MIT OpenCourseWare
http://ocw.mit.edu

HST.582J / 6.555J / 16.456J Biomedical Signal and Image Processing
Spring 2007

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu/terms
http://ocw.mit.edu

Harvard-MIT Division of Health Sciences and Technology
HST.582J: Biomedical Signal and Image Processing, Spring 2007
Course Director: Dr. Julie Greenberg

Random Signals
(statistics and signal processing)

Primary Concepts for Random Processes

You should understand...

* Random processes as a straightforward extension of
random variables.

* What is meant by a realization and an ensemble.
* The importance of stationarity and ergodicity
- Useful for estimating statistical properties of random
processes.
* Some idea of how the autocorrelation/autocovariance
functions describe the statistical structure of a random
signal.
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Random Processes

* A random process, X, is an infinite-dimensional random
variable.

- If the size (dimension) is countably infinite then we have a
discrete-time random process.

- If the size (dimension) is uncountably infinite then we have a
continuous-time random process.

* As with any multi-dimensional random variable we can

- compute marginal and conditional statistics/densities over
subsets of the dimensions.

* Random processes are interesting/tractable when there is
some structure to the statistical relationships between
various dimensions (i.e. the structure lends itself to analysis).

+ We'll focus primarily on second-order statistical properties.
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Some Notation

many realizations drawn from the ensemble

+ Let Xdenote a random process
which can be thought of as the
ensemble (or set) of all realizations

X = {z[n]} I o

* A single realization (a sample from
the ensemble) can be denoted by:
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ke [45] - is a random variable,
which represents the 45™ sample snge ratzaion

over the ensemble L N
22,2 [11])7 -isatwo- X

dimensional random variable,

comprised of the 2" and 11*
samples over the ensemble. UMWW
+ When analyzing random processes,

we are interested in the statistical 9 J

properties of (potentially) all such
combinations. I I L I L I ! ! !
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Realization vs. Ensemble
* Top plot: a single realization
drawn from the ensemble.

* Bottom plot: many
realizations drawn from the WW
ensemble.

* An ensemble is

characterized by the set of e
a I l r‘eal I. Za“' I. o ns . 0 100 200 300 400 500 600 700 800 900 1000

* An important question:

When can one infer the
statistical properties of the
ensemble from the
statistical properties of a
single realization?

many realizations drawn from the ensemble

0 100 200 300 400 500 600 700 800 900 1000

4/24/2007 HST 582 © John W. Fisher III, 2002-2007 5

Relationship to Earlier Material

x[n] — H(f) —y[n]

What, if anything, can we say about y[n] when:
*H(f)is LTI/LSI
* X[n] is a random process

(Random Processes and Linear Systems)
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Relationship to Earlier Material

s[n] ——( = ) x[n]—— H(f) ——y[n]

wn]

What, if anything, can we say about y[n] when:
*H(f) is LTI/LSI

*w[n] is a random process

* s[n] is a deterministic signal or random process

(Wiener Filtering)
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Noise reduction with Wiener Filtering

¢  eLeft channel
¢  Right channel
& Wiener (left)
q:  *Wiener (right)
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Important Concepts

Stationarity

Do the statistical properties of the random process vary or
remain constant over time?

Ergodicity
Do time-averages over a single realization approach
statistical expectations over the ensemble?

Autocorrelation Function

A function which describes the 2" order statistical
properties of a random process.

Crosscorrelation Function

A function which describes the 2" order statistical
relationships between two random processes.
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Three Example Random Processes

We'll consider three random + LI.D. Gaussian
processes which illustrate
concepts we are interested

x[n] ~ N (;1:,' 0, 02)

n. .

Notation Reminder Gaussian Random Walk

- Samples are drawn from a PDF. y[n] = y[rn—1]4+ = [n]
| x[n] ~ px (:t:)l z[n] ~ N (.-r; 0, 0'2)

+ Samples are drawn from a PDF with

parameters, o. + Smoothed Gaussian

M-1

1
yinl = — Y wln—kl
- Samples are drawn from a Gaussian M k=0
PDF with mean p and variance o2. z[n] ~ N (‘,3-’ 0, 02)

z[n] ~ N (;1:,' TR 02) |

|zl ~ pia)]
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Some tools we'll need...

* Law of Large Numbers

* Central Limit Theorem

* Chebyshev's Inequality

* Addition of Independent Variables
* Convolution of Gaussians

- Used to derive properties of the Random Walk process and
the smoothed Gaussian i.i.d. process

* Memoryless transformations of RVs

- Used to derive statistical properties of smoothed Gaussian
i.i.d. process

» Multi-Dimensional Gaussian Random Variables
* Correlation and Correlation Coefficient
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Binomial Random Process

Consider the Bernoulli random

process and it's running sum: / =3
x[n] ~ Ber(3) — =1-
N
kE[N] = ) =z[i]
i=0

We showed earlier that

plK) = {:} 3% (1 — @ *‘I

+ The binomial coefficient counts the
number of ways we can observe k
successes in N ftrials.

