3.012 PS 6 Solutions

3.012
Issued: 10.27.04 Fall 2004
Due: 11.03.04

BONDING

This problem set is meant to familiarize you with the basic ideas and the math behind the
Schrédinger equation:

1. Harmonic oscillator: we have studied the equation of motion for the harmonic oscillator
d’z
dt?
is Z, and the velocity at time t=0 is 0. The general solution found was the combination of two

independent solutions, a sine and cosine, and the coefficients determined by imposing the
the two boundary conditions. Show that

=—w’z, with the boundary conditions that the position of the particle at time t=0

a. z(t) = Ae"* + Be'is also a general solution to the harmonic oscillator equation,

b. find out the coefficients Aand B, and
c. show that the solution that you have found is identical to the one obtained in class.
We'll also use some Applets for the problem set — they come from a very good website that has won

several educational prizes: http://www.guantum-physics.polytechnigue.fr/en/index.html We’'ll
use a problem from Quantization in one dimension.
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1. Harmonic oscillator

a. The second derivative of the function z(t) = Ae™! + Be~*! can be cal-
culated as follows:

2(t) = Ae™'+ Be ™! (1)
dz  _ d i d it
E = Ad—te + BEE
d. : ;
dj = Aiwe™ + B(—iw)e™ ™"
‘;’z = iw(Ae't — Be~) )
d*z ; d i d i
w = tw(AEe - Bd_te )
% = iw(Aiwe™! — B(—iw)e™™")
d? ; :
d_t: = (iw)2(Ae! + Be~t)
d*z
i = —w?2(t) (3)
Consequently, z(t) = Ae™! + Be~ ™! satisfies the harmonic oscillator differential

equation.

b. The boundary conditions are:

z(0) = 2 4)
dz
O =0 ©)
Moreover, from (1) and (2), we obtain:
z2(0) = A+B (6)
i: (0) = iw(A-B) )

(where we have used the relation €” = 1)
Consequently,
20)= 2= A+B 8)
d.
d‘: ©= 0= iw(A-B) 9)

which leads to:
(10)
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3. Using the relation cos(a) = "m+__," ., z(t) can be written as:
z(t) = zpcos(wt)

The result found in class was the following:

z(t) = A'sin(wt) + B'cos(wt)
W) = w(Aeos(wt) - Bsin(wt)
”

Z{{]) = B' =2z
dz
—(0) = wA'=0
d.‘.( )

- z(t) = zpcos(wt)

As a consequence, the two results are identical.

(1)

(12)

2. Eigenstates in a step potential: Here our potential is represented by a green line, and it is
0 on the right side of the picture, and it is constant and positive (=Vy) on the left side of the
picture. With the mouse, you can slide the trial value of the energy E (in red) that appears in
the Schrddinger equation from below zero to above V,. The applet instantaneously tries to
calculate a function (in yellow/white) that solves the Schrdodinger equation for the chosen
energy E. It turns out that for any energy E greater than O the applet finds a well-behaved
eigenfunction — so we have a continuous spectrum of eigenvalues (i.e. set of solutions), each

of them with its corresponding eigenfunction.

o Write the Schrodinger equation for the general 1-dimensional case in the presence of a

potential.

e Discuss its solutions in the case of the potential being zero everywhere — is there a

continuous or discrete spectrum of eigenvalues ?

¢ Discuss the eigenfunctions of the problem in the applet, where the potential V(x) is 0 for x
> 0, and is equal to V, for x < 0. What happens when we look for a solution corresponding
to an eigenvalue above V, ? What if we choose an energy below V, but above 0 ?
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2. Eigenstates in a step potential

a. The stationary Schrbdinger equation for the general 1-dimensional case in
the presence of a potential V(z) can be written as:
2

om dg2 21) + V(2)8(z) = E¢(x) (13)

1

where,

- ¢(x) is the eigenstate/eigenfunction of the particle (which is related to the solu-
tion of time-dependent Schrédinger equation ¥ (z, t) through ¥(z,t) = constantx
$x)e i kH);

