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Notation for Mean, Variance, and Correlation

" Consider random variables x and y with probability
density functions f,(x) and f,(y) and joint probability
function f, (x,y)

= Expected value (mean) of x is
T =FE(x) = /OO xfz(2)dx
— 00
= Note: we will often abuse notation and denote ©
as a random variable (i.e., noise) rather than its mean
= The variance of x (assuming it has zero mean) is

—2 o0
- = E(z™x) =/ ¥z fo(x)dx
— OO
= A useful statistic is
>0
Ty = E(zy) = /_OO 2y foy (2, y)dzdy

= |f the above is zero, x and y are said to be uncorrelated
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Relationship Between Variance and Spectral Density

Sx(f)

Two-Sided Spectrum One-Sided Spectrum
Sx(f)
M f N
f f
f, f1 0 f b o f f,

" Two-sided spectrum

5 _ _fls q fQS y
2= [ D+ [ 5D

) f2
= Since spectrum is symmetric = z? = Q/f S (f)df
1

" One-sided spectrum defined over positive frequencies

= Magnitude defined as twice that of its corresponding
two-sided spectrum

" |n the next few lectures, we assume a one-sided

spectrum for all noise analysis
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The Impact of Filtering on Spectral Density

«(f) IH(f)[? S,(f)

All | B-./\ AB-./\f

0 0
x(t) y(t)
—>| H(H) >

" For the random signal passing through a linear,
time-invariant system with transfer function H(f)

Sy(f) = [H()I?Sz(f)
= We see that if x(t) is amplified by gain A, we have
Sy(f) = A2S:(f) = y? = A%
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Noise in Resistors

" Can be described in terms of either voltage or current

2

- 1
e2 = AkTRAf i2 = AT A
® kis Boltzmann’s constant

k=138x10"%J/K

" T is temperature (in Kelvins)
= Usually assume room temperature of 27 degrees Celsius

= T = 300K
M.H. Perrott MIT OCW



Noise In Inductors and Capacitors

" |deal capacitors and inductors have no noise!

— L

" In practice, however, they will have parasitic resistance
= Induces noise

= Parameterized by adding resistances in parallel/series
with inductor/capacitor

» Include parasitic resistor noise sources

M.H. Perrott MIT OCW



Noise in CMOS Transistors (Assumed in Saturation)

lol D Transistor Noise Sources
G—”: - Drain Noise (Thermal and 1/f)
S Gate Noise (Induced and Routing Parasitic)

" Modeling of noise in transistors must include several noise
sources

= Drain noise
= Thermal and 1/f — influenced by transistor size and bias
= Gate noise
* Induced from channel — influenced by transistor size and bias

» Caused by routing resistance to gate (including resistance of
polysilicon gate)
= Can be made negligible with proper layout such as fingering of
devices
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Drain Noise — Thermal (Assume Device in Saturation)

Vp>AV

" Thermally agitated carriers in the
channel cause a randomly varying _
current | ne

‘nd ‘h - 4kT,ygd0Af
= vyis called excess noise factor
= = 2/3 in long channel
= =2 to 3 (or higher!) in short f
channel NMOS (less in PMOS)

= d4, Will be discussed shortly (Note: g4, = gm/a)

4kTygqo
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Drain Noise — 1/f (Assume Device in Saturation)

Vp>AV
" Traps at channel/oxide interface
randomly capture/release carriers  _
_ K K 2 'nd
2y =dapsSImoap F |
l/ f f f WLCO:C 1/1C‘jrnaol?se
= Parameterized by K;and n 4Ty, \ drain thermal noise
= Provided by fab (note n ~ 1) N
} f
= Currently: K; of PMOS << K; of omlnoise