+ The edge weights compute the
probability of a given sequence with
k successes in N trials.
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Binomial Random Process

Consider the Bernoulli random
process and it's running sum: / =3

x[n] ~ Ber(3)
N

E[N] = > =i

i=0

DeMoivre-Laplace Approximation

p(K) = (';').4*'(1 gyN—k

DeMoivre-Laplace Theorem
~ 1 : (_ (k— Nj3)? )
V2rNB (1 - 8) 2NA(1-3)

Q. So why does this approximation
work?
A. DeMoivre-Laplace is an example of

the Central Limit Theorem.
13
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Binomial Random Process

Pascal’s triangle
+ A simple way to compute the binomial coefficient

* Turn the graph on its side.

* S0 Pascal's triangle is just doing the bookkeeping for us.

* It is also an example of something else: namely what
happens when we add independent random variables.

14
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Sum of Two Independent Random Variables

*+ Suppose we generate a new Derivation
random variable as the sum - =
of two random variables pz(z) = 5 -Pr{Z <z}
= SPrizty<s)
= ;): /“: _[‘_;P.\')' (z,y) dudy

e z=y
= {—/ [ py (¥) px (x) dady
J=oo =00

z=a+yep(z) =7 |

* Use CDF relationship to

derive the PDF of the new el 5 ey

variable = I['XP‘J'(H) o / ., Px (@) dudy
* The PDF resulting from the = [" oy @ex G-w)dy

sum Of two indegendenT . = :PJ}- (z) = px (2)

variables is the convolution
of the individual PDFs

| p2(2) = pa(2) * py(2)
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Chebyshev's Inequality

* A simple distribution free Derivation
bound which is a function of .
the variance of the random o7 = [ @-m)px(@)dr
variable. @ = [*x " = )2y (@) de

* It bounds the Probability

e+t >
. . + (z — pe)px (z) dx
that a random variable will /4 t !

deviate from it's mean by + fopy 1) px (@) s
more than some threshold #. (b) > [’x oo m P s
2 1 [ * o= Poriid:
a
Pr{lz —pe| >t} < % el
{| }u'f'| } - t? (c) = /".J rIQIJ_\' () dae

i i + /x t*px (z) dzx
+ Simple to prove and useful in Lo

proofs. e
- It is a loose bound. 2

"

[ ek @y

b 1
+ ./”I+rp_\- (x) dx
(d) > Prijz—p| >t}
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Chebyshev's Inequality (Graphically)

Start with the definition of variance.

a?= [ (x—u)px (@) de

Divide the integral into 3 regions.

[—oa, e — 0], [pte = b, poe + 8], [+ £, 0]
as done In line (a)

Drop the middle region. This gives
us our first inequality of line (b)

MNote that it is the integral of the
product of two nonnegative func-
tions. The first is a parabola (x—pus)?
centered at u,. The other is the pdf

plz).
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Chebyshev's Inequality (Graphically)

Since 2 is constant, bring it to the
left side of the inequality. This leaves
us with an integral which is by defi-
nition the probability of the event x
falling outside the range . £ ¢

For o < pr =t and x = pr-+¢, replace
the parabola with 2. This gives us
our second inequality in line (c)
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The Utility of 2nd Order Statistical Relationships

What do we mean by 2nd_order statistical relationships?
e For a single RV z this refers to expectations of functions of the form:

E{(az+8) (az +b)} = aaE {22} + (ab+ Ba) E {z} + 8b

e Similarly for two RVs 1 and z»o:
E{(az1 + B8) (azo +b)} = aaE{z125} + abE {z1} + BaF {z2} + 5b

This includes quantities such as
e mean: u; = E{z;}
variance: a2 = E {('r - Ju.x)2}
covariance: E{(x1 —p1) (z2 — pu2)}
correlation: E{zjx2}
correlation coefficient: pyo = {ﬁh‘ {(z1 — p1) (22 — p2)}

We say two variables are uncorrelated if
E{rizo} =pmpa = E{(z1—m)(@2—p2)} =0 = p12=0
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2" Order Statistical Relationships (Gaussian Case)

* Given x,y jointly Gaussian with the following mean and
covariance

] = =]
Hy ¥
,,
Y. = E [.r—jl;][r—{u-]
0 y—hy || y—Hy
= H (@—n)? (@) (v = py) ]}

(& = px) (g = piy) (y = py)

— [ “.E ﬂrr.r“r“r;]
PryTzTy ay

* For a general N-dimensional Gaussian random vector, x:

1 1 _ |
pleiZ,p) = —Fx—gexp (—— (z — jl)T Tl z— Ir.r))
(2m)7 |Z)2 2
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2" Order Statistical Relationships (Gaussian Case)
* Given x.y jointly Gaussian » Then p(y|x) is also Gaussian
with the following mean and with the following
covariance conditional mean and
- variance
fx _ T
[w] _E{[H_} _
P _— [.z'—jn-] [.r'—;:_.—]“ f-‘[‘yl,r E{Y|X =:U}
= y—py || ¥—py Ty
_ el @-w @-m)—m) = Myt pay (@ = p)
T “ (& = px) (y = ) (v — uy)? J} 2 2 21'
= [ a2 ﬂ.---af’--f’u] ay|.:.‘ = 9y (1 - p-T.fJ)
PryTrOy oy
* Note that these are
specified in ferms of the
second order relationships
between x and y.
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2" Order Statistical Relationships (Gaussian Case)