- E is the eigenvalue/eigenenergy /energy of the particle.

b. If V(z) = 0, the stationary Schridinger equation (13) can be rewritten
as:

d* 2mE
79 = =" 9(a) (14)

without boundary conditions

The preceding equation is a harmonic differential equation. Its general solution
can be stated as:

o(z) = Ae'V T 4 BemIV R (15)
[or equivalently ¢(z) = A'sin(\/ 2%Ex) + B'cos(y/*BEx))
The corresponding time-dependent wave function is:

U(z,t) = (AV T 4 peiV/ R ik 16)
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Uz, t) = AV TR0 | g (VY an

which is the superposition of two plane waves of same angular frequency w =

2ry = g‘ and same wave vector k = 2; = 2;:';"" moving in opposite directions.

Moreover, for each positive value of the energy F, it is possible to obtain a
solution for the Schridinger equation. Thus, the energy spectrum is continuous.

c:
- first case E > Vy:

The stationary Schrédinger equation (13) can be rewritten as:

d? 2mE
) =——6(x) =>0 (18)
d? _ 2m(E-Wy)
Eﬁﬁ(’f'] = —T¢(¢') z<0 (19)
with boundary conditions : 1. ¢(z) continuous across x = ()

2. d—{p(x) continuous across ¢ = 0

3. ¢(z) remains finite
Consequently, since 22E > 0 and 2&{%—&1 >0,
#() = AV L B VR 450 (20)

iy [ZmiE=Vo) iy fEmiE=Vg)
#(z) = Ce = + De u <0 (21)

@(x) consists of two connected oscillating functions of different wave vectors: k =
'-’—;:‘,Eforx‘kﬂ;k:qf%iﬂlfmx{o.

- second case 0 < E < Vy:

The stationary Schrodinger equation (13) can be rewritten as:

&? 2mE
E!P(J-') = —h—gtﬁfz) z>0 (22)
d? 2m(Vo— E
T9(@) = +%¢'(m) z<0 (23)
with boundary conditions : 1. ¢(z) continuous across x =10

d
2. £(x) continuous across x =0

3. ¢(2) remains finite
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3. Basis set expansion: In 3-dimensional space, the three vectors (1,0,0), (0,1,0) and (0,0,1)
constitute an orthonormal and complete set — every point in space can be described uniquely
by a combination of those three vectors. The same can happen for functions — if we have an
orthonormal complete set of functions, every other function can be described by a unique
linear combination of the basis-set functions. One of these orthonormal complete sets is that
of the plane waves exp(i k-x); these can be used to describe any complex function defined on

Consequently, since ‘3—‘;:‘95 >0 and ‘h—”{%'.jil >0,

25

{ﬁ{ﬂ:):}__irrei‘p‘?—:izﬂz_i_gne—i —ﬂ"!'—?': >0 (24)

2m(Vp-F) _, frmve-m) 2miVo=F)
p)y=creV - M Capre Vo MtV W z<0 (25)

(as a matter of fact, D" = 0 due to boundary condition 3.)

¢(x) consists of an oscillating function of wave vector k = (/22E (x > 0)
connected to a vanishing exponential function which damping factor equals k' =

,/““-}fg—ﬁ-‘ (x < 0).

The existence of this exponential “tail” is referred to as the tunneling effect
(quantum mechanical process by which a particle can penetrate a classically
forbidden region of space).

the real axis. What are the coefficients ¢ such that sin(3x) = ch exp(ikx) ?
k
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3. Basis set expansion

- To obtain the coefficients ¢, one could perform a Fourier transform in the
€'*2 basis set:

1 T :
o = 2—] e~ gin(3x)de k=..—-2,-1,0,1,2,... (26)
ﬂ- —
-l T
cp = ﬂf (cos(ka) — isin(kx))sin(3ax)dr (27)
-

o = 217._ / cos(kx)sin(3z)dr — £21'r [ sin(kx)sin(3z)dr (28)

which leads to

onm 12T _

T 2 T T2

1 =27 i

P _

b 2 2 2
k=0 ifk#3andk# -3

(where use has been made of the trigonometric relations introduced in recitation)