NMOS due to buried channel

= To minimize: want large area (high WL)
M.H. Perrott MIT OCW



Induced Gate Noise (Assume Device in Saturation)

ng

Vp>AV

" Fluctuating channel potential
couples capacitively into the gate —
terminal, causing a noise gate 'zgf
current

slope =
2 f 20 dB/decade

2
-2
i2, = 4kTs A
ng 9do (\/g/a(gm/cgs)) f AKTOQgo |raeemcancanencancacancaegfinnmnnnn

= Jis gate noise coefficient Jif
= Typically assumed to be 2y %

= Correlated to drain noise! (Note: @ = gm/940)
MIT OCW
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Useful References on MOSFET Noise

® Thermal Noise

= B. Wang et. al., “MOSFET Thermal Noise Modeling for
Analog Integrated Circuits”, JSSC, July 1994

= Gate Noise

= Jung-Suk Goo, “High Frequency Noise in CMOS Low
Noise Amplifiers”, PhD Thesis, Stanford University,
August 2001

= Jung-Suk Goo et. al., “The Equivalence of van der Ziel and
BSIM4 Models in Modeling the Induced Gate Noise of
MOSFETS”, IEDM 2000, 35.2.1-35.2.4

= Todd Sepke, “Investigation of Noise Sources in Scaled
CMOS Field-Effect Transistors”, MS Thesis, MIT, June 2002
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Drain-Source Conductance: g,

" g4, is defined as channel resistance with V=0
= Transistor in triode, so that

W V2
Iqg = pnCox— (Vgs — VT)Vds — _ds
L 2
dl W
= | 9do — d = pnCos—(Vys — V)
dVdS Vdg:O L

= Equals g, for long channel devices

" Key parameters for 0.184 NMOS devices
pn = 327.4cm?/(V - s)
tor = 4.1 x1079mM € = 3.9(8.85x 1071%) F/m
= inCop = pn—2 = 275.6 x 1078 F/(V - )
Vi = 0.48 V Ow
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Plot of g,,, and g,, versus V, for 0.18;/ NMOS Device

. Transconductances g, and g, versus Gate Voltage V4

w
a1
T

w
T

ng=UnCoxW/L(Vgs'VT)

N
ol
T

N
T

=
ol
T

dm (simulated in Hspice)

Transconductance (milliAmps/Volts)

[EEN
T

0.5 i
O | | | | | | |
0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Gate Voltage VgS (Volts)
. agm 1
" ForV__bias voltages around1.2V: a=-—~= —
9° 9do 2
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Plot of g,, and g, versus |, for 0.18./ NMOS Device

M.H. Perrott

Transconductance (milliAmps/\Volts)
= N w
- 3 N 3] w 3}

o
o

Transconductances g, and g versus Current Density

dm (simulated in Hspice)

9do=HnCoxW/L(Vgs-VT)

200 300 400 500
Current Density (microAmps/micron)

600

700
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Noise Sources in a CMOS Amplifier

€nGr €nD> Cndeg - NOISE sources of external resistors
Rgpar, engpar . Parasitic gate resistance and its noise

ing : induced gate noise, ( wQCQQS)
9dg —

gg - caused by distributed nature of channel
79 5940

drain noise (thermal and 1/f) MIT OCW
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Remove Model Components for Simplicity

Rgpar, €ngpar - Can make negligible with proper layout
gg - assume to be neglible (for w < wy)
Csps Cyas Capy 9mp = t0O painful to include for calculations

ro . impact is minor since Rp is small (for high bandwidth)
M.H. Perrott MIT OCW



Key Noise Sources for Noise Analysis

2

-------------------------------------------------------------------------

Vi ERS Ruo €ndeg = ART Raeg N f
" Transistor gate noise " Transistor drain noifs{e
i2, = AkToggAf, i24 = AkTvgaoOf + f—,,{Af
w?Cg; — T
where g4 = Thermal noise  1/f noise
9940
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Apply Thevenin Techniques to Simplify Noise Analysis

iout
l D
C A :
_4 - +
Zg i ng ing VQS—— Cgs gmvgs<> CLDE E
v - 5
—r © < @ )

