Random Networks and Percolation

 Percolation, cascades, pandemics

* Properties, Metrics of Random Networks

e Basic Theory of Random Networks and Cascades
o Watts Cascades

* Analytic Model of Watts Cascades
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Types of Percolation Models

“Short loop” models (Stauffer, Grimmett, Morris) usually assume
regular network structure or same nodal degree for all nodes

“Long loop/no loop” models (Newman, Calloway, Watts) usually
assume random tree-like structure

“Collective action” models (Schelling, Granovetter) assume k = n (all
nodes see all other nodes)

“Local action” modelsassume z << n (Watts, etc.)

“Threshold models’ (Morris, Schelling, Granovetter, Watts) assume
that a node changes state when more than a threshold fraction of
neighboring nodes have changed state

— Threshold models are equivalent to deterministic two-person
games (L opez-Pintado) (Morris)
— Disease spreading (SIR) assumes a threshold number of neighbors

Mixed collective/local models have aso been proposed (Valente) for
diffusion of innovations
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Percolation Contexts

« Spread of diseases (Watts and others)(local)

* Propagation of rumors (Newman, Watts,
Calloway)(local)-scary talk about surprises

» Success of “blockbusting” (Schelling)(collective)
e Decisionto join ariot (Granovetter)(collective)
« Adoption of innovations (Rogers, Valente)(both)

e |n each case, nodes are assumed to be different In
their susceptibility - an important issue for
sociologists

e Thresholds are used to model these differences
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Diffusion of Pandemic Diseases

Model assumes disease starts from a point and travelsin
two modes: local commuting and international air travel

Disease follows SIR or SIS model, with parameters that
need to be estimated for each outbreak

Procedure i1s to run the model with different trial
parameters and see which ones best match time of
outbreaks in different main airline destinations

Model has been built up over about 10 years of IATA,
census, and local transportation data

Prediction that HIN1 would peak in US in October at low
levels

Prediction that it originated in Mexico, not apig farmin
MN, etc.

http://cnets.indiana.edu/tag/epidemic-modeling
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Diffusion of the Black Death: Slow

ecember 31, 1350
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Image by MIT OpenCourseWare.
Ralph's World Civilizations, Chapter 13
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Values of R0 of well-known infectious diseases[1]

Disease Transmission RO
Measles  Airborne 12-18
SI R I\/I Odel Pertussis  Airborne droplet 12-17
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SO0 prermr—— . . . ; ~ Polio Fecal-oral route 5-7
, . Lestttt! o Rubella Airborne droplet 5-7
480 Su@eptl bl e (S) o ‘ 7 Mumps Airborne droplet 4-—7
am L ’ o | HIV/AIDS Sexual contact 2-5[2]
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R, = f#/v"Basic Reproduction Number"

http://en.wikipedia.org/wiki/Compartmental _models_in_epidemiology
http://en.wikipedia.org/wiki/Basic_reproduction_number
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Using Data and Model to Find Parameters

Likelihood of Epidemic Parameter Values
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Adoption of Innovations - Rogers

Innovativeness and Adopter Categories

Adopter categorization on the basis of innovativeness

Innovators 2.5%

Early Early Late
adopters majority majority

13.5% 34% ; 34% . Laggards 16%
X - 2sd X - sd X X +sd

The innovativeness dimension, as measured by the time at which an individual adopts an
innovation or innovations, is continuous. The innovativeness variable is partitioned into

five adopter categories by laying off standard deviations (sd) from the average time of
adoption (X).

Image by MIT OpenCourseWare.

Basic idea: later adopters wait until more have adopted first.
Givesrise to threshold models of diffusion and percolation.