- However, it is simpler to use the following relation:

i —ia
2 -

L=
i = 2
sin{a) 5 (29)
and rewrite sin(3z) as:
sin(3x) = if’isr - lf."’-s” (30)
' 2 2i
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sin(3z) = _%emr + %e_,-:;, a0

which leads, after identification, to the same result:

==z

2

i
i
C_

P72
cp =10 if k#3and k# -3

Plant Cell Chloroplast

Quter
Membrane o

Inner
Membrane

Intermembrane
Space

Granum
© (Stack of Thylakoids)

Figure 1

4. The power of spinachs: A few months ago MIT
researchers have been able to use the
Photosystem 1 in spinach chloroplasts (shown
below) “to convert sunlight to energy into a solid-
state electronic “spinach sandwich” device that may
one day power laptops and cell phones”. What
would be the size of the confining region for the
electron responsible for the green color of spinach
? (Hint: in order for a spinach to be green, it needs
to absorb photons of appropriate wavelength. To
study this problem, assume that the electronic
transition is from the ground state to the first
excited state. You can think at Photosystem 1 as
being a linear molecule)

We'll solve this problem using atomic units. In atomic units, the mass of the electron is 1, the speed
of light is 137.036 (also called the fine-structure constant), the Planck constant h is 211. 1 atomic unit
of length (also called 1 Bohr) is equivalent to 0.529177 Angstrom, and 1 atomic unit of energy (also
called 1 Hartree) is equivalent to 27.212 eV, where an eV (electron-volt) is the energy gained by an

electron in a potential difference of 1 Volt.

We assume that Photosystem 1 is a linear molecule, and that light is absorbed in the transition from
the ground state to the first excited state. The energy of these two states, for one electron in a 1-d

box of linear dimensions a, are

3.012PS 5
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h? n? _ _ _ (272.)2 n2
E =8——2 = (inatomic units) ~————-, where a in the last term is meant to be expressed in Bohr.
ma a

The energy difference between the ground (n=1) and the first excited state (n=2) need to be equal to

h . . L\ 2
the energy of the absorbed electromagnetic radiation E =7C= (in atomic units) 77[ Thus, we

2z) 4 (2x)
obtain the relation ( ”) iz( ﬂ) %:27[(137'036), or a= 3—7[/1. For a typical
8 a 8 a A 4(137.036)

wavelength in the blue region (400 nm, or roughly 7500 Bohr) we obtain a box of dimension 11.35
Bohr, or ~ 6 A (Angstrom, 1 A=10"" m).

5. Operators: Determine which of the following operators are linear, and which are Hermitian:

e X

[X,Px] THIS PROBLEM SET HAS BEEN REMOVED

dZ

dx?

d?

“ax?

6. Quantum harmonic oscillator: Sketch the graph of the two lowest energy eigenfunctions of

the 1-dimensional harmonic oscillator. Show graphically and analytically that they are
orthogonal. Consider a 2-dimensional harmonic oscillator, i.e. a potential of the form

\Y (X, y)z a(x2 + yz). Use the method of separation of variables to write the ground-state

wavefunction of this 2-dimensional problem using the 1-dimensional solutions. What are the
three lowest-energy states ?