P(x.y)

Depicted graphically %
* uy and py represent our prior
expectation of the random

variables
* Having observed a value of X
our new expectation of Y is 0s
mOdIfled by ) 0 05 1 15 2 25 3 35 4
O'_U Y
Hylz = Hy + Pry—— (’D - .“'if')
Tz , PO) and piyb)
+ Since O<p%= 1, our uncertainty
. 25
is reduced.
2 _ 2 2 :
‘ Iyla = 9y (1 - F’:*-'y) -
* Note that all parameters are 1s* :
or 2" order statistical 0s
properties.
0 0.5 1 15 2 25 3 35 4
y
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Linear Prediction (NonGaussian Case)
* Suppose X,y are not jointly Derivation
Gaussian.
. . " " Express J in terms of a, b, and .
+ We wish to find the "best ,
linear predictor of y as a J = E{- i) }’2
function of x = B{(r—ss—0%}
‘ 'ﬂ(.’f,‘) = ar+ bl Take the derivatives with respect to a and b
-_;’ J = —2E{(y —az—b)z}
- Define "best" in terms of = -2B{(yx - az®-b)a}
expected squared error: ;:)J _ Bty )
J = E {(y = ?](F])z} Evaluate expectations
eXDECtatIOn over f'.'{l:_r,r.r Caz? - fu';'l} = PryCz0y + Hxjly
both = and y E{(y—ax—b)} = py—ape—b
. The (0 b) WhiCh minimize J‘ are Set equations to zero and solve for a and b
a a PryTeay + prpy = 0
a4 = Pxy Y b= Hy — Pry ypu.!‘ | py—apr—b = 0
Tx Tx -
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Convolution of Gaussians™

« If x=y+z (y and z statistically independent) then p,(x) is the
convolution of p,(z) and p,(y).

z=y+z << pz(x)=py(x)*p:(T)

* A property of Gaussian functions is that when convolved with
each other the result is another Gaussian:

N (:i':: ;11,0%) * N ('r ug,o%) = /ﬂ: N ('u',;.q., U%) N (.L —u,; ;LQ,U%) du
—o0

= N (.T; M1+ .”-2.\‘7% + 0%)

* Related to the Central Limit Theorem: when we repeatedly
sum many RVs with finite variance (not just Gaussians) the
repeated convolution tends to a Gaussian (in distribution).

“while this is a useful property in general, we'll use it to specifically to analyze the
statistics of random walk.
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Memoryless Transformations of RVs
Linear Case Derivation
—— - Define the event over Y in terms of
y = ar+b an event over X
. . Py(y) = Pr{Y <y}
ASSUYnIng a> O Then = Pri{aX +b<y}
1 { PrE_\‘ < 5‘”"} ia>0
= - y—b] .
Py (y) — Epw (‘T)l=ﬂ PriX = va<0
- a _ It pe(u)de ; a=0
1 —b _{ 1; u)de | o<
_ _p_x(y ) ,;.()f ta<0
a a _ 1
substitute rm = rIn-
_ JP‘\ nf” [!r - r.frr ca>0
* For any a (not equal to zero) T\ el (u " Jdw ;a<0
we 961' -~ . “,ra. \“ Jdw ;a>0
=\ P e (2 r; dw :a<0
1 Yy — b . ¥y 1 w — !': .
@ = e () = Lo ( s
|al a . )
_ ; y—b
r(y) = {!IJ;IH = |ﬂ| ( a )
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Random Signals Continued
(statistics and signal processing)
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Recap

at 6AM this figure seemed like a good idea, 9:30AM..not so much

adding i.i.d.
random
variables

Law of Large Numbers
(convergence to
expectation)

Tchebyshev's Inequality
(bounds deviation from p
in terms of o?)

Central Limit Theorem
(convergence to Gaussian
in Distribution)

Convolving
PDFs
Transformations
of RVs
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"Best" *Linear*
predictors only
needed 2" order
statistics

Basic operations of
filtering random
processes with LST
systems

Gaussian Random Walk

* The evolution equation for (Gaussian) random walk is
specified in terms of a /inear difference eguation:
y[0] = 0 |
y[n] = yn—-1]+=[n]
x[n] ~ N (x;Ofaz)

- Given the specification we can derive statistical properties
of the random process y[n] in terms of the statistical
properties of x[n]

- The tools for linear systems are sometimes useful for
analyzing such equations (when?).