2/16/2011 Random networks © Daniel E Whitney 1997-2010
and cascades

9/46



Adoption of Hybrid Corn - Rogers
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The number of new adopters each year, and the cumulative number of
adopters, of hybrid seed corn in two lowa communities
Image by MIT OpenCourseWare.
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What'’ s I nteresting About Random
Networks

They represent one extreme of networks
— Another isregular structures like grids or arrays

— Another is “designed”’ networks with rational but not
necessarily regular structure

They can be analyzed mathematically (“light’s better”)

The non-randomness of other networks can sometimes be
measured by comparing metrics with random networks of
similar size and density

Some real networks are more random than one would
Imagine

Some random networks harbor non-random properties
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Basic Theory

* Network has n nodes
o A pair of nodesislinked (both ways) with probability p
e The number of linksin the network m= pn(n-1)/2

— Some fraction of the number if all nodes were linked,
counting each pair of nodes once

 Theaverage nodal degree=z= 2m/n = pn

* The clustering coefficient C = pr(2 neighbors linked) =
pr(any pair linked) = p = z/n

e For given z, C goes down asthe size of the network grows

* For many properties “P” we find that P “suddenly appears’
when tracked according to some network parameter like z

— “Sudden appearance” is usually called a phase transition

— The most common example P is connectedness
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Subgraph Shapes in Finite Random
Networks in Matlab

 When z =1, about one third of the nodes are isolated and
have k = 0 while another third have k = 1, implying lots of
linked pairs of nodes

o Clusters, if any, have z~ 2 and contain the last third
— Small stars, chains, trees
— Few closed loops
« To get abig connected cluster, we need z >1 for the graph as
awhole and z > 2 for a connected cluster because z of atree
IS ~2
— For atree, m=n-1,z=2m/n,.. z~2
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Degree Distribution of ER Random Network

 For large n the degree distribution is Poisson, and
Z=np Isthe only adjustable parameter

n-1 k1, Z¢
pk=£ kJ “A-p) T =ze qif N

Random Network, n = 1000, z = 8.89

p,=€"=0.3679
p,=€"'=0.3679
p,=e/2=0.1359
p,=€e'/6=0.0453

150
Tuu
‘ ‘ sU
| 1 L u | I
12 14 18 18 20 22 (1] 1 2 ]
;

il 4
2=10 7= 1.006
* Thislooks roughly Gaussian for large z, highly peaked for small z
e Standard deviation o =+/z
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Average Path Length and Network
Diameter

Typical node has z neighbors

Each of them has z neighbors (assumes somewhat tree-like
structure, true when z is not much bigger than 1)

At distance | there are ~ Z neighbors (if zis small so that
the network is mainly tree-like)

If d = the shortest distance all the way across a network of
n nodes, then 22~ n and d ~ In(n)/In(2)
Average path length < diameter so | ~ In(n)/In(2)
Exact formulafor APL: < sz In()—y
In(z)
y= Euler'snumber = 0.5771

Average path length in random networks

+0.5

Agata Fronczak. Profr Fronczak. and Janusz A. Holyst
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Percolation and Cascades

* Both terms are ~synonymous with emergence of a
“giant cluster”

— In an infinitely large random network, the size
of a connected cluster 1s a non-zero % of the
total number of nodes

— In afinite network, the cluster sizeis
comparable to the size of the network

e Glant clusters appear If the network Is dense
enough

* Theproventhreshold for E-Risz=1

2/16/2011 Random networks © Daniel E Whitney 1997-2010 16/46
and cascades



Percolation, Cascades, Rumors

A network consists of nodes that can be “flipped” from their
Initial state (off) to another state (on) depending on thelr
“vunerability”

o A “seed” node (or in some models, a set of seed nodes) Is
arbitrarily switched from off to on

» Subsequently, other neighboring nodes may flip, depending
on model assumptions

« The cascade will not permeate the whole network unless the
network “percolates’ or is connected with probability = 1

 Evenif it isconnected, it still may not percolate
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Vulnerability and Stability

A nodeis“vulnerable’ if one flipped neighbor can

flipit o 0  Kk<K?*
A stable node is“first order stable’ if two flipped
neighbors can flip it K* < k< 2K *

A stable node is “second order stable’ if three
flipped neighbors can flip it
elC o

®—0 2K*<k<3K*

o
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Percolation Theory for Sparse Random Graphs

e Derived by Newman and others using generating
functions

» Recreates and extends the Molloy-Reed criterion
o Extended by Watts

» Assumes graphs (or vulnerable subgraphs) are
trees and networks are of infinite size