The one-dimensional harmonic oscillator has been discussed in Lecture 4. The harmonic potential

1 1
felt by the electron is V (x) =§kX2 (we often write the coefficient of the quadratic term as Ek so that
dVv (x)
dx

as V(x)=ax?, and one has to substitute 2c fork in all forumulas). This harmonic, parabolic

the force felt by an electron given by F = — is —kx . Of course we could have written it also

potential is shown in the figure below. The corresponding stationary Schrédinger equation is

n? d’p(x) 1
—%%'FEKXZ(D(X)=E(D(X)
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The only allowed “eigenvalues” of the energy E for which the above equation has a proper solution

1
are given by E = ha)(n +Ej where the quantum number n can take any integer value 0, 1, 2, .... .

n acts as a label for the ground state (n=0), the first excited state (n=1), the second one, and so on.
For each one of these allowed eigenvalues, there is an eigenfunction that solves the stationary
Schrddinger equation. The four eigenfunctions are pictured in the figure below; as you can see, they
resemble the solutions for the particle in a box, but have exponential tails extending outwards. The
analytic form for the two that are lowest in energy is also given.

Vo

(E) we—‘”z” ;
T

3\ 1/4
(4ﬂ ) Z€~az2;2
i

ar1d should net be

I

¥y

Mote: hereqg=——

2

Z
o=

Energy/hv
or wave function (arbitrary units)
na
T

confised with the @ in the 2-d problem

A)O

We need to show that the two lowest-energy eigenfunctions (i.e. the ground state and the first
excited state) are orthogonal, i.e. that

o0

J- wo (2)w,(2)dz=0
Now, both eigenfunctions are real, and so the complex conjugate of y; (z) is w,(z) itself. To show
graphically that this integral is equal to zero we can just point out to the fact that v (z) is an even

function (i.e. it does not change sign when you exchange z with —z), while 1//1(2) is odd; the product

of an odd and an even function will be an odd function itself, and since the integration limits are
symmetrically chosen, the integral will be 0. This can also be proven analytically:
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o0

Jvi (@ (28~ [y 2w )0+ o 2o ()= [ (O (00 o (2 (2) =

0

[v (v, (Oat+ [y () (2)d2 =—[ws (Owr (4 O+ [, (2)w (2)d2 =0

(we have removed the complex-conjugate symbol, since the functions are real, and we have
exploited the fact that y, (t) =y, (—t) and w, (t)=—y,(-t)).

The stationary Schroedinger equation for the 2-dimensional harmonic oscillator will be

_h_zw_h_zw a (X +y*)o(x y)=Ep(xy)

2m  dx® 2m  dy

We try to solve this problem using the method of separation of variables, making the following ansatz
for the functional form of the wavefunction: ¢(x,y)=X (X)Y (y).

_%dzx(di)](y)_%dzx((;;)ZY(V)+a(x2+y2)x(x)Y(y)=Ex(x)Y(y)
Iy () O Sy x 0 ()= X (Y ()
1 d*X(x) #* 1 d¥Y(y)
2m X (x) dx? ﬂY(y) dy?
w1 dPX(x) o, n 1 d¥(y)
2m X (x) dx? X 2mY(y) dy?

+a (X’ +y7)=

+ay’=E

In order for this differential equation to be satisfied, we need that the first two terms (overall functions
of the variable x only) and the second two terms in the left-hand term (functions of the variable y
only) be separately equal to a constant; we obtain thus from a 2-dimensional equation, 2 1-

dimensional equations:

w1 dX(x) .,

=E

S 2m X x) dx? X "
2 2

L dY(y)+0{y2=E

omy y) dy? Y

These are differential equation for the 1-dim harmonic oscillator; thus, the allowed
eigenfunctions X (x) will be given by the solutions written out explicitly earlier (the only difference is
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that they will be functions of x, not functions of =z..); same for Y(y).
Given that ¢(x,y) is X (x)Y (y), the ground-state wavefunction for the two-dimensional problem will

m , and so on. The three lowest-

2 2
be given by ¢(xy)= Aexp{—ax?](—ay?j , where a is

1 1
energy eigenvalues will be E = ha)(l +Ej(m +§j,with I=0 and m=0, and then with I=1, m=0 or |=0

and m=1.
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THERMODYNAMICS

7. Gas-phase reactions. Free energy changes can be measured experimentally by measuring
the concentrations of reactants/products at equilibrium (or partial pressures, in the case of
gases). Let’'s demonstrate this. Suppose a (closed) container initially containing one mole of
hydrogen gas and one mole of disulfide gas is allowed to equilibrate at various temperatures
(at constant pressure P = 1 atm), and the moles of hydrogen sulfide formed are measured at
each temperature. H,S gas forms from the reaction of hydrogen and sulfur according to the

reaction:

H§+%S§=H289

The following measurements were taken in the range of T = 1000-2000 K:

T (K) Np2s
1200 0.94
1300 0.905
1400 0.814
1500 0.72
1600 0.675
1700 0.57
1800 0.455

a. What is the relationship between the moles of each gas present as the reaction
proceeds? Write an expression for the equilibrium constant of the reaction in terms of
Nyzs, the moles of hydrogen sulfide present for the case of initial conditions as given
above.

We are given initial conditions of one mole hydrogen and one mole of disulfide (no hydrogen
disulfide present at the start). According to the given reaction stoichoimetry, the number of moloes
of each component during the reaction can be written as:
Ny, =1- Ny,s
1 . ,
N, =1—EnH28 (each written in terms of the moles of ny,s present)

nHZS

The equilibrium constant is given by:

K _ I:)HZS _ XHZSP
eq PHzpslz/z - XHZPngPuz
...where we have made use of the definition of partial pressure (P; = XiP) and P is the total pressure
of the system. Since P = 1 atm, we can reduce this expression to:
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1/2
total

172
Ny, Ns,

1 1/2
(nstil_ Ny +1_Enst + nstj

1 1/2
@-_ nst{]-_Znstj

b. Using the measured data, determine an expression for molar free energy of formation of
hydrogen sulfide as a function of temperature, and plot this quantity vs. temperature over
the temperature range given above.

_ Xst _ nstn
eq 1/2 —
XHZXSZ

Starting from the expression in part (a), we have:

We can use the given nyys data as a function of temperature to calculate the free energy of formation

rxn,o

at each temperature, and the plot we obtain is:

Ac_;'rxn o PH S
- <=1 7 =N 172
RT P, P 1
£ (1_ Ny,s 1 Ny,s
2 2 2
1 1/2
o (nst{Z_ 2 nstJ
AG, . =-RTIn

T (K) Ny2s quotient AGrxn,o
1200 0.94| 26.6185494| -32741.525
1300 0.905| 16.0157854| -29978.7937
1400 0.814| 7.17285418| -22934.6497
1500 0.72| 4.11629415| -17646.7313
1600 0.675| 3.29009393| -15842.8047
1700 0.57| 2.05298342| -10166.8475
1800 0.455] 1.26461629| -3513.53032
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c. What is the total free energy change in the system if 1 mole of H, and 1 mole of S, at T =
1400 K reacts to form 0.5 moles H,S? Is this the final equilibrium state of the system?
(Explain why or why not).

The total reaction free energy change is:

1 1/2
(nst{Z - E nstJ

_ P _
=AG, +RTIn 2 _=AG,_ _+RTIn

Aern rxn,o PH PS:L/2 rxn,o 1 1/2
L @_nHﬁ 1_*nH§
2
1 1/2
(0.5{2 —20.5) ]
AG,, =-22,934J +(8.3144)(1400K) In 7 =—18,003——

mole

(1-0.5{1-20.5)

Is this reaction at equilibrium? No: reaction equilibrium is established when AG_, =0. We can

determine the moles of ny,s formed at equilibrium by simply plotting AG . VS. Nips:

rxn
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We see that A(_ern crosses 0 at approximately nyps = 0.815; this will be the equilibrium amount of

nues formed for the given initial conditions, at T = 1400 K.
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8. Oxidation/reduction of materials during processing and fabrication.

a. You have a sample of zinc oxide exposed to an atmosphere containing oxygen at a
pressure of 0.02 atm and an initial temperature of 1200 K. Would this sample
spontaneously reduce to pure zinc at this temperature and oxygen pressure? (Show
why). If the ZnO is stable at this temperature, to what temperature would we need to
heat the oxide to begin reducing ZnO to pure zinc metal? The following
thermodynamic data is available:

For the reaction:

1
Zn(s) + EOZ(Q) = ZnO(s)

...the standard state reaction free energy AG in the forward direction is:

rxn,o

AG,,,,=-482,920-18.8TInT + 344.7T T =1170-2200 K

rxn,0o —

First, we note that the reaction we are asked to evaluate is the reverse of the reaction for which data
has been given:

Zn0O

(s)

1
=N + EOZ(g)

The standard free energy change is thus:

AG,,, ,=482,920+18.8TInT —344.7T T =1170-2200 K

rxn,o

The Gibbs free energy change for the reaction is:

= 1
Aern = /ugn + E:ugz - ﬂgno

AG,, =AG,,,+RTInR;"

rxn,o

...where we have made use of the standard approximation. Filling in the given experimental data for
the standard free energy change, we have:

AG,, =482,920+18.8T InT —344.7T + RT InP;?
AG,, =482,920+18.8TInT —377.2T

The second relation results from plugging in the given oxygen pressure (0.02 atm). We see that at

= J
the 1200 K, the reduction reaction is not spontaneous (AG,,, =598,232——). As the temperature

mole
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rises, the free energy change drops. We will cross a critical temperature where the reaction
becomes spontaneous at the point where the free energy change is exactly zero- any further
increase in temperature will provide a negative free energy change, which indicates a spontaneous
process:

AG,, =482,920+18.8TInT —377.2T =0

Solving this equation for T by your favorite method, one obtains Tgica = 2067 K. A plot of the free
energy change variation with temperature is shown below. At T > Tica, the free energy change is
negative and the reduction reaction will spontaneously occur. If you solved this problem by graphing
and pulled out a slightly different value but followed the right concepts, you will get full credit.

250000

200000

150000 \
100000 \
50000 \
0 1 1 ; \ |

11470 1370 1570 1770 1970 “-5TK)

-50000

-100000

T (K)

b. The oxide form of many metals is the thermodynamically favored state of the metal
when exposed to oxygen atmospheres. This explains why studies of pure metals are
often carried out in vacuum ovens: to lower the oxygen partial pressure and avoid
oxidation reactions that can change the state of the sample of interest. Consider
again the reaction above: if we have a sample of pure zinc metal at T = 1200 K, to
what value would the oxygen pressure need to be reduced to avoid oxidation of the
sample?

The equilibrium condition (AG,,, =0) is applied to the given reaction. Note that we are now using
the reaction ‘running’ in the direction given. The standard state reaction free energy change is then:

AG,,, =AG, +RTIn%:O at equilibrium
P

rxn,o
0,

The oxygen partial pressure is now in the denominator as oxygen is a reactant, not a product.
Rearranging, we have:
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AG, ——RTInL

xn,0 — 1/2
0,

We can fill in the given standard state free energy change data and back out the partial pressure of
oxygen present at equilibrium for the oxidation reaction:

AG. =-482920-18.8TInT + 344.7T =—RT |ni

rxn,o 1/2
02

AG. = —229,232L@T =1200K
mole

rxn,o

Thus Po, = 1.0255x10° atm at equilibrium, and we must have a pressure smaller than this to avoid
oxidation of the Zinc. Recall that oxygen makes up ~20% of the natural atmosphere, which will

J
strongly favor the reaction (RT Inpl% :16,057—|, much smaller than the standard state
o, mole

reaction free energy change).
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9. Electrochemical cells. A Daniell electrochemical cell is prepared with the structure:

Hg,CL)!

2(aq)

Hglv

2(aq)

Pp' ‘PbCI”

...where the vertical lines designate separations between the phases I-IV of the cell;
the double line represents the membrane separating the two aqueous electrolyte solutions
(phases Il and Ill). The EMF of the cell is 0.5357 volts at 25°C.

a. What are the half-cell reactions for this battery?