- We'll get at a statistical description of y[n] in a somewhat

cumbersome way as a means of motivating the concept of
stationarity.
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Random Walk

Gaussian Random Walk - (single realization)

* The top plot shows a single 109
realization. o]
* The second plot shows many = ]
realizations. e
0 100 200 300 400 500 600 700 800 900 1000
* The bottom plot shows the aussian Rancom Walk -6 elzations)
mean +/- the variance as a
function of time (index).
* The mean is constant (=y[0])
over all time, but the

variance grows | inear‘ly with 0 W0 20 w0 a0 w0 , &0 700 a0 S0 1000
time. . [0l o) .
L - -
[ — S—
500 T T
100 P

0 100 200 300 400 500 600 700 800 900 1000
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Gaussian Random Walk

Use the linear difference equation * Repeat for y[2], y[3], ... YIN]

to derive the process statistics in (use the convolution property of
closed for‘mi Gaussians)
+ Given the following:
:I}JIO] : 0 .............. - y [2] — y [1] + T [2]
= z[1] 4+ x[2]

y[n] = yn—-1]+=[n]

w2 (W21 = pay (W([2]) * pas (v [2
x[n] ~ N(x:OJZ) Pyz (v [2]) Py (v [2]) * pey (v [2])

= N (y [2]:0, 20‘2)

+ Express y[1] in terms of x[1] given y[3] = w[2]+=[3]

y[0]=0 to get the PDF of y[1]: = a[1] +<z[2] + = [3]

— =g ) pr@iE) = N(y[31:0, 30,::)

Py (W[ = pay (y[1D) .

= N(y[1];0,0?) yln) = Yzl
i=1
Py (¥[]) = N (y[n];0,n0?)
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- We can derive the joint PDF of
{y[nl,y[m]} using conditional probability:

Gaussian Random Walk

Conditional Mean

P (y [Jt]) - N (y [Ji] -0, N(J'?) E{y[m]lyln]} = E {_r,r[rl] + ‘El .r[a]|_u[:r]}
| p(inl.ylm)) = p(y[n])p(ylm]lylm]) linearity of expectation
= yln)l+E zlillyln
+ To get p(y[m]ly[n]) assume m > n and v+ ,El Ellst ]}
write y[m] in terms of y[n] sum is independent of y[n)
yiml = 3 (i = vl +E {Z '[]}
L ’_1 n+1
= 2, r[i] + 2_ : [i] ]
i=nt1 Conditional Variance
= y[n]+ L «[i] .
i=n+1 E{(ylm]— £ {ylm]}) uIn]}
=1F ¢ (y[m] ?j[ir])" l,l[n]}

+ When conditionend on y[n], randomness
comes only from the second term, which
is Gaussian, yielding:

{
{ > ;[] lu[n] }
n+1

r, Ej : independent for i # j

=3 F {2 |yIn)}
n+1l

p(yn).y[m]) =
N (y [n].: 0, nrrz) N (y [m]:y[n],(m—n)o )

=(m — n)o?

4/24/2007 HST 582 © John W. Fisher III, 2002-2007 31

Gaussian Random Walk

« Alternatively, since variables are jointly Gaussian (which we
would have to prove), we could compute the mean and
covariance over the vector [y[n],y[m]]™

i) 7= 1

1

2

p (ylnl, ylm]) ;exp(
(23 =)

SERE |

2
Tn PamTnfn | __ noy
PromTnTm T \’.-"I,;;\/HG'J-\/EO’I!;

Hn
M

\‘ e L mog/mox

H’!O’E

):.'Lfrr-:’!m =

|

* This result easily extends to all combinations of elements of
the random walk process (i.e. we can derive covariances for
collections of time samples).

[nof no? ]

2 2
noy Moy
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Gaussian Random Walk

So what have we shown?

- Given a specification in terms of linear difference
equations we can derive properties of a random process in
closed form.

- However, the derivation for this very simple case was
nontrivial.

- We will look for simpler ways of describing random
processes.

Specific to random walk we see that the marginal and
Jjoint densities change over time.
- This is an example of a nonstationary random process.
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Random Walk (scatter plots)

(5 vs x(10) Xx(50) vs x{100)

10 -10
207 | . . . ) 207 O . .
20 10 0 10 20 20 -10 V] 10 20
*(10 vs x{400) *{50 vs x{450)
e . . - - 100 . . .
50 ) 1 50+
of i 1 o
-50 e 1 .50
1001 . . ) B 1007 . . . |
=100 -50 0 50 100 <100 -50 V] 50 100
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Stationary Processes

Stationarity (or lack thereof) is an important statistical
property of a random process.
* There are two types of stationarity we are interested
n:
- Strict Sense Stationarity (SSS)
* A very restrictive class of random processes
- Wide Sense Stationarity (WSS)
* A much broader class of random processes

+ 5SS implies WSS, but the converse is not true.
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Strict Sense Stationary

single realization

. : : Uiform Random ii.d. - single relization}

L L 1 L 1 1 ! 1 1 i 3
0 100 200 300 400 500 600 700 800 900 1000 J 1-3 X » o % & o L % 1o

many realizations drawn from the ensemble

I ! I I I I
0 100 200 300 400 500 600 700 800 900 1000
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Strict Sense Stationarity (SSS)

* A random process, x[n], is strict sense stationary if the
following property holds:

p(zfi] =z0,...,zi + N - 1] =azn_1) =
p(zlil =zo,...,2li+ N -1 =an_1)

foralli, j, N, and {xo,... Xn.1}-
* This is basically saying that the signal statistics don't inform
us about index or time.