All nodesvulnerable 2 kkk-Dp.=z  Molloy-Reed criterion

Vulnwithpr = b 0> k(k-1)p, =z
k=0 Watts rumor cascade mode :
Vulnisfct of k Y k(k-Dp.p, =2 , Z{lforksK*
k=0 X Ofork>K*
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Example Percolation on a Tree

Z = excess degrees at step |
n; = ith neighbors

Zz=3 n1=3
ZZ=2 n,=z, *nl =2*3=6

232 n,=z,"1, Z3227’l1223 12

For E - R, avg excess degree of aneighbor=z-1
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Single Node Seed, No Threshold

NAVAN

First Step Second Step

Number of nodes hit on first step =
number of edges out from seed = &
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Multi-Node Seed, Threshold

Number of nodes hit < number of edges out because some
nodes are hit multiple times, allowing stable nodes to be flipped
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Two Steps, Multi-Node Seed, Threshold

1<k<K*: flipif > 1 neighbor flips
K*+1<k<2K*: flipif > 2 neighborsflip

" " ? e

Seed First Step Second Step
K* =4
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Watts Cascade Diagram

Theoretical boundary: infinite nodes

Simulation boundary: 10000 nodes
/No Global Cascades ) Network iS too

| densely
| connected

| Network is

- disconnected
01 012 0.14 0.16 0.18 0.2 0.22 0.124 0.26 ¢

109 8 7 6 5 4 K K*=|_1/¢J

Lower threshold: more likely to cascade

nser connections: better resistance to cascade

Watts, PNAS April 2002
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Vulnerable Clustersin Finite E-R
Networks

16
' ; " Network is one big
stable cluster
i with very few isolated

14
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Watts Theory and Simulations

e Theory
— Global cascadesregion: “small” seed can start a global
cascade
— No global cascades region: “small” seed cannot start a
global cascade

e Simulations on network with 10000 nodes

— Global cascades region: seed of one node can start a
global cascade

— No global cascades region: seed of one node cannot
start aglobal cascade
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Cascades In Finite E-R Networks Can
Happen in the No Global Cascades Region

Bigger seeds, size scaling

16 . . ] r .
i

14 | with network size, are |
-_— -i needed to start cascades
12 = . -‘. __/
No Global Cascades
1“ = ™ [:} =1
- ne node seed can star
ey a cascade if cluster-hopping
4 8L { -/ happens ]
6 L | i g = " 8
1 . _— - — q
I
One node seed can start s ®
4 a cascade because l- ———_l
vulnerable nodes are I
2 5o easy to find I
Walsoig g1 Carsca I l\:“:'- C::} I ]
, B T e

u | 1 | | | I |
0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 @
i0 9 8 7 6 5] 4 K*

D. E. Whitney, NDynamic theory ot cascadeson tinite clustered random networks with a
threshold ruleOPhysical Review E. E 82, 066110 (2010)
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Simulations: Necessary Seed Sizes (n =

4500)

16 T T 1 | !
' 1 5 15 75 145 280 579
14 L-“ -; ] | | I
" @
12 te=, 1 1|o 4|0 190 2115 475
I_ - | 'No Glob'al Cascades |
10 1
A
G - 1 32 125
8 | b e 0 | | 370
| 1 60 275
6 | \ '—.—.—._ o P |
Seed = 1 node here -
P ' 1 135
4 | © Global Cascades _2 % e 0
|
’
2| * 60
G ol e B o B el ol B il P e B el B = =
0 | 1 L 1 1 1 1
0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.333 ¢
10 9 8 7 6 5 4 3 K
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Simulations; Threshold Seed Size- A

Phase Transition

100

90

80

70

60

50

40

30

20

10

Likelihood of TNC vs Size of Seed

o

n= 4500, z=115 K* = 4 /

/ “Threshold” seed

//size =215

i

150 170 190 210 230 250 270 290

Size of Seed
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Typical Cascade Trajectories Throughout
Transition Range of Seed Size

Nn=4500,z=11.5 K*=4

350

¢—S = 200 (no TNCs)

300

——8S = 210 (no TNCs)
250

——S = 220 (30% TNCs)

200 ©—-S = 220 (70% no TNCs)

150 —%—=S = 230 (90% TNCs)

o-S = 230 (90% TNCs)

