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Venn Diagrams and Probability

e VVenn diagrams are a graphical represen-

Q tations of sets, which we can use to get
probabilities.

e (2 - the set of all possible outcomes, the

“certain event” (i.e. everything in the

gray box).

A, B - subsets of €.

The event “A” (or “B") has occurred

when an experimental outcome from the

region “A” (or “B'") is observed.

A¢ (or B¢) - the complement of A (or

B), i.e. the region outside A (or B), but

inside 2.
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Venn Diagrams and Probability

Q

To

be concrete

2 ={set of all possible results of flipping
a coin 100 times}.

A ={the event that at least 30 heads are
observed}.

B ={the event that at least 30 tails are
observed}.

These are not mutuall exclusive because
it is possible to have a result that has
30+ heads and 30+ tails (the region of
overlap).

What 30 were changed to 51 in the def-
inition of both A and B?
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Venn Diagrams (Union)

e The event “A or B", denoted AU B or
(@) A+ B
— 304+ heads OR 30+ tails were ob-
served
e It's complement (AU B)¢.
— less that 30 heads AND less than 30
tails were observed
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Venn Diagrams (Intersection)

e The event “A and B", denoted AN B or
(@) AB

— 30+ heads AND 30+ tails were ob-

served
e It's complement (AN B)“.

— (304 heads, but less then 30 tails)
OR (304 tails, but less than 30
heads) OR (less than 30 heads AND
less than 30 tails).
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Venn Diagrams (probability from area)

e Equate the sizes of the regions (relative

(@) to 2) as the chance that the event oc-
curs.

e The probability of any event is equal the
size of its area when the area of 2 is set
to unity.

—P(Q) =1

— P(A) =area of " A"

— P(A°) =1- P(A)

— P(B) =area of " B"

— P(AUB) =area of "A or B"
— P(AN B) =area of " A and B"

e This is equivalent to saying all exper-
imental outcomes (i.e. sample space

events) are equally likely.
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Venn Diagrams (probability relationship)

e Using the area argument, one can com-

(@) pute P(AU B) as a function of P(A),
P(B), P(A|B)

e It is the sum of the areas of events A
and B minus their overlap ANB (to avoid
double counting)

e If A and B are mutually exclusive events,
then they will not overlap and AN B will
have zero area.

P(A+B) = P(A)+ P(B) - P(AB)
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Venn Diagrams (combining multiple events)

\\C

\ -

—
h_—_—

Q

P(A+ B+ 0C) P((A+B)+0)

P((A+B)C)
= P(A)+ P(B)+ P(C)
—~P(AB) - P((A+B)C)

P(A+B)+P(C)-P((A+B)C)
= P(A)+P(B)-P(AB)+ P (C) -
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e Suppose we add a third event, C (the re-
gion inside the dashed line) and we want
to compute the P(AU BU C) using the
area argument.

e We could do something like: P(AU BU
C)= P(A)+P(B)+P(C) minus “the ar-
eas which were counted multiple times" .

e However, it is easier to group AU B as
one event and use the previous result.

e This leaves one term, P((AUB)C), which
is neither simply a union nor an intersec-
tion of events.
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Venn Diagrams (combining multiple events)

e P((AU B)C) corresponds to the
areas AC plus BC minus ABC

((AU B)C) =P (AC)
+ P(BC) — P (ABC)

e Substitute this into the equation
and with some rearranging you
get the result below.

e The main point here is that the
probability of the union of events
can be computed recursively by
combining events one at a time.

P(A+B+C) = P(A)+P(B)+P(0)
—P(AB)—P((A+ B)C)
= P(A)+ P(B)+ P(C)
— (P(AB) + P (AC) + P (BC))
+P (ABC)
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Venn Diagrams (conditional probabilities)

Q

Back to heads/tails example

e What is the probability that 30+ heads
(event A) will occur conditioned on the
observation that 30+ tails (event B) did
occur.

e This can be computed by looking at the
relative size of the set AB to B. That
is, looking at the proportion of the set B
which also are in set A.

e P(A|B) denotes the probability of A con-
ditioned on B.

e P(BJ|A) is computed similarly.

P (A[B) P (AB) /P (B)

P(AB) /P (A)
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Statistical Independence (for events)

e Two Events A and B are statistically independent if their joint probability
is the product of their marginal probabilities:
Pr{AB} = Pr{A}Pr{B} & Pr{A|B}="FHAB}_prry

Pr{B}

Which Venn diagram depicts /ndependent events?
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