-

---------------------------------------------

---------------------------------------

---------------------------------------

" Assumption: noise independent of load resistor on drain
M.H. Perrott MIT OCW



Calculation of Equivalent Output Noise for Each Case

--------------------------------

--------------------------------

lout = nggs @ + 77%

Z'nclg — ngQS @ + 77@

M.H. Perrott

-

--------------------------------------

-----------

------------------------
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Calculation of Z

ioutl
R | D_
G~
. f itestT +
Zg E ng Viest VQS:: Cgs gmvgs<>
1o -
+ IS
V4 Zgeq

" Write KCL equations

: VUtest U1
1 — 1 v =
(1) test T+ 1/(80g3) + gmUtest Zdeg
Vtest T+ U1 U1
(2) = + — gmUtest
ZQ Zdeg
= After much algebra:
> Utest 1 ‘ Zdeg + Zg
s = - —
I ltest sCgs |11+ ngcleg

M.H. Perrott
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Calculation of n

ioutl
................................. D
Gr )
[ —
_4 +
ZQ E ng VQS——Cgs gmvgs<> <l>itesti
b : j & ® @ ]
R
V4 Zdeg

" Determine Vg to find i, in terms of i,

. . 1/(sCys)

1) = -+ v 2 = —
(1) iout test T dm gi ( )Ugs U1 1/(8098) ¥ Z,
(3) v = iout(ZdegH( + Zyg))

SOQS
" After much algebra:
n = lout ( ngdeg )
— . — — 8
st Ziey + Zs) MIT OCW
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Calculation of Output Current Noise Variance (Power)

ioutl D
Ioutl D G E'-j -------------------- —
G |- : +
Al 5 - Z, i Zgs  Vgs==Cgq gmvgs<? (l) Eg
> ¥
2 Zdeg T N t-_-_._ ............... ::---J
1 S
Zdeg

tout = Z'ndg — 77@ + 9mZgs @

® To find noise variance:

"ndg — "ndg'ndg — (n*@Zd + QmZ;sZ;kzg)(Uan + gmZgsing)

M.H. Perrott MIT OCW



Variance (i.e., Power) Calc. for Output Current Noise

® Noise variance calculation

2 2T TG T T 2
indg = [N indingtindinggmn” Zgs+inding(gmnZgs)” +inging|lgmZgs|

= |n|%i2, + 2Re {3} yinggmn* Zgs} + 7;721g|gng<‘5|2

@ng o 2
= %2, d_l'QRe{ nd —\/ %d@nggmn*zgs}ﬂnglnggsl

2 -2
thd b

" Define correlation coefficient c between i and g

0¥ ying 2 N
c = —nd —— = ot = |77| an-|-QR€{C Und ngdm ZQS}+an|ng95|

S
an (2%
4 I A L
S e i i >
ndg = 'nd |77| + 2Re < c ?gm’n*zgs e T gm|ZQ<‘5|
\ Und nd
\ J

M.H. Perrott m=OCW




Parameterized Expression for Output Noise Variance

" Key equation from last slide

,1;2

indg = tna | 117 +2Re S ¢ | Z2gmn* Zgs

\ tnd

B Solve for noise ratio

4KT Y940

\iog

" Define parameters Z ,,, and x4

\

¢

/

Z’n
_|_ g

-
2 2
79m | ng |
7
nd

am

0

) A4ETH(wC 5 [ 0
9ddo V O

ngw — ngszgs, Xd —

9do

5y

= i24, = ing (In|* + 2Re {cxan* Zgsw} + X351 Zgsu)?)