100 2
——8S = 240 (100% TNCs)

50 -

—=—8S = 270 (100% TNCs)

——S = 300 (100% TNCs)

“Near death” phenomenon
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Theory

Py :%ps(i’s)pns(k_i’n_ S)

a i@pi - p)&i(N - Sjp“ a-py

i—o\l K

Any unflipped node: Any unflipped node: First flipped set
n-S of them n-S-F1 of them - F1

C2s > e
Seed = S Network = n
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Theory Step 2

w4 5o (e

1=0 1'=0

N-S—-F1-1} i N—S-F1-1—(k—ii")
X( K—i—i° jnSFl(l Prse1)

P, = 2., /N reflects avail able edges from F1
Prs1  reflectslarger p of unflipped nodes
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Theory: Cascades in “ Global Cascades’
Region - Seed = 1 Node

Number Flipped vs z for S =1, n = 4500
3500
3000
2500 ——K*=4 *°
141
2000 —#-K*=5 ol 1o
—a— K*=6 s | ?_ No Global Cascades
1500 —S—K*=7 i Tl
1000 -=K=g| ° ° -
6 2
500 4L Glopal Ciscads S a2
0 L ‘L’\L‘—I—&"—“-‘—L—I—l;— S I D e
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 .1 042 0.14 046 048 02 022 024 0.26 ¢
Avg Nodal Degree z 0o 8 7 6 5 4K
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Theory and Simulations. Cascade in “Global
Cascades’ Region

n=4500,z=11.5,S=1,K*x=9
Theory and Simulation (avg of 10 runs)

4000

T = theory
3500 S = simulation
3000
2500 / / <>—Flip by Step (T)
2000 ——Flip Total (T)

—&— Flip by Step (S)
- Flip Total (S)

Step
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Theory and Simulations. A Cascade in “No
Global Cascades’ Region

Theory and Simulations
n =4500,z=11.5, K¥ =4,S = 250

4500 900
4000 ﬁ: 800
3500 I r 700 —=— cumflipped (S)
3000 600

——cumflipped(T
2500 500 pped(T)

400 —* numflippedthisstep (S)
(right scale)

300 > pumflippedthisstep(T)
(right scale)

2000
1500
1000

500

a— 200
> 100
o NIV ,\r—vﬁ\/\/ 0

1 3 5 7 9 11131517 19 21 23 25
Step
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Theory: Ability to Predict Threshold
Seed Size

S Transition: Theory and Simulations
n = 4500, z = 14.56, K* =

1 1
0.9 ¢ 0.9
0.8 0.8
0.7 & 0.7
0.6 / 0.6
0.5 /Z I Simulations 0.5 Simulafions

/ ll / /]
0.2 I > /

| I
0.1 /- o f ‘

0 4
120 130 140 150 160 170 180
Size of Seed, S

Size of Seed, S

S Transition: Theory and Simulations /
n =4500,z=11.5,K*x =5

o : 4 1
oo f re

S Transition: Theory and Simulations
n = 4500,z = 11.5, K¥ = 4

0.7 0.8
/ 0.7
0.6
0.5 Simulations 0.6
’ g —#—Theory 0.5 :Ln;:latlons
- ry

:‘3‘ / ’ 0.4

/1 o f
| /| o /
Z/f%W el E Whitney I o . 46

110 13 150 150 200 250 300

20
sanekegascades Size of Seed, S




At S = 215, Fallure Most of the Time

700

600

500

400

300

200

100

Failure

n = 4500,z = 11.5, K* = 4, S = 215

1 2 3 45 6 7 8 91011121314 151617
Step

80

70

60

+ 50

40

30

20

10

—#—num one short

—&—n/zFj (theoretical upper
bound of one short)

—o—num flipped this step (right
scale)

—>—Theory
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Occasionally, Success. Why?

