3.012 Bonding-Structure: Recitation 2 (Solutions)

1 Spherical Coordinates

Solution I

(a) TRUE
The volume V of a spatial region 2 is given by V = [, dr.

Tmin <r< T'mazx

The volume of the spatial region Omin < 0 < Opmae is thus
¢min < ¢ < ¢maz

V= [omae fymas f(mf r? sin(6)drdfde

which can be rewritten as

L’zz(jﬁzﬁfr2dr) X (JZZZfShKG)dQ) % (ﬁ£ZZ”d¢)

(b) FALSE
A half-shell of outer radius R and thickness h can be defined as the spatial region
R-h<r<R
0<O<m/2
0<¢<2m
(remember that # must always be in the range 0 < # < 7, and ¢ in the range 0 < 6 < 27)

Hence, from the preceding question, the volume of the half-shell is given by ( / 5_ A r2dr) X
( I sin(H)dH) x (J3r dg)

(c) TRUE

The orthogonality condition between 1),(r) and 1,(r) can be written as:
Sspace % (r)4hy(r)dT = 0 (note that there is no arrow on ).

Using spherical coordinates, we obtain:

r=+4o00 pl=m rp=2m
/ / Dk (r)py(r)r? sin(@)drdfdy = 0
r=0 0=0 J¢=0



U saomera {2 w7 a0} = o

f o sin(6)df and | qf)::OQﬂ d¢ are constant. Thus, the orthogonality condition can be
rewritten [7=o"° ¢z (r)ay (r)r2dr = 0.

(d) FALSE
Tmin < T < Tmaz
The region 1y, < T < T'maz 18 in fact defined as O0<O<m
0<op<2rm
The probability of finding an electron of wavefunction () (no arrow on r) in the spatial
region Tmin < 7 < Tmag 1S thus given by:

Tmaz = 271'
/ / / P (r)r? sin(0)drdfde
Tmin 0=

= {/TTZZO+OO ¢*(r)¢(r)r2dr} {/ai:oﬂ sin(&)d&} {/d::% d</>}

= 4m /T:+Oo P* (r)(r)ridr

=0

£ T g )

=0

2 Expectation Values
Solution II

o Ezpectation Values in 1D
(al) TRUE
i) classical quantity: z
ii) correspondence principle: z — x
iii) quantum operator: & = z
iv) expectation value (z) = [*° 9*(z){z+(z)}dz.

Using the definition of the electron density n(z) = ¥*(x)1y(z), the expectation value
for the position of the electron can be rewritten as (z) = fffoo xn(x)dz.



The expectation value of the observable z is thus the integral x weighted by the elec-
tron density (=electron probability).

(a2) FALSE

i) classical quantity: V(z)

ii) correspondence principle: z — x

iii) quantum operator: ( ) =V(x)

iv) expectation value (V(z)) = [T ¢*(x){V (z)¥(z)}dz = [TV (z)y* (z)y(z)dx
which is different from V((z)) = (fjf; zp* (z)y(z)dx )

Conclusion: V({z)) # (V(z)).

In words, the expectation value of the potential (=average of the potential weighted
by the electron density) differs from the potential at the average position of the par-
ticle.

(a3) FALSE
i) classical quantity: p?/2m
ii) correspondence principle: p — p = —ih%

iii) quantum operator: we need to apply —ih% twice

o) = —ihei(z)
pov@) = —in (i (o)
Pov() = (R ()
Bova) = —h )
Thus, p2/2m = — 22 &,

iv) expectation value (p?/2m) = [*2°¢*(z){~ 2, 9 (z)}dz which is different from

2m dz?
[ @) {2 (Ao (@))? )} de

(a4) TRUE
i¢(:B) can also be written as -~ {—z’hi (—ihii/}(a:))}
2m 2m dz dx



Thus (p?/2m) = [ ¢ ()~ 2 b (2) Yz = [ 9" (@) o { =ik (—ih o (a)) } do

(a5) TRUE

i) classical quantity: E = p?/2m + V()

ii) correspondence principle: z — z, p — —ih%

iii) quantum operator: from the preceding question, it can be seen that

A~

E=-L& v@)=H

2m dx?

iv) expectation value: (E) = [T2°¢*(z) {—%%¢($) + V(a:)tp(a:)} dr = [Ty (z)Hy(z)dz

(a6) TRUE

We need to apply the “expectation-value procedure” to both 1 (z) and e*®)(z).
1) $(z)

i) classical quantity: A

ii) quantum operator: A

iii) expectation value: (A) = [+ 4" (z){Ay(x) }dz

M) e (a)

i) classical quantity: A

~

ii) quantum operator: A

iii) expectation value: (A) = [T {e"p(z)}" {Ae'®e)(z) }dx
Since A is linear 1, Aei®(z) = e Ay(z).

Thus,

W = () e [Ty @)

= [ [T v @ s
= [T v @@y

(1)

The two results are identical. The expectation value of the measurable quantity A for
an electron in the normalized state 1(x) is always equal to the expectation value of
A for an electron in the normalized state e'*1(z).

1A is indeed obtained from A by the correspondence principle and, as such, is generally linear and
Hermitian (lecture 4)



o FEzpectation Values in 3D
(b1) FALSE
i) classical quantity: r
ii) correspondence principle: r — r
iii) quantum operator: 7 =r

iv) expectation value:

(ry = / e /0 / T () () Y2 sin(0) drdOd
r=400

_ { / :; ¢*(r)¢(r)r3dr} { /9 :ﬂ sin(e)do} { /¢ :% d¢}

= Arx /TT:+OO P (r)p(r)ridr # 4 /;:)4-00 P (r)y(r)rdr

=0
(bl) TRUE
i) classical quantity: p?/2m

ii) correspondence principle: p — —ihV

iii) quantum operator: p/2m = —%Vz
iv) expectation value: <%) = f:::(j'oo f¢ T (r){— V%p( )}r2 sin(0)drdfde

Since 9 (r) depends only on 7, V23)(r) = Tl a2 ddT (r).
Thus () = — 2 { [755°0 9% (r) dr2 Lp(r)dr } { J757 sin(0)do } { J7=0™ do}
(Z) = 2207 (400 yn (1) 4 p2 d gy

3 Spectrum

Solution III

The quantized energy levels for an electron bond to a proton (hydrogen atom) are shown
together with the allowed energy transitions (absorption and emission lines). The spectral
lines associated with transitions from the eigenstates n=1,2 and 3 are referred to as the
“Lyman series”, the “Balmer series” and the “Paschen series”, respectively. The Balmer
series was actually the first to be observed because it corresponds to absorption in the
visible and near ultra-violet frequency range.