M.H. Perrott
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Small Signal Model for Noise Calculations

iout l D
Ioutl D G E' -3 -------------------- —
G |- : +
Al 5 - Z, E Zgs  Vgs==Cgq gmvgs<? (l) Eg
> v
2 Zdeg T N t-_-_._ ............... ::---J
1 S
Zdeg

A—f — A—f (|77| + 2Re {exan Zgsw} + X3 Zgsw| )

-2
? gm 0

where: 24 — 4T , = W= Z = wCysZ
N Yddo> Xd 9\ 5 gsw wlgstgs

Zgeq + Zg n—l—( 9mZgeg )Z
1 4+ gmZgeq Zgeq + Zg

M.H. PeFrott wiTT

ocw



Example: Output Current Noise withZ, =R, Z,,, =0

Source -_

= Step 1: Determine key noise parameters
= For 0.18u CMOS, we will assume the following

1
=—j0.55,‘ v=3, §=2y=6, g—m=§ :>‘Xd=o.32‘

9do

" Step 2: calculatenandZ,

ngsRS
1 —l_ ]’UJCQS RS

M.H. Perrott MIT OCW
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Calculation of Output Current Noise (continued)

= Step 3: Plug values into the previously derived expression

,[;2

Af

ndg __

2
Und

f

(1 + 2Re{—jlc|xqZgsw} + X§|ngw|2)

Drain Noise Multiplying Factor

= For w << 1/(R,C,):

2
n

%)
ang O 2 2
Zgsw = wCysRs = YNy (1 + x3(wCysRs) )
Gate noise contribution
= For w>>1/(R,C):

Z%dg ﬂ 2

Gate noise contribution
MIT OCW
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Plot of Drain Noise Multiplying Factor (0.18. NMOS)

Drain Noise Multiplying Factor Versus Frequency for 0.18 1 NMOS Device

1 ey
f << 1/(21RsCys
0.95
S
©
L
c 09}
©
0]
(O}
@
2 085}
£
{©
()
0.8
0.75 i S R —_—
1/100 1110 1 10 100

Normalized Frequency --- f/(2nRsCys) (Hz)

" Conclusion: gate noise has little effect on common
source amp when source impedance is purely resistive!
M.H. Perrott MIT OCW



Broadband Amplifier Design Considerations for Noise

drain gate noise contribution
1/f noise with purely resistive
drain th | ot source impedance
rain thermal noise
4kTYgdo

I I f
1/f noise 1
corner frequency 2MRCys

" Drain thermal noise is the chief issue of concern
when designing amplifiers with > 1 GHz bandwidth
= 1/f noise corner is usually less than 1 MHz
= Gate noise contribution only has influence at high
frequencies (such noise will likely be filtered out)
" Noise performance specification is usually given in

terms of input referred voltage noise
M.H. Perrott MIT OCW



Narrowband Amplifier Noise Requirements

T2
Indg
Af
drain gate noise contribution
1/f noise with purely resistive
drain th | o source impedance
rain thermal noise
4kTY9qo < l -
: . —' — ; f
1/f noise Narrowband 1
corner frequency amplifier 2TRCys

frequency range

" Here we focus on a narrowband of operation

= Don’t care about noise outside that band since it will be
filtered out

" Gate noise is a significant issue here

= Using reactive elements in the source dramatically
impacts the influence of gate noise

" Specification usually given in terms of Noise Figure
M.H. Perrott MIT OCW



The Impact of Gate Noise with Z; = R;+sL

Source -
ioutl
RS e_ns Lg R e L
@ 0000 ¢
_f +

= Step 1: Determine key noise parameters
= For 0.18u CMOS, again assume the following

1
c=—j0.55,‘ v=23, §=2y=6, g—m=§ é‘deO.E}Q‘

ddo
" Step 2: Note thatn =1, calculate Z,,

, 1 wCs(Rs + 9wl
Zgsw = wCys ((Rs + jwLg)||- ) _ 295( st g)
JwClys 1 —w<LyCys + JwCysRs

M.H. Perrott MIT OCW



Evaluate Z,.,, At Resonance

gsw
Source -IT-
ioutl
RS e_ns Lg R e L
@ 0000
_f +

" Set L, such that it resonates with C_  at the center
frequency (w,) of the narrow band of interest

1 1 L
= = Wo Note: @ = = o9

,/LgCgs ’wngsRs - Rs

" Calculate Z, at frequency w,

’wocgs(Rs -+ jwoLg) 2 )
P01 —w2LyCys + jwoCysRs 9ol @ Re=dy Lg/ Cgs)
=[@ -]

M.H. Perrott MIT OCW




The Impact of Gate Noise with Z; = R;+sL , (Cont.)