* The Gaussian Random Walk process is an example of a non-
Stationary process (e.g. variance changes over fime)

* The Gaussian I.I.D. process is perhaps the simplest example
of a Stationary process (the statistics don't change)
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Gaussian I.I.D. Process

This is a simple example of a * The statement of SSS holds
stationary process: trivially:
y[n] ~ N(v:0,07) plil =wo,---,yli + N -1 =yn_1)
=pwlil=wo,....yli + N-1]=yn_1)

* y[n] are sampled Independently
and Identically from the same + All i.i.d. (Independent and

marginal density Identically Distributed)
- All joint densities can be processes are SSS.
expressed as products: ) P —
voyli+N—1]) =

b=
—
L~
—
—

[IN=g N (yli + K1;0,02)

* The distribution is independent
of i and the form is identical
for all N.
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Smoothed Gaussian I.I.D. Process

« The smoothed i.i.d. random + Write y[n] and y[n+M] in terms of x[n] to
S . see that they are independent of each
process (which is SSS) is also other (i.e. there no terms in y[n] that
defined in terms of a linear have any statistical dependence on any

difference equation: ferms in y{n+m))

] M=1

vl = 5 X #ln—#K
1 M-1 1
y[n] = — a:[n—k]
ﬂfr k=0 wln+ M] =
z[n] ~ N (;L*;O,crg) = 3l M+ elnt 1)

plulnlyln+M]) = N [,[:.J;e. 'i;) N (.11.,;—_'.;1.0. ”J

* Use convolution proper"ry and + Consequently, in order to show SSS we

transformation property to are only left to show that
derive Py(Y[n]) | py(ylnl,--- yln+N)VN=1...M I
py(uln]) = (Mpz(Myln])) = )
<% (Mpe (My[n])) + Is independent of n.
o + This would be done in the same way that
= N (y[n]; 0, —) we derived joint statistics for random
A walk
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Smoothed Gaussian I.I.D. Process

Smoothed Gaussian Randomiid, -

a 10 20 30 40 50 60 70 80 20 100

Gaussian Randomiid. -
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Relaxing Strict Sense Stationarity -> WSS

* Strict Sense Stationarity is a somewhat restricted
class of random processes.

* This motivates us to look at milder statement of
stationarity, specifically Wide Sense Stationarity.

- Wide Sense Stationarity only considers up to 2"d order
statistics of a random process.

- Relating the 2" order statistical properties of output of
a linear system when the input is a WSS random process
is much easier than in the SSS case.
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Wide Sense Stationary

single realization

T
! ! Gaussizn Randem 114 - (s resizason)
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many realizations drawn from the ensemble Gassian Randomiid - (30 neaizabiors)

0 100 200 300 400 500 600 700 800 900 1000
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Wide Sense Stationarity (WSS)

* A random process x[n] is wide sense stationary if the
following properties hold:

E {e[n]}
E {z[n]z[n + m]}

Hax V1
Rz[m] depends only on m

* R,[m] is the auto-correlation function (discussed later).
* Straightforward to show that SSS implies WSS.

- WSS implies SSS only when all of the joint densities of
the random process are Gaussian.

- WSS implies constant 2"d order statistics.
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Uniform I.I.D. (smoothing revisited)

+ Suppose we replace the U R - oz
Gaussian i.i.d. random
process in our smoothing :
example with an i.i.d. ‘
sequence of Uniform random = | |
variables with the same A
variance.

* The result is a random
process whose 2" order
statistical properties are
the same as the Gaussian

case. ERTECITT ALl ]
* Why‘) .o 0 = @ 4 s 70 8 % 100
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Autocorrelation Functions (example)

Smoothed Uniform Randem Autocorrelation Function

50 =40 =30 =20 =10 0 10 20 30 40 50

Gaussian Function
2 . .
15¢
1F 4
05}
0 1. t P I =S| —t AT -l
50 -40 =30 -20 =10 ] 10 20 30 40 50
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Time-Averages of Random Signals

* The time-average or mean of a random signal is defined
as:

N

@) = Jmongr 2 @

when the limits exist.

* You should be able to show that the time-average
operator is linear

| (az[n] +by[n]) = a(z[n]) +b(y[n)
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Signal Statistics using Time-Averages
* The mean (average) of a * The AC power refers to the
signal is denoted: power in the variational
signal component:
pe = (z[n))|

‘ 0'3% = <(5E[n]_P5:r:)2>

* The mean power of a signal

is defined in tferms of it's * Fairly straightforward to
time-average: show that
— 2 — 2 2
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Time-Averages of Random Signals (Examples)
Gaussian iid. - {time average, two realizations)
2 T T T T T
15
1
05 4
ol p —
0.5 W
-1 | L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
Gaussian Random Walk - (time average, two realizations)
100F T T T T T T T =
5ok i
(1] - =
-50
-100 L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
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Ergodicity

* Random processes which are ergodic have the property
that there time averages approximate their statistical
averages. That is,

(z[n]") = E{z[n]"}

for all p (actually for all functions of x[n] or x(t)).

