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Problem 3, continued from handworked solution

The work below may be slightly redundant to the handworked portion of the solution, but we can use it
to check our work.

Solve the conduction equation in radial coordinates, in 1D, with heat generation,
and apply the boundary conditions.

neoy= soln = T[r] /. DSolvel[k1/r D[r D[T[r], r], r] = -d, T[r], r1[[1, 11]
qr?
out29]= — +C[2] +C[1] Log[r]
Find aT/or
npeo= deriv = D[soln, r]
qgr C[1]
out[30]l= — —— +
2k r

Apply the first boundary condition
np1= bcl = deriv /. {r » 0}
1

Power::infy : Infinite expression — encountered. >
0

ourzi= Conpl exI nfinity
We see that there is a division by infinity. Therefore, we know C[1] must be zero to avoid this.
Apply the second boundary condition, with the results of the first BC included.

nez= be2 = deriv /. {r » R, C[1] -» 0}

qR

2k

out[32]= —

Solve for the surface temperature as a result of this boundary condition

ne3= TS = Ts /. Solve[bc2 = -(h/k) (Ts - Tf), Ts]1[[1l, 1]1]
gR+2hTf
out[3z —————
2h

Use Ts to find the second constant of integration
nza= secondConstant = C[2] /. Solve[Ts == (soln/. {C[1l] - O, r - R}), C[2]1]1[[1, 1]1]
2kgqgR+hgqR+4hkTf
4hk

Out[34]=
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nizs= Expand [secondConst ant ]
qrR qFR

+ + Tf
2h 4Kk

Out[35]=

This agrees with our work by hand. The full solution is therefore:
nze= tenperature = soln /. {C[1l] » O, C[2] - secondConstant}

qr?2 2kgR+hqR+4hkTf
+
4k 4hk

Out[36]= —

Visualize the solution with real numbers:
k=27.5W/mK

h=10W /m?K

R=0.125m

Tf =298 K

p=1730kg/m?

Cp = 27.665 J/mol K times 1/0.238 mol/kg

We don’t know what the heat production production rate will need to be, so let it be set to 10 W/m3,

and we’ll use a slider to vary x.

Log[q] 8
22 =21+] alxl =]

Temperature in the rod & surrounding air
TN [K]

Out[50]= 310+

305+

0.05

0.10

0.15

‘0.‘20‘ “ ‘0.‘25r [m]

Wow! The thermal profile is really flat. Let's look closely for q = 10* W/m3:
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Out[38]=

Temperature in the rod for q = 10* W/m®
0 K]
361.0;

360.8]

360.6]

S S T S S S S R r[m]
0.02 0.04 0.06 0.08 0.10 0.12

The profile is sloped, but only very slightly. I'd bet the Biot number is really small...

Find the maximum allowable rate of heat production.

In[39]:=

Out[39]=

In[40]:=

Out[40]=

In[41]:=

Out[41]=

Set the tempearture equation equal to 660 C:

maxQ = q /. Sol ve[tenperature == 660 +273, q][[1l, 1]1]
4hk (-933+Tf)
-hr?2+2kR+hR

Plug in real numbers for uranium in air:

maxQ eal Nunbers = nmaxQ/. {k -» 27.5, h - 10, R - 0.125, Tf - 298,
pcp - (1730 (xkg/mPx) 27.665 (xJ/mol Ks) 0.238°" («mol /kg+))}
698 500.

7.03125-10r?

This still depends on r. But, we realize that the hottest point in the rod ought to be the point fatherest
from the edges, r = 0. So, plug this in as well:

maxQ = maxQr eal Nunbers /. r -0
99342.2

In summary, we find that the heat production in the rod may not exceed 99000 W/m3.

3

Out of curiosity, what concentration of U-235 (i.e., enrichment), which is the most radioactive isotope of

uranium, must there be in the rod to achieve this heat production rate?

If you are curious, you can derive this expression assuming exponential radioactive decay (it is not
difficult, but could be fun)
t12 = 704 million years and the energy released per decay is 4.679 MeV:

NQ = q t1/2 / Ln2 AE
= ((99000 J/sm®) (704 10° yr) (3.156 10" seclyr)) / (Ln2 (4.679 MeV) (1.602 10 J/MeV))
=42108¥ m=3
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= 7.0 10° mol/m?