" Key noise expression derived earlier

2 2
tndg tod . > >
A f — Anf (1 + 2Re {_]|C|Xdzgsw} + Xd|ngw| )

" Substitute in for Z,,
2Re{—jlc|xaZgsw} = 2Re{—7jlc|xqa(Q — 7)} = —2]c|xq

X§|ngw|2 — X§|Q — ]|2 — Xg(Qz + 1)

-2 55
ang _ na 2 2
= Af = g (1 2lea+x3(Q% + 1)

Gate noise contribution

B Gate noise contribution is a function of Q!
= Rises monotonically with Q

M.H. Perrott MIT OCW



At What Value of Q Does Gate Noise Exceed Drain Noise?

— Narrowband
i amplifier
frequency range

4kTY94o drain thermal noise «==
gate noise contribution ==«

W/2TT

" Determine crossover point for Q value

2 5
tnd _ d 2 2
A—; N (1 — 2lelxqg + x3(Q° + 1)>

=1
= Q= \/1/X§ — 14 2|c|/xq (= 3.5 for 0.18u specs)

= Critical Q value for crossover is primarily set by process
M.H. Perrott MIT OCW



Calculation of the Signal Spectrum at the Output

Source —
. ioutl
RS €ns Lg R e L
@ )00 ( ¢
_f +
V,, } Zge  VgsT=Cye gmvgs<> (l)Eg

" First calculate relationship between v:and i
1

V.
1 — szgCgs + jUJRSOQS N

out

Z'0wf,sig — gmUgs — gm

® At resonance:

1

iOUt,Sig — 9mUgs = gmjwoRngsvin = gm(—73Q)vn

" Spectral density of signal at output at resonant frequency

Siout.sig(F) = lgm(=i@)[?Siu(f) =|(gmQ@)%Sin(f)

M.H. Perrott MIT OCW




Impact of Q on SNR (Ignoring R, Noise)

—_ Narrowband
i amplifier
frequency range

signal spectrum s«

4kTY94o drain thermal noise ss=
gate noise contribution ==«

W,o/2TT

" SNR (assume constant spectra, ignore noise from R,):
Swut,sig(f) - (ng)QSm(f)
SiOut,noise(f) i?%dg/Af
" For small Q such that gate noise < drain noise
= SNR,, improves dramatically as Q is increased

" For large Q such that gate noise > drain noise

= SNR,, improves very little as Q is increased
M.H. Perrott MIT OCW
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Noise Factor and Noise Figure

-----------------------------------------------

Equivalent output
. referred current noise .
. " (assumed to be independent

s of Z,;and Z))
e : + | Linear, Time Invariant I :
. Ci) |_> : inear ér}rliu;;vanan <_| — |_> o

Z, ' _ (Noiseless) Zout Z
® Definitions | — kK
. SNR;
Noise Factor = F = —— %
SNR

Noise Figure = 10 log(Noise Factor)
" Calculation of SNR;, and SNR_

SNR;, = oo, = i where o = —_2in
|Od|2 €nRs efrzst Rs + Zin
|a|2|G lout
SNR ,,;; = ’m where G, =
|(X|2|Gm|2 CnRs T Znout Vz

M.H. Perrott MIT OCW



Calculate Noise Factor (Part 1)

Source -1
. ioutl
Rs €ns Lg .......................................
@ 000 (
_f +
Vin E ZgS VQS -1 Cgs gmvgs <,> <l> mg
Ty -