This battery is very similar to the example discussed in lecture. At the anode, we have:

Pbi, = (Pbgs )” +2(e-)

aq)

At the opposite electrode:

2(Hg(+aq))|” +2(e-)" =2Hg

b. What is the maximum amount of work that can be extracted from this battery at 25°C?
The maximum work is related to the free energy change per mole of reaction in the battery:

dw

max

The reaction free energy change is in turn related to the battery’s EMF by the Nernst equation:

AG W

Ap=c=— rxn _ "' max

b= T

W, =2F&= 2(96,485Lj(0.5357volts) =103, 374L
mole mole

Note that capital ‘F’ throughout this problem solution refers to the Faraday constant, not the
Helmholtz free energy.

c. The mercury electrode in the cell is replaced by an Hg-X alloy in which Xpg = 0.3 and X is
an inert component that does not participate in the cell reactions. The EMF of the cell is
found to increase by 0.0089 volts. Calculate the activity and activity coefficient of Hg in
the alloy at 25°C.
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First, let's write expand the Nernst equation for the original electrochemical cell:

— all .
1) A¢=0.5357volts = _AGy, 1 AG,, ,+RTIn—2—
2F  2F (@m.)

Now, the EMF of the Hg alloy cell would be:

1FAG +RTIn-R 27 “b”( )

rxn,o i
@%.)

A few things to note: First, the standard state reaction free energy does not change in the new cell:
because the alloy component X is inert, it does not participate in the reaction and does not factor into
the standard state reaction free energy. Second, we have a new addition to the activities quotient,
the activity of the mercury in the alloy electrode. Remember that the electrode activity would be
present in equation (1), except that we assume it is 1 for the pure mercury electrode. Finally, note
that the activities in the electrolyte solutions are unchanged in the new cell. If we subtract equation
(2) from (1), we have:

2) A¢al|oy —_

alloy - )
AF™ — Ag=0.0089 {RTIn(a )} 2(96 i) {83144)(298)|n(a )

Solving for the activity of the mercury, we obtain ay,"* = 0.707.
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10. Stability requirements in materials. We showed in lecture 15 that by expanding the
internal energy in a Taylor series around the equilibrium point, we could derive constraints on
the values of certain materials properties that must be met for a material to be in a stable
state. We can derive additional materials constraints from our other primary thermodynamic
functions as well. Let’s do this for the Helmholtz free energy:

a. For a system where there is no molecule transfer or reaction, the Helmholtz free energy
is:
F=U-TS
dF =dU —TdS - SdT
dF =—PdV —SdT
The Helmholtz free energy of a system is minimized at equilibrium. Write the first few
terms of the Taylor expansion 3F(T,V) at the equilibrium point of a system as a function of T

and V as we did in class for the internal energy, and show that one of the requirements for
stable equilibrium is:

(;sz > 0 for stable equilibrium
N

The multivariate Taylor expansion and stability requirement for F is:

aF(T,V)z(i] dT+(fj dv +£[ﬁ(dT)2+§ZF (dV)%ﬁ(deV)}...zo
al ) 2lar? N? NoT

For a fluctuation from the equilibrium state, the first derivative terms sum to zero:

JF
&/2

1| &F

éF(T,V):E{ﬂ_2 F

(dV)2+§—(deV)}+...20

(dT)2 + .

Each term in front of a differential must be greater than or equal to zero, to allow this expression to
remain true for arbitrary fluctuations in T or V. Thus, looking at the second term, we have the

requirelnent:
[ J>
d/

b. Given the stability requirement in part (a), show that this requirement means that the
isothermal compressibility of materials, k, must be positive:
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We simply need to identify the given partial derivative. Starting with a first partial derivative of F with
respect to V:

7520
(ﬁ} P4
N? N
This relates directly to the isothermal compressibility:
_ _1@)
VR,
P _ 1y
Nk

Volume is always positive, which implies that isothermal compressibility must also be positive.

3.012PS 5 22 of 22 11/3/04



