3.012 Bonding-Structure: Recitation 4

1 Variational Principle

Recall

e International System units, atomic units:

Quantity Symbol Atomic Units S.I. Units
Hartree Ha 1 a.u. (of energy) 4.36 x 10718 J (= 27.2 V)
electron charge e 1 a.u. (of charge) 1.60 x 107 C
electron mass Me 1 a.u. (of mass) 9.11 x 1073! kg
Bohr Radius agp 1 a.u. (of length) 0.529 x 107 m
permittivity of free space €0 = a.u. 8.85 x 10712 C2.N~1.m~2
Planck’s constant h 1 a.u. 1.054 x 1073* J.s

e variational principle:

goal — find a close approximation for the ground-state wavefunction of a quantum

system

outline of the method — i) write the Hamiltonian ii) select a set of trial wavefunctions
ii1) calculate the expectation value for the total energy of each trial wavefunction iv)
the wavefunction corresponding to the lowest total energy is the best approrimation

for the ground state of the system

o useful integral: [ r"e™dr =n x (n—1) x ... x2x1x e

e integrals in spherical coordinates:

Jopace F(PVAT = [I557° 7= [2207 £(r,0, $)r? sin() drdfdep

T



Problem I

We consider an electron in the presence of a Hydrogen nucleus H™.

(a) Write the Hamiltonian of the system in S.I. units.

(b) Write the Hamiltonian of the system in atomic units.

We wish to find an approximation for the ground-state wavefunction of the Hydrogen
atom without solving the Schrodinger equation. To this end, we apply the variational prin-
ciple. We select the following trial wavefunctions: 1,(r) = Ce™*" (where a and C are
constants).

(c) Calculate E,, the expectation value for the total energy of an electron in the state 1.

Hint: Using integrals in spherical coordinates and the expression for f0+°° re”%dr, you
can show that:

T 2

(ol ~ 5V = - 1)
wC?

(bl = hia) = —T e
T 2

abbe) = "o Q

and use these equalities to determine F,,.

(d) Plot E, in function of a. Determine mp, the value of a for which E, reaches the
minimal value.

(e) Calculate the minimal energy E,;, (specify your units). Write the corresponding
wavefunction 1/, in its normalized form.

(f) Compare your results to the ground-state energy and the ground-state wavefun-
tions obtained by directly solving the Schrédinger equation: FEi; = —13.60 eV, 91 =

3
ﬁ (%) ® ¢7"/% (pay attention to the units). Why do we obtain such a good agreement?

(g) Repeat the variational procedure for an electron in the presence of a nucleus of
charge +Ze.



2 Trends Across the Periodic Table

Problem 11

Explain the following graphs (hint: Pauli exculsion principle, Aufbau principle, electron
screening, orthogonality constraint, electronic shells, effective nuclear charge).

Note: 1 eV = 96.487 kJ/mol

Covalent Radius versus Atomic Number
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Courtesy of Professor W. Rodger Nutt. Used with permission.

source: http://www.chm.davidson.edu/ronutt/chell5/cv_ie_ea.htm



First lonization Energy versus Atomic Number
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