Success
n =4500,z =115, K¥=4,S =215

1400 350
1200 300
1000 — 250
—=—num one short
800 200 —*—n/zFj (Theoretical max for
one short)
N —o—num flipped this step (right
600 | 150 scale)
—>¢&—Theory
400 100
-~
f \ AT 0
200 50

o "\;’\;'—_.A.A'A.. 0000000 ° il 0
1 7 10 13 16 19 22 25 2muy\‘ .,
Step Near death
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Cause of Wake-up After Near Death

« Caused by acritical mass phenomenon
* Near death only afew nodes flip on each step

e At most they can hit one node each since, for so few nodes, the
likelihood of multiple hitsis about zero

e So only nodesthat are one hit short of flipping have any
chance to flip during this phase

e Thischanceis proportional to how many one-shorts there are
on any step and how many net edges Fj has

e This population is growing but at the same time the number of
flippersisfalling
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Derivation of Critical Mass

Fj Z.
n

pr (anode in the network linksto Fj) =

# nodes with edgesto Fj = Fj z,

=# nodes that will be hit by Fj
fraction of these that will flip=

fractional representation of one snort in the network = Nos

T : : Nost 2 4
number of nodes that Fj flipped nodes will flip= ——=
n
If each node in Fj flips one node, the cascade is self - sustaining.
& 1: NOSZFj
n
or Nog = N/z;
or Fj * Nos: Fj * n/ZFj
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Theory and Simulations; Evolution of max
One Short Failures (avg of 20 runs)

Maximum of One Short for Failed Cascades
n = 4500, z = 11,55, K¥ = 4

700 1
©—max one short
600 T 0.9 simulations (failed runs
| 0.8 only)
500 | | 0.7 —%—max one short theory
.6
400 f—— —+—n/zFj predicted max
/ I 1 0.5 one short for failures

300

/ l 0.4 —fraction of sim runs
200 II II 0.3 with cascades (right

scale)
0.2 . fraction of theory runs

100 ‘ "(/ 1 ‘ 0.1 with cascades (right
0 ‘o

scale)
180 190 200 210 220 230 240
Size of Seed S

Maximum of One Short for Failed Cascades n = 4500,
z=14.6, K* =4

600 £ 1
i ; 0.9 —¢—max one short
500 simulations(failed runs
S 0.8 only)
< —*—max one short theory
400 & 0.7
—&—n/zFj predicted max one
300 short for failures

/

200
100 / 0.2 —*—fraction of theory runs

// j with cascades (right scale)
0.1
0 ¥ HE— - T 0

250 260 270 280 290 300 310
Size of Seed S

0.4 =»—fraction of sim runs with
0.3 cascades (right scale)

: ,l#‘ o
/

If one short exceeds the bound, a TNC almost always occurs.
If one short does not exceed the bound, a TNC almost never occurs.
Variation in one short can cause a TNC when mean is below bound.
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When r > 0 Cascades Occur for Bigger z

16 | | | 1 1 1 1

14 | :
T r=0.75
12 - == \\() r=0.82 s}
r=0t — ¢ No Global Cascades
10 | 3= &r=0.5 5
L 0 =025

4 8 L { e dr=0 :

E . ; * ® g i

1 or=035
4 | Global Cascagles L2 % e 8 r=0
|
2L : |

0 | i i i i i i
0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26

Increasing r generates larger vulnerable clusters
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A(HIN1): aMonte Carlo likelihood analysis based on human
mobility[1D. Balcan, H. Hu, B. Goncalves, P. Bgardi, C. Poletto, J. J.
Ramasco, D. Paolotti, N. Perra, M. Tizzoni, W. Van den Broeck, V.
Colizza, A. VespignanilLl, BMC Medicine 7, 45 (2009)

2/16/2011 Random networks © Daniel E Whitney 1997-2010 45/46

and cascades


http://cnets.indiana.edu/tag/epidemic-modeling
http://www.pnas.org/content/106/51/21484.full.pdf
http://www.pnas.org/content/106/51/21484.full.pdf
http://www.biomedcentral.com/1741-7015/5/34/abstract
http://www.biomedcentral.com/1741-7015/5/34/abstract
http://www.biomedcentral.com/1741-7015/7/45/abstract
http://www.biomedcentral.com/1741-7015/7/45/abstract
http://www.biomedcentral.com/1741-7015/7/45/abstract

Backups

2/16/2011 Random networks © Daniel E Whitney 1997-2010 46/46
and cascades



Generalized Random Networks

* E-R random network has a Poisson degree distribution

e Random networks can be built with arbitrary degree
distributions, but software is required