Since there are only ~7270 mol/m3for uranium, there is no risk of overheating the rod. We have

assumed that 100% of the energy released by the decay is heat, but even if this is way off, it will not
change our answer by 5 orders of magnitude. Of course, rods can overheat in real life and cause a melt-
down, but that is because neutrons released in radioactive decay can catalyze other nuclei to decay

and set off a chain reaction. We have completely neglected this chain reaction effect here, but it essen-
tial for nuclear power plants to work - without this effect, fission would not release nearly enough heat to
be a useful source of energy (as is shown by our analysis here).

Problem 4

Repeat the analysis using the Biot number

| decided to change the statement of this problem after I initially wrote it, and thus it was necessary to
useh=2 W/mzK to ensure that we were in the Newtonian regime. But, it turns out that this was unness-

esay - we can see from our plots above that we are well within the Newtonian regime even in air. So,
lowering h will not change out answer - it is Newtonian either way! Let’s prove it:

Bi=hL/k=(10W/m?K) (0.125 m) / (2 27.5 W/mK) = 0.023 with h = 10 W /m?K
and Bi = 0.0045 with h =2 W /m°K.

In either case, conduction is really fast and there are no temperature gradients. Thus, we can say at
steady state, the rate of heat accumulation is zero:

rate of accumulation = A, - AQout + V Qgen =0

where A is the area through which heat is lost/gained, and V is the volume over which heat is generated.
qin = 01 SO

A Qout = \ qgen

h(Tss-TH(27R2) =q(rR?2)

2h (T -Tf) =qR

—_ 2h (Tss _Tf)

q R

This equation relates the steady-state temperature with the rate of heat production in the rod. Much
easier!

If Tss may not exceed 660 C and h = 2 W/m2 K, then the maximum rate of heat production allowed is
2.0 10* W/m3. Using this model and h = 10 W/m2 K to check our previous work, we find the maxi-
mum rate of heat production is 102 000 W/ms, which is extremely close to the actual value of 99000
W /m?2.

Printed by Wolfram Mathematica Student Edition



5

Problem 5: determine the dominant heat transfer process,
i.e., the rate-limiting step

Cooling a Im wide, 0.4m thick billet of steel in a Im thick refractory mold, open
on top

First, list all of the heat transfer processes happening:

1. Conduction inside the steel

2. Conduction to the mold on 4 equivalent sides (the 1m direction)
3. Conduction t the mold through the bottom (the 0.4m direction)
3. Convection on the top of the billet

Note: The thermal conductivity of steel is ~37 W/mK. The thermal conductivity of a typical refractory
blend is about 5-10ish W/mK near the 1000K, so let’s pick 8 W/mK.

Next, make relevant comparisons of the rates of heat transfer:

Compare 1 & 2: The length to use for the steel is 0.5m because heat is escaping on both sides, i.e., it
only has to cross half of the billet to escape. The length to use for the mold is 1m because it is a one-
sided heat transfer. The ratio of conductivities is (K/L)moid/(K/L)steel = 0.11. Thus, conduction in the steel
is faster than through the mold, but not by a whole lot.

Compare 1 & 3: This is just like before, except the length for the steel is 0.2m. The ratio of conductivities
iS (K/Dmoid/ (K/L)steer = 0.043. Thus, we know conduction in the steel is fast, and this is not limiting.

Compare 3 & 4: Use the Biot number, h L/k = (10 W /m*K) (0.2 m) / (37 W/mK) = 0.054, thus conduc-
tion in the steel is fast and loss to the air is limiting.

Finally, decide what matters, and doesn’t matter:

Because the billet is thin in one dimension, and conduction along that dimension to the air and mold is
fast compared to convection in air and conduction in the mold, we can neglect conduction within the
billet. If the ratio of conductivities was more extreme in the 1 & 2 comparison, we might have to worry
about conduction within the plane of the billet as well, but it is 0.11, which is only barely over our factor-
of-10 cut off. However, the ratios when comparing 1 & 2, 1 & 3, and 3 & 4 are very similar: 0.043/0.054
=0.80; 0.11/0.054 = 2.0; 0.11/0.043 = 2.6. They are all silimar. This means that the rate-limiting heat
transfer process is loss of heat from the billet to the surroundings: tranfer processes 2, 3, and 4 are all
important, only process 1 can be neglected.