* The left hand side is an average over all indices (or
time) for a specific realization.

* The right hand side is an expectation over all
realizations at a specific index (or time).

* Generally, SSS implies Ergodicity (there are special
cases for which this is not true)
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Mean and Covariance Ergodicity

* Mean ergodicity is a milder form of ergodicity stating
simply that the statistical average equals the time
WeraE [ = Efen)}

= Uz

* Covariance ergodicity states that the variance over time
is equal to the variance over realizations:

((@n] —1a)?) = E{(zIn] — ua)?}

* Covariance-ergodicity implies mean-ergodicity, but not
the reverse.
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+ Autocorrelation Functions, Crosscorretion Functions
- Properties
(these were presented on the board)
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Autocorrelation and Autocovariance

It turns out that we could have made a choice in our
definition of the auto-correlation function.
Rx[n,m] = E{z[n]z[n—-m]}
OR
Ry [n,m] = E{z[n]z[n+ m]}

Q: So why choose one over the other?

Al: By choosing the definition with x[n+m], many of the
spectral properties used later will work out in way that
is consistent with processing of deterministic signals

A2: I like Gubner's book on probability and random
processes
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Stationarity

* Wide Sense Stationarity
states that statistics up to

Random second-order are constant
PFOCZSSCS over 1-|me
* Strict Sense Stationarity
Wide-Sense states that a// of the

process statistics are
constant over time.

+ SSS implies WSS, but not
vice versa (except for a few
special cases)

- e.g. unbounded variance

Stationary

Strict Sense
Stationary
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Ergodicity

+ Strictly Sense Stationarity
(almost always) implies
Random Ergodicity.

+ Wide Sense Stationarity

Processes (almost always) implies Mean
and Covariance Ergodicity

. + We care about Ergodicity

Meqn—Er‘godac, _ because it means time-averages

Covariance-Ergodic converge to statistical

averages.

+ Consequently, for Stationary-
Ergodic processes we can
estimate statistical properties
from the time-average of a
single realization.

* We can come up with
uninteresting examples of SSS
processes which are not Ergodic
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Linear Systems and Random Processes

- It turns out that characterizing the 2" order
statistical properties of a random process which is input
to a linear time/shift invariant system allows us to easily
characterize the 2" order statistical properties of the
resulting output.

mmm) | h[n] < H(f)

.
.
) -
,

* Most (all?) of the properties we'll be
discussing are geared towards
understanding the nature of this
relationship.
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Linear Systems and Random Processes

- It turns out that characterizing the 2" order
statistical properties of a random process which is input
to a linear time/shift invariant system allows us to easily
characterize the 2" order statistical properties of the
resulting output.

mmm) | h[n] < H[K] -

z[n] = Rz[m]
Ry[m],h[n] = Ry[m]
Raylm], Ry[M] = g[n] = Z[n]
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Response of a Linear System

* Given a WSS (or SSS) random process, x[n], and LSI
system with impulse response h[n] we can compute the
time-average of the output y[n].

(yln]) = (z[n] *h[n])
= < Z :[n — E]h[k ]>
(linearity) = i E[k‘] (z[n — E]),,
(WSS) = i h[k] {z[n])
= (z[n]) Z hlk]
k=—0c
(zvT) = (z[n]) H[O]
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* Cross-correlation of input and output
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White Noise Sequences/Estimating System Response

* White noise sequences are + So, if the input to our system is
WSS processes whose a white-noise sequence:
autocorrelation function is equal
to: Ru_\y [?n] = h.[m] * Rﬂ][m]

Ry[m] = (w[n]w[n + m]) = h[m] * 626[m)]
= o2d[m] = o2h[m]
(wln]) = 0 then the 2" order statistics of
where ' 5 > the output process can be used
<w[n] > = o}, to estimate the system
response function.

* The process is uncorrelated
from sample-to-sample.

* Alli.i.d. sequences satisfy this
constraint.

* However, we only require the
samples to be uncorrelated, but
not independent.

+ Why is this called "white"
noise?
- related o Power Spectrum.
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Power Spectral Density

*Note that in the - This convolution could
previous result we be computed in the
stated: Fourier domain:

‘ Rplm] = h[-m] + h’[m]I h[-m)*h[m] = F-H{H(HH)}]
= FHH()P)

so, the autocorrelation
of the system response Rym] < |H(HI
function is computed as
the convolution of the
h[m] with a time-
reversed version

h[-m].
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Power Spectrum (con't)

* Motivated by the previous * Consequently, we can
convolution, we shall define express the output power
the power spectrum of a spectrum as a function of
random process to be the the system response in the
Fourier transform pair of frequency domain and the
the autocorrelation function: input power spectrum:

Relm) < Sa(f) | Sy(f) = |HI?S(f)
Se(f) = Y Relmle=727Im
k=—oc
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Power Spectrum Estimation (nonparametric)

* The Periodogram estimate * While this seems like a
of the Power Spectrum is logical estimate of S.(f), it
defined as turns out that it does not
() = IXn(DP ff:;‘fge fo S.(f) as N grows
_ 1 ;\:Z_la;[n]e_ P Why? Because as N grows
Ni= large the number of degrees

of freedom in our estimator
Where the estimate is being grows as well.