 Newman saysthat it is better to generate a specific degree
seguence from the distribution and then generate a network
with that degree sequence in order to guarantee that the
software uses the same degree sequence all the way
through the generating process
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Subgraph Shapesvsp

p~ na, 7 ~ r]a+1

yA O n-l n-1/2 n-1/3 n-1/4 1 n1/3 n1/2
p O n-2 n-3/2 n-4/3 n-5/4 n-l n-2/3 n-1/2
5 1
a oo 4 _; - i —— -1 - % -3
~ \\ /l\ A 3 X 2
zforn=1000: 0 0.001 0.0316 0.17/8 31.6

The threshold probabilities at which different subgraphs appear in arandom graph. For
pn*? — 0 the graph consists of isolated nodes. For p ~ n~>'? trees of order 3 appear,
whilefor p~n™'? trees of order 4 appear, but not many. At p~n"treesof al orders
are present and at the same time cycles of all orders appear, but again, not many. The
probability p ~ n?’® marks the appearance of complete subgraphs of order 4 and

p ~ n Y2 corresponds to complete subgraphs or order 5. As a approaches 0 the graph
contains compl ete subgraphs of increasing order.

R. Albert and A.-L. Barabasi: Statistical mechanics of comolex networks 56
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Site and Bond Percolation on Regular
Graphs

e “The most common percolation model isto take a
regular lattice, like a square lattice, and make it
Into a random network by randomly ‘ occupying’
sites (vertices) or bonds (edges) with a statistically
Independent probability p. At acritical threshold
P., long-range connectivity first appears, and this
IS called the per colation threshold.” [see
wikipedia reference “ percolation threshold”]

» For asquare grid, p. = 0.5 for bond percolation
and p, = 0.59274621 for site percolation
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Percolation Step by Step

Regular Networks. Occupancy Random Networks: z

Each node has 2 neighbors.
> » » e_a a Itmustbelinked to both for
there to be a chance of a

giant cluster. So p_= 1 In a random network with n
: =1

nodes each node has n neighbors.
It must be linked to at least one
for there to be a chance of a giant

" [ =— I ® Each node has 4 neighbors. CIUSt?r-_ Sop.=1/n. Butz=pn
» [t must belinked to at least 2 for so this is the same as z, = 1.

ol
© & 0 + » theretobeachanceota See Albert and Barabas “ Stat Mech of Complex

giant cluster. So p_.= 0.5. Networks” for a detailed derivation

Thereis no proof or formulafor p. when d > 2 except for d > 19 and some special cases.

See Slade, Gordon, “Probabilistic Models of Critical Phenomena,”
Princeton Companion to Mathematics, edited by Timothy Gowers.
Scheduled for publication in 2007. for adetailed discussion
http://www.math.ubc.ca/~d ade/
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Vulnerable Clusters Multiply the Seed’s

Search Efficiency and Effectiveness

By itself, a single seed cannot flip a stable node
Other stable nodes

/

/Vul nerable cluster

< Seed
Vulnerable nodes have afew links to each other (average ~ 1.5) and
more links to stable nodes outside their cluster. Working together,

vulnerable nodes can flip stable nodes but most likely this happens

only when vulnerable nodes co-exist in clusters
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Cluster-Hopping Creates TNCs When
Vulnerable Clusters Are Small

Vulnerable cluster

Stable node
Seed Vulnerable node

Whitney, ICCS, 2007
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Do Random Networks Have Cycles?

n
ki
k) . Z
Expected k—cycles=——p" = —for N>>K
2k 2k
Number of k-cycles:
number of loops in random networks 5 h=50,zZ=6
10 . ; . .
1E+22
1E+20 L
1E+18 : 10”
1E+16 =]
=
1E+14 2 "
1E+12 &« —o—loops z = 3 5 107t
1E+10 e loopsz =16 E
Q
1E+08 X =n
1E+06 X // ; 1010 B
10000 _/ o
100 - E .
1 : : : : ‘ 3 10
10 20 30 40 50 60
n - number of nodes 5
10 1 1 | 1
0 10 20 30 40 50
] d s Cycle length k
Diestel, R., Graph Theory, 3 edition oniine ar <ntp://www.matn.uni-
hamburg.de/home/diestel/books/graph.theory/index.html> page 298
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n = 3000

z=11.62
Biggest cluster = 13

and cascades

1033 )
‘n‘
J

i3

Progression

Of 2125
cascade e

@ Vulnerable node
v Stable node

Vulnerable
\ — Cluster

Loop Length Number of Loops

3 261
4 2274
5 21114
6 204118
7 2028956
8 20581273

Progression of a cascade. jpg
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Percolation Theory for Random Graphs