Blow-drying wet hair

First, list all of the heat transfer processes happening:
1. Conduction inside the hair strand

2. Conduction through the water layer

3. Convection within the water layer
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4. Convection of the aggitated air at the water surface

Note: The thermal conductivity of water is ~0.6 W/mK (from NIST: http://www.nist.gov/data/PDF-
files/jpcrd493.pdf). The thermal conductivity of plastics and fibers is usually between ~0.2 - 1 W/mK, so

let’s pick ~0.6 for hair. The air is highly aggitated, so h ~50 W/m2 K.

Next, make relevant comparisons of the rates of heat transfer:

Compare 2 & 3: Is water better at conducting, or convecting? The water is probably nearly stagnant
(though agitated vs. stagnant doesn’'t matter much), so let’s pick h = 1400 W/mZK. Convective conduc-

tivity = h. Conductive conductivity = k/L. Thus, the comparison is h L/k, like a Biot number, except the k
value is also for the fluid. h L/k = 0.093, so we can probably neglect the convection and only worry
about water conduction. Note that convection is usually faster than conduction in water, but we are in
the unusual case of a very, very thin layer of water, so conduction actually wins out.

Compare 1 & 2: The length to use for the hair is R/2 = 20um. The length to use for the water is 40um
because it is a one-sided heat transfer (ignoring the cylindrical nature of the geometry). The ratio of
conductivities is (K/L)water/ (K/L)nair = 0.5. Thus, conduction is equally important in the hair and water. In
fact, because their thermal conductivities are equal, they act like one uniform material with radius R =
80um. This approximation works because convection only contributes a little to the heat transfer.

Compare 1/2 & 4: Use the Biot number to compare conduction through the strand/water layer and
convection in air. h L/k = (50 W /m? K) (40 um) / (0.6 W/mK) = 0.0033, thus conduction in the solid/lig-
uid is fast and transfer from the air is limiting.

Finally, decide what matters, and doesn’t matter:
This case afforded us some nice simplifications, and one process clearly emerged as limiting. Heat
transfer via convection from the air to the surface of the wet hair strand is rate-limiting.

Quenching oxidized copper in water

First, list all of the heat transfer processes happening:
1. Conduction inside the copper

2. Conduction through the oxide layer

3. Convection of the water

Note: The thermal conductivity of copper is ~390 W/mK. The thermal conductivity of copper oxide isn’t
provided in our tables, but all oxides are about 5-10ish W/mK, so let’s pick 8 W/mK.

Next, make relevant comparisons of the rates of heat transfer:

Compare 1 & 2: This is a two-sided sheet, so L¢, = 1.5c¢m and Lgyige = 10 um. (K/L)cy/(K/L)oxide =
0.033. Thus, we can neglect the oxide layer because it does not sustain temperature gradients.

Compare 1 & 3: Compute the Biot number for stagnant water: h L/k = (10 W/m2 K) (0.015 m) /(390
W/mK) = 0.00038. Thus, conduction is waaay faster than convection.

Printed by Wolfram Mathematica Student Edition


http://www.nist.gov/data/PDF

7

Finally, decide what matters, and doesn’t matter:
Heat transfer via convection of the water at the copper surface is rate-limiting.

Quenching oxidized copper in water

First, list all of the heat transfer processes happening:

1. Conduction inside the polyester

2. Convection of the air around the powder

3. Conduction of heat through the aluminum into the polyester

The aluminum substrate can in theory contribute heat to the powder particles, but the contact area is
very small. If you chose to neglect transfer via aluminum, that is okay.

Note: The thermal conductivity of aluminum is ~235 W/mK. The thermal conductivity of polyester (a
typical polyester is PET) is ~0.2 W/mK.

Next, make relevant comparisons of the rates of heat transfer:

Compare 1 & 2: Compute the Biot number: h L/k = (10 W/m2 K) (16.7 um) / (0.2 W/mK) = 0.00084.
Thus, conduction is much faster than convection.

Compare 2 & 3: Compute the Biot number: h L/k = (10 W/m2 K) (0.0015 m) / (235 W/mK) = 0.000064.
Thus, conduction is much faster than convection.