Cﬁrs“ep”\fef fnr;orr:c Theefil('sf TN o The consequence is that the
observations ot a reafization, variance of the estimate is

x[n].

[n] of the same order as the
value of S,(f) at every f.
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Power Spectrum Estimation (nonparametric)

* However, all is not lost. If we apply the estimator below
to multiple sections of N observations of the

realization, x[n].

1 M-1

NMm=O

‘XN,M(JC)‘Q

where X\ u(f) is the periodogram of the Mth section,
then the estimate converges to the true Power
Spectrum as M and N grow large.
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Power Spectrum Estimation (parametric)

* Based on previous results,
suppose we model an
observed realization, y[n], as
the output of a filter, h[n],
whose input was a white-
noise sequence.

* Can you think of a convenient
way to estimate the power
spectrum?

* How does it differ from the
periodogram approach?

4/24/2007

* The estimate would simply
be:

[5,() = HPP

* Why?

* The essential difference
(and potential win) comes
from how you specify h[n].

« If you leave the number of
free parameters low AND
your model (the function of
the parameters) is
reasonably close, the
estimate can be quite good.
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Wiener Filtering

Courtesy of RLE at MIT. Source: Wikipedia

Primary Concepts for the Wiener Filter

* The problem that a Wiener filter solves
* Applications of Wiener filters
* Wiener filtering implementation details
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The Problem

* Suppose we have two random processes whose joint
second-order statistics are known, and we want to
estimate one from an observation of the other.

- Disclaimer: We'll only deal with jointly WSS processes.

X(n]>  ?  —yln]

x[n] Y[n]
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Wiener Filter (one case)

* Suppose we have 2 realizations of random processes,
y[n] and x[n] and we wish to construct a filter which
predicts y[n] from observations of x[n].

* One criteria for choosing such a filter might be to
minimize the mean square error (MMSE) between y[n]
and your prediction.

<e[n-]2> = <(y [n] — ¥ [7’-'»])2>
= (- h[n] xz [n])?)

2
= <(J SESYATE [n—kl) )
k

= 07 =2 h[k] Ray (K] + XY k(K h[l] Ra [k — 1]
k ko
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Wiener-Hopf Equations

+ We wish to determine the Nth-order FIR filters

h[k] which minimize the - If we restrict ourselves to
criterion. Nth order FIR filters, the
* Taking a gradient with Wiener-Hopf equations
respect to the coefficients become:
yields the following system S
of linear equations ot e = it i T T }
o0 s ] = WV =1 L Rnli -1
Rl = 3 hiR—q| HEEoisEte s T
I==00
* This is a system of linear
* These equations are known equations which can be
as the Wiener-Hopf or Yule-  solved if N is not too large.

Walker equations.

* They are easily solved
provided there is enough

data given the size of the
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Orthogonality Principle

+ The error is uncorrelated with the estimate.

Rglk] = O

Editorial Comments of Kevih Wilson (former 6.555 TA)

+ This is big with the 6.432 crowd.

+ It can be useful to check this when you're debugging Wiener filter
code.

* Why is this “"the right thing"?
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Non-causal Wiener Filter

Raylk] = 3 A[lRz[k —1]

l=—c0

* The Wiener-Hopf equations are just a convolution in this case.

* Time-domain convolutions are usually easier o manipulate in the
frequency domain.

yet another editorial comment from K. Wilson

* Let's go there together.
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Welcome to the frequency domain

* Power spectrum reminders:

5,(f)= S R[KE™*  |R,[n]= 3 h[K]R,[n-k]

h[n]*R,[n]
R, (1] 5, (1)
h[n]<—> H(f)
R,[n] <> S, (1) s, ()

4/24/2007 HST 582 © John W. Fisher III, 2002-2007 72

Cite as: John Fisher. Course materials for HST.582J / 6.555J / 16.456J, Biomedical Signal and Image
Processing, Spring 2007. MIT OpenCourseWare (http://ocw.mit.edu), Massachusetts Institute of
Technology. Downloaded on [DD Month YYYY].