Most theory assumes we are dealing with a sparse network
that has few or no closed loops, especially no small closed
loops

Thisis measured by the clustering coefficient, whichis
small for big random networks where the theory has been
developed

If there isno clustering or small closed loops then it is easy
to calculate how many neighbors, second neighbors, third
neighbors, etc, a given node has because no node is its own
third neighbor and the probability that anode isits own nth
neighbor goes down as n goes up.

If there are more n™™ neighbors than (n-1)™ neighbors for all
n and the network istree-like, then there isa giant cluster

The calculations can be done for any random graph whose
degree distribution is known, not just E-R random graphs,
aslong asthereis negligible clustering
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Variants of the Theory

e 1. The percolation (or cascade) proceeds when alink is
established between two nodes. Thisisbasic smple
percolation described on the previous slide.

o 2. Thepercolation proceeds if alink is established with a
node that is “vulnerabl e’

— A) Vulnerability can be afunction of k or it can be the
same for all nodes (some number 0<b < 1)

— B) Simple percolation hasb =1 for all nodes
— C) Watts rumors cascade model has

b=1fork<K?*
b=0fork>K?*
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Derivation of Cascade Conditions (Newman)

Pick an edge leading from a node and follow it to
a neighboring node.
N What is the (excess) degree distribution of this neighbor?
isecessdegee=3 | 1S degree = kK, 1ts edges are k-times more numerous
Nrensgnor than if its degree = 1 (think of the edge list)
vreedge But the fraction of nodes with degree k isp,.
The node So the likelihood of encountering a node of degree k

by this process is proportional to kp,

Distribution of excess degrees of neighbor = ¢, = J‘L or %= (K+D Py
Z kp, z
k=0
. 2keDkpe, 2kk-Dpo
(q) = avg excess degree of neighbor = Y kg = _ ko - _%
k=0 Z Z V4 Z,
2/16/2011 Random networks © Daniel E Whitney 1997-2010 57/46
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continuing

avg number of 2nd neighbors per 1st neighbor = z, =< k* > -z

avg number of 3rd neighbors per 2nd neighbor =z, =z, =< k* > -z

m-1
Avg number of mth neighbors = z‘{%}
This diverges when {%} =1
} @ (from prev dlide)
> k(k=Dp,
Generdizeable =1
Cascade condition or
s 2\ _ 2 2
- Skk-pp -z | O ER{K)=(k) =2
- =0 So, for E-Rthisisthesameasz=1
Molloy-Reed criterior (See notes)
58/46
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continuing

For the case where all nodes have vulnerability = b:

b) k(k-)p,=z  Seenotes

k=0

For the case where vulnerability is afunction p, of k

ik(k—l)p D =2 Watts rumor cascade model :
kMk —

k=0 1fork<K*
Pk =

Supporting derivations of thesetypically use
generating functions
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Rules for Simulating Cascades

Build a random network with some value of z and set the
value of K*

Choose a node at random (the seed) and flip it

Find its neighbors and flip all that are vulnerable

Find their neighbors and flip all that can be flipped
— “Vulnerable’ onesflip if one neighbor flipped

— “First-order” stable onesflip if two neighbors flipped,
etlc

Keep going until all nodes have flipped that can

Use some criterion to say if aglobal cascade has happened
or not

Watts made a new network each time but | reused the
network to save time. This permitted me to examineit.

2/16/2011 Random networks © Daniel E Whitney 1997-2010 60/46

and cascades



MIT OpenCourseWare
[http://ocw.mit.edu

ESD.342 Network Representations of Complex Engineering Systems
Spring 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