Compare 1 & 3: Heat reaches the aluminum on both sides, so Ly = 1.5mm and Lyowger = R/3 = 16.7 um.
(k/L)N/(k/L)powder = 13. Thus, the aluminum heats up quickly compared to the powder, so it is possible

that the main source of heating is actually via the contact with the substrate (especially for real particles,
which are not spherical).

Finally, decide what matters, and doesn’t matter:

The most likely way the particles heat up is by the air heating the aluminum, which heats the powder
particles from below. Thus, the limiting heat transfer process is convective transfer from the air to the
aluminum.
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Problem 8

Here is a function which produces our series solution as derived in problems 6 and 7.

2= Cl ear [squar eWaveSol n]
squar eWaveSol n[nuniferns_] : =

Sum[4 / (Pi n) Sin[n Pi x]Exp[—nZPizt], {n, 1, 2nunTerms -1, 2}]

7=0.001

Plot the solution at r = 0.001 for 1, 3, 5, 7, 9, and 11 terms.

na4r= Pl ot [{squar eWaveSol n[1] /. t -» 0.001, squareWaveSoln[3] /. t » 0. 001,
squar eWaveSol n[5] /. t » 0.001, squareWaveSol n[7] /. t - 0.001,
squar eWaveSol n[9] /. t » 0. 001, squareWaveSol n[11] /. t - 0.001}, {x, 0, 13},
Pl ot Range - {{0, 1}, {0, 1.3}}, AxeslLabel - {Style["&", 18], Style["e", 18]1}]
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The solution looks non-wavy for at least ~9 terms. Below is a zoomed-in plot for 7, 8, 9, and 10 terms:
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In[45]:=

Out[45]=

In[46]:=

Out[46]=

Pl ot [{squareWaveSol n[7] /. t -» 0. 001, squareWaveSol n[8] /. t -» 0. 001,
squar eWaveSol n[9] /. t -» 0.001, squareWaveSol n[10] /. t -» 0.001}, {x, O, 1},
Pl ot Range -» {{0, 1}, {0.95, 1.05}}, AxeslLabel - {Style["&", 18], Style["e", 18]1}]
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8 terms has fewer than 10% deviation from the actual solution (i.e., it stays between 0.9 and 1.1 in the

middle of the domain), so that would be an appropiate choice for sufficient terms to say it has con-
verged. I'll go with 10 terms because it looks like that gives less than 1% deviation, which is even better.

=0.1

Plot the solution at r = 0.001 for 1, 3, 5, 7, 9, and 11 terms.

Pl ot [{squareWaveSol n[1] /. t - 0.1, squareWaveSoln[3] /. t - 0.1,
squar eWaveSol n[5] /. t » 0.1, squareWaveSoln[7] /. t - 0.1,
squareWaveSol n[9] /. t » 0.1, squareWaveSoln[11l] /. t - 0.1}, {x, 0, 1},
Pl ot Range - {{0, 1}, {0, 0.6}}, AxesLabel - {Style["&", 18], Style["e", 18]1}]
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Wow! All of the curves look the same. Even if you zoom way in, the solutions for 1, 2, and 3 terms look
identical:
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Pl ot [{squareWaveSol n[1] /. t - 0.1,
squar eWaveSol n[2] /. t » 0.1, squareWaveSoln[3] /. t - 0.1}, {x, 0, 1},
Pl ot Range -» {{0, 13}, {0.3, 0.5}}, AxeslLabel - {Style["&", 18], Style["e", 18]1}]
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At late times, only one term is needed to get a good approximation to the solution. That is because the

solution contains e‘"z’”, so if 7 is anything but tiny, the exponential term kills the large-n terms. How-
ever, at short times, you must include more terms because the exponential does not kill the higher order
terms.