---------

" First calculate SNR_, (must in
= R, noise calculation (same as

clude R, noise for this)
for V.)

tout,Rs = gm(=iQ) @ns = Siput,rs(f) = (gmQ)*4kTRs

25.
- SNRout: = SNROUL‘ — —— (ng) Zn(f)
ang/Af + (ng)24kTR3
Sin(f) _ Sin(f)
" Then calculate SNR, : SNy, = eTM/Af — 412%133
M.H. Perrott e MIT OCW




Calculate Noise Factor (Part 2)

SNR,.W = —— |ng|25m(f) GNP, — Sm(f) _ Sm(f)
"2, JAf 4 (gm@Q)24KTR, " T2 Af  AKTR;

® Noise Factor calculation:
SNRin  inag/ Df + |gmQ*4kT Ry
SNR oyt (ng)24kTRS

i2 JAf
(gmQ)?4kT R

Noise Factor =

" From previous analysis

24/ OF = 4kTvg40 (1 — 2lclxq + (@2 + 1)x3)

Y940 (1 = 2lelxa + (@2 + 1)x3)

(QmQ ) 2 Rs
M.H. Perrolt IT OCW
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Calculate Noise Factor (Part 3)

Yado (1 — 2lelxa + (Q% + 1)x7
Noise Factor = 1+ O( || d)

(gm@Q)?Rs
" Modify denominator using expressions for Q and w;
1

Q — ’ Wt ~ Jm

wORSCgS Cgs
R gm 1 Wy
= (gmQ)°Rs = gan - = gmQ=—— = gmQ—
woRsch CgS Wo Wo

" Resulting expression for noise factor:

Noise Factor = 1+(2) 7 (%42) 2 (1 - 2lcfua + (@2 + 1d)
Wt gm Q

Noise Factor scaling coefficient

= Noise factor primarily depends on Q, w_/w,, and process specs
M.H. Perrott MIT OCW



Minimum Noise Factor

Noise Factor = 1—|—(wo) v (%0) é (1 — 2lelxg + (Q° + 1)X§)

Wt gm

Noise Factor scaling coefficient

® We see that the noise factor will be minimized for
some value of Q

= Could solve analytically by differentiating with respect
to Q and solving for peak value (i.e. where deriv. = 0)

" In Tom Lee’s book (pp 272-277), the minimum noise

factor for the MOS common source amplifier (i.e. no
degeneration) is found to be:

. . W\ 2 5
Min Noise Factor = 1+ (1 —|c
(22) Zevata =1eP)
Noise Factor scaling coefficient

" How do these compare?
M.H. Perrott MIT OCW




Plot of Minimum Noise Factor and Noise Factor Vs. Q

Noise Factor Scaling Coefficient Versus Q for 0.18 u NMOS Device

8 T T T T T T

Achievabrle values as:r
a function of Q under:
. theconstraint that
c=-0 | 1

=W0

J LyCgs :

Noise Factor Scaling Coefficient
N

Cc=-0_____._ .
c =-j0.55
3 mmmEmm === ]
Note: curves Minimum across
2 NOIE BUIVES s _
meet if we ~allvalues of Q and
apgroxima’;e | 1 ‘ ‘
10 Q*+1xQ? JLCqs i;/=-11 |
0 | | | | | | [ [
1 2 3 4 5 6 7 8 9

M.H. Perrott
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Achieving Minimum Noise Factor

" For common source amplifier without degeneration

= Minimum noise factor can only be achieved at
resonance if gate noise is uncorrelated to drain noise
(i.e., if c = 0) — we’ll see this next lecture

= We typically must operate slightly away from resonance
in practice to achieve minimum noise factor since c will
be nonzero

" How do we determine the optimum source impedance
to minimize noise figure in classical analysis?

= Next lecture!

M.H. Perrott MIT OCW
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