Non-causal Wiener filtering in the frequency domain

* So Wiener-Hopf is:

Sy (f)=S,(f)H(T)
Sy(f)

D=5

+ Each frequency is independent of all other frequencies.
* Now we'll look at some special cases and examples.
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Uncorrelated noise case

“signal”
Y[n]ﬁ@—w[n]
d[n]
"hoise"

* Uncorrelated noise: ~ R4[n]=0 <> S,4(f)=0

S,y ()
H(f):—Sxy(f)
_s,(h)
Sy (f)+54(f)
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Signal-to-noise ratio interpretation

S,(f)

S,(f)

Hy=— (D
S,(f)+S,(f)
SNR(f)

"~ SNR(f)+1

SNR(f) 2

SNR(f) » 1: H(f)~1
SNR(f) <« 1: H(f)~0
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ECG example

* What you did in lab (band-
pass filter):

+ Wiener filtered result:
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(Synthetic) Audio Example
Noise
D(f)
N Wiener 2
S(f) 6(f) %é—> Y(f) — Filter —>5(f)
Pressure
waveform Room Pressure
at Alan's acoustics WGV@fO"“m af
mouth listener's ear

- S(f): ¢
- Y(f): ¢
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Wiener filter abuse, Part 1

* What if we use the filter derived from Alan's speech on
Bob's speech?

* Bob's noisy speech: ¢
* Bob's Wiener-filtered speech: ¢
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Wiener filter abuse, Part 2

* What if we use the filter derived from Alan’'s speech on
Caroline's speech?

* Caroline's noisy speech: L(JE
* Caroline’s Wiener-filtered speech: ¢
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Wiener Filters are not the magic solution to all of your
problems.

- Additive noise

Wiener filtered Clean

* Frequency nulls
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System Identification - Problem Definition

* Estimate a model of an unknown system based on
observations of inputs and outputs.

x[n] > ?  [yln]
> Model [—§[n]
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Wiener Filters for System ID

* Let's restrict our model to be an LTI system.

x[n] > 2 >yin]

A

h[n]  —>9In]

* Now the goal is to find the LTI system that best predicts the
output from the input. This is the Wiener filter (except that
we now estimate output from input instead of input from
output).

- The result is the same, but we shift focus from §[n] to H(f).
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Example - LTI System
* If the unknown system really is LTI, we hope that Wiener
filtering recovers that LTI system exactly.
XEOT— 6 YOy S
S,(f)
S (f)G(f)
=2 gt
> Model | gcy S,(f) )
H(f)
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Example - LTI system plus noise
D(f)
X(fy 1 6(f) ﬁé—> Y(f)
Model $
He T Gy Se)
S.(f)
S (F)G(f)+S,(f)
. 5,(f)
_S(06(N) ¢y
S,(f)
4/24/2007 HST 582 © John W. Fisher III, 2002-2007 84

Cite as: John Fisher. Course materials for HST.582J / 6.555J / 16.456J, Biomedical Signal and Image
Processing, Spring 2007. MIT OpenCourseWare (http://ocw.mit.edu), Massachusetts Institute of
Technology. Downloaded on [DD Month YYYY].



Example - LTI system plus noise
D(f)
XEY ! 66 Ao YD
o HE) () s, (f)
H(f)=-2
S.(f)
_ S (F)G(F)+5,4(f)
) 5,(f)
We can still recover the _Sx(f)G(f)_G ¢
LTI system exactly! s (f) (f)
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Causal Wiener Filters

* The Wiener-Hopf equations had a simple form in the non-causal
case. Is there an equally simple form for the causal Wiener
filter?

* Short answer - not really, but we'll do our best.

RX[O] Rx[]-] Rx[N =1 h[0] ny[o]
Rl ROl - RIN-2J} :

RN RIN-2] - RJ0] |HIN-1 Ry[N-1

* Let N -> . How do we solve this equation?
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Causal Wiener Filters

* The non-causal Wiener filter had a simple frequency-domain
interpretation. Can we do something similar for the causal
(IIR) Weiner filter?

+ Short answer - sort of.

RX[O] Rx[l] Rx[N _1] h[O] ny[o]
RI RO - RIN-2] : :

RIN-I] R{N-2] - R{0] |HIN-1] R[N~

* Let N -> . How do we solve this equation?
- Answer: T have no idea for the general case; let's try a special case.
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Causal Wiener Filter w/ white noise observations

* If R,[n] = 3[n], then the
system simplifies to:

10-.-0/ ho] Ryyl0]
010 1|

00 - 1 h[N_1] ny[;\l—l]

« I can solve that!

] = {ny[n] n>0

0 n<0
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Causal Wiener filter with whitening filter

- If we can find a causal whitening filter W(f) for the
observation, we may be able to reduce the problem to
the form on the previous slide.

* Hand-waving time... You'll also need the joint statistics
between your whitened observation and the process
that you're estimating. To get these joint statistics,
W(f) must have a causal inverse.

* It's not always possible to find W(f) such that both
W(f) and W-I(f) are causal.
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Implementation details

* Filter form restrictions:
- FIR: solve linear system
- Causal: whiten observation
- Noncausal: nice frequency-domain expression
* Acquiring the statistics
- Where do we get R, and R,,?
+ Sample statistics for auto- and cross-correlations
* Periodogram estimates of power spectral densities
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Summary

* A Wiener filter finds the MMSE estimate of one
random process as a linear function of another random
process.

« Applications includes noise removal and system
identification.
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