Problem 9

Plot the solution at various times:
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nas= Show[Pl ot [{squar eWaveSol n[50] /. t -» 0. 0001, squareWaveSol n[10] /. t - 0. 001,
squar eWaveSol n[5] /. t - 0.01, squareWaveSoln[1l] /. t » 0.1,
squar eWaveSol n[1] /. t - 0.5, squareWaveSoln[l] /. t - 1},
{x, 0, 1}, PlotRange -» {{0, 1}, {0, 1.23}},
PlotStyle -» {Red, Orange, G een, Blue, Purple, Black},
AxeslLabel - {Style["&", 18], Style["e", 18]}1,
G aphi cs[{Red, Text [Style["t = 0.0001", 16], {0.9, 1.13}],
Orange, Text [Style["t = 0.001", 16], {0.6, 1.1}],
Green, Text[Style["'t = 0.01", 16], {0.5, 0.9}1, Blue,
Text [Style["t = 0.1", 16], {0.5, 0.6}], Purple, Text[Style["t = 0.5", 16],
{0.5, 0.2}1, Black, Text[Style["t = 1", 16], {0.5, 0.08}1}11]

®
12
ﬁ = 0.0001

10

o8l
Out[48]= 06 T = 01

04/l

0.2 =05

=1
00 ‘ : : ‘ ‘
02 04 06 08 1.0ér

The plot above demonstrates the complete thermal evolution of the heating/cooling of a 1D cartesian
geometry with a fixed ® value at £ = 0 and 1. Notice that by = 1, the evolution is “finished.” Of course it
will asymptotically approach a uniform temperature, but for engineering purposes, it has reached steady-
state.

Cool aside: at early times, the heat hasn't penetrated into the bulk yet, and only the edges of the
domain have been affected. This is because at early times, the domain looks like a semi-infinite solid
because the heat from one side hasn’t had a chance to start overlapping with the heat comming in
through the other side. The solution for semi-infinite solids is and Erf, and indeed, the thermal profiles at
the edges look just like erfs! The overlap is pretty much perfect (see below plot). That is because in the
limit of small times, the series solution you derived here converges to the series expansion for erf.
Cool...

niao= Show[Pl ot [{squar eWaveSol n[50] /. t -» 0. 0001, squareWaveSol n[10] /. t - 0. 001,
squar eWaveSol n[5] /. t - 0.01, squareWaveSoln[1l] /. t » 0.1,
squar eWaveSol n[1] /. t - 0.5, squareWaveSoln[l] /. t - 1},
{x, 0, 1}, PlotRange -» {{0, 0.4}, {0, 1.2}},
PlotStyle -» {Red, Orange, G een, Blue, Purple, Black},
AxeslLabel - {Style["&", 18], Style["e", 18]},
Pl ot Label - Style["solid = series solutions, dashed = erf solutions", 20]1,
Plot [{Erf [x/0.02], Erf[x/0.063], Erf[x/0.21}, {x, 0, 0.4},
PlotStyle -» {{Red, Thickness[0.012], Dashing[{0.01, 0.05}1},
{Orange, Thi ckness[0.012], Dashing[{0.01, 0.05}]1},
{Geen, Thickness[0.012], Dashing[{0.01, 0.05}13}}11

ouag= $Abort ed
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2 real-world examples

This could be modelling the case of a long, wide sheet of material which is initially hot and is quenched
in a fluid with a sufficiently high heat transfer coefficient that the Biot number is greater than 10. You
could imagine casting a 10cm-thick sheet of steel that is ~900 C (just solidified) and quenching it in
agitated brine at 25 C, for example.

Another example could be our graphite cube from problem 1 if it were in the 1D regime, i.e., only conduc-
tion along the z-axis mattered, and basal plane conduction is very slow. This would model the tempera-
ture profile vs. time as the cube was cooled from 298 K with a fixed surface temperature of 3 K.

A different set of boundary conditions

This solution is symmetric about ¢ = 0.5. At that point, the temperature profile is always flat, i.e., 30/0¢ =
0 at £ = 0.5. This is consistent with the boundary condition of no heat flux at £ = 0.5. This could be
achieved, for example, by perfectly insulating the body on one side, at £ = 0.5, and fixing the surface
tempearture on the other side, at ¢ = 0. The intial condition is uniform temperature within the body,
which is different than the temperature at the ¢ = 0 surface.
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Thinking in terms of Biot number, this is like a high (>10) Biot number on the ¢ = 0 side and a low (<0.1)
Biot number on the ¢ = 0.5 side. This could be achieved if you were cooling a sheet of freshly-cast steel
by spraying it with brine on one side to fix the temperature, but the other side is in stagnant air, which
practically does no cooling at all.
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