3.012 Practice Problems for Recitation 4 (10.18.05)

Part I. Maxwell Relations.

a) As we did in class for G, derive the Maxwell relation for F.

dFI2 -SdTE PdVC
dF3 —(ﬁ) dTEI(E! dv
ar)o  \d
{343
J T )\
) ()
J T )

b) How might this relation be useful if given appropriate physical constants?
(Note: it is not as direct as for G; remember the cyclic rule.)
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Part Il. Using constraints to determine the equilibrium state of a system.

Consider a box at constant volume and in thermal equilibrium with its
surroundings. Inside the box are two A-B liquid solutions of different
composition, separated by an internal partition that is diathermal and
impermeable to component B. The dividing wall has the property that its
displacement (8V) and the flow of component A through it are coupled by the
following relation: 8V = K dn,.

a) Draw a picture of this system, indicating constant parameters. What is the
relevant equilibrium extremum principle to apply for such a system?

P, free energy: F (T, V, n).

1 L2 |
: Since temperature and volume
i are both constant, the relevant
A’IB ! A’2B equilibrium criterion is
Na il minimization of the Helmholtz

T,=T,=T"" ; V,+V,=const.

b) What are the constraints on this system?

dnLEF _dnim;wvuj: dVZEI
dV = Kdn's; (dn g 0)



c) Determine the equilibrium criterion for A in terms of its chemical potential
and the pressure on each side of the box.

Consider the total Helmholtz energy, and the energy on either side of the box.

dF =-SdT - PdV + i i w'dn!
i

C
dF, = -SdT - BdV, + Y, idn} =—P,dV, + i, dn),
C
dF, = -SdT - P,dV, + ¥ w’dn; = -P,dV, + u;dn;

The above made use of the fact that the dng is equal to zero. Now we substitute
in our first two constraints immediately, followed by the third one:

dF,, = dF, + dF, = -P.dV, + P,dV, + w,dn, - w,dn,
= _Ple”izn; Lt P.Kdn', + u,dn!, — . dn’,

=dn, (K(P, - P) + u, — 13)

For a minimum, dF must be equal to zero, and this must be true independent of
minor fluctuations in the composition of the two liquid mixtures. Thus:

My = KP, = pydn;, - KP,

Note that if the partition did not have the magical quality of coupling volume and
composition, the usual conditions for mechanical (equal pressures on either side)
and chemical (equal chemical potentials on either side) equilibrium would hold.



