwe have:




CTpf \v/ 1
NkT /N

Problem 2

Considera systemof N distinguishablenon-interactingpinsin amagnetidield H. Eachspin
hasa magneticmomentof size 1, andeachcanpoint eitherparallelor anti-parallelto the field.
The magneticmomentis givenby n,;. wheren; = +/ — 1. Note thatsincethe systemis made
of non-interactingparticles thetotal energyof the systemdoesnot dependn thearrangementsf
thespins, i.ethe energy i€onstant.

(a) Determinetheinternalenergyof this systemasa functionof 3, H, and N by employingan
ensembleharacterized by these variables.

(b) Determine the entropgf this system as a function ¢f H, andN.

(c) Determine the behaviaf the energyand entropyfor this system ag” — 0.

Solution 2

The magnetization is givess

N
M = :E:: Mo
i=1

eThisis basicallysayingthatwe haveatomslocalizedin a crystalandthe magneticnomentat
eachsitecanbeeitherupor down. Theproblemasksusto determinghethermodynamiproperties
asafunctionof T, N, H. Let usalsoassumdor simplicity thatwe canwork at constantvolume.
Thereforepur controlling variablesrel’, N, V, H.

e\We needto makethe appropriatd_egendreransformto the entropy. Remembethe entropy
canbe written starting fron¥:

E=TS —pV +HM + uN

rearrangingo get things in terms of and Swe get

S
T = p[BE+ ppV — BHM — BuN
Legendreransform such that our controlling variabke®V, N, T, H

%_ﬁE+5HM:ﬁ(TS—E+HM):—ﬂ@b:lnF

wherey) is thecharacteristipotentialfor thisensemblevith V, N, T, H constanendl is
the partition function.I" can be written as

I'= Z exp [_ﬁ (Estate - MstateH)]

states



wherewe sum oveall possible energgtates and magnetizations,; ;..

eSincethe particlesarenon-interactingtheenergyat N, g = constanand H = 0 is constant.
E is independenof the numberor arrangemendf up versusdownspins.Sincethe absolutescale
of energyis notimportantfor thermodynamicsye canarbitrarily setthe constanenergyequalto
zerogiving us

N N
I'= Z exp [BMpare H] = Z exp [ﬁzniNoH] = Z Hexp [BnipioH]
i=1

states ni,ne,...nN ni,n2,..ny =1

F= > []expBrinH =] D explBnip.H]

ni,nz,..ny =1 =1 n;=—1

We can evaluatéhe sum sincey; = +1 so,

T' = (exp [Bu,H| + exp [~ Bu,H])"™

We know the characteristipotentialof anensemblas relatedto the partitionfunctionfor that
ensembleccording to

B =InT — ¢ = —kTInl

Furthermore, we knorom thermo that

d = —SdT — pdV + pdN — MdH

which givesus the followingrelationships for the properties of the system:

8w>

S = — (==
(3T V,N,H

8@[})

M = — (=22
(8H V,N,T

- ()
ON V,T,H

_ 0y
r = ()

and from stat mech we hafi®m above

Y = —kTN In [exp [Bu,H| + exp [~ fuoH])

el ets get the entropy, S



&D)
5= (—
) v nm

— 55 (exp [BuoH] — exp [~ BpuoH))
exp [BuoH] + exp [—BuoH]

S = kN In (exp [BuoH| + exp [—Bu.H]) + k‘TN(

S = kN {In (exp [Bu.H] + exp [—Bu.H]) — B, tanh (Bu.H)}

eNow for the magnetization

oy exp [ﬁ,uoH} — exp [—ﬁuoH] }
= == =k o — N, tanh (B, H
N (6H>V7N7T o {exp [BoH] + exp [—BpuoH] o tanh (1o H)

M = Nu,tanh (Bu.H)

eThe energy £
v=FE-TS—HM

E=¢y+TS+HM=0

eHoweverif you definea quantity called the internal magneticenergy(which is a quantity
analogoudo the enthalpyn theT’, p, N ensemble)

Eg=FE—-HM

you can get

Ey = —Np,H tanh (Bu,H)

eThelastpartof this problemasksyou to determineghe behaviorof the energyandentropyas
T — 0.

Ey (T —0) = —Nu,H

lim S = lim AN {In (exp [Bu.H] + exp [—BuoH]) — B, tanh (Bu,H)} =0

B—o0 B—00

S(T — 0) = 0isin accordance with the third laaf thermodynamics.



