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Discrete Fourier Transform — A review
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o {X,} Is periodic
= Since {X,} is sampled, {x,} must also be periodic

o From a physical point of view, both are
repeated with period N

o Requires O(N2) operations
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Fast Fourier Transform History

o Twiddle factor FFTs (non- coprlme sub-lengths)

» C.F., *Nachlass: Theoria Interpolatmnls

methodono tractata,” pp. 265-303, in Carl Friedrich
| 1805 Gauss Gauss, Werke, BndSPG ottingen: Koniglichen

Gesellschaft der Wissenschaften, 1866.

= Predates even Fourier's work on transforms!

= 1903 Runge
= 1965 Cooley-Tukey
= 1984 Duhamel-Vetterli (split-radix FFT)

o FFTs w/o twiddle factors (coprime sub-lengths)
= 1960 Good’s mapping

= application of Chinese Remainder Theorem ~100 A.D.

= 1976 Rader — prime length FFT
= 1976 Winograd’s Fourier Transform (WFTA)
=« 1977 Kolba and Parks (Prime Factor Algorithm — PFA)
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Divide and conquer

M —

1 i ) 3
XJ;=-' E -IJW‘J::[, k=0,..., N"l, WN=E—]IWN
i=0
N-—1 ) e
X(z)= E- xz . z=Wy:
=0
Xk:x(z}z=w.;.k.

o Divide and conquer always has less computations

X(2)= Y xz-'=% ¥ xz Suppose all |, sets have same number
" of elements N, so, N=N,*N,, r=N,
R Each inner-most sum takes N,2 multiplications
The outer sum will need N, multiplications per output point

N,*N for the whole sum (for all output points)

o Hence, total number of multiplications

Ny N+N,- Ni =N;- Ny(N,+N;)<Ni-Ni  if N1, N2>2
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Generalizations

r—1 ) L
X(z2)=Y z7 ¥ xz7" ",
(=D ie I

o The inner-most sum has to represent a DFT
= Only possible if the subset (possibly permuted)

« Has the same periodicity as the initial sequence
= All main classes of FFTs can be cast in the above form

o Both sums have same periodicity (Good’s mapping)
= No permutations (i.e. twiddle factors)
= All the subsets have same number of elements m=N/r
= (M,r)=1—i.e. m and r are coprime
o If not, then inner sum is one stap of radix-r FFT

a If r=3, subsets with N/2, N/4 and N/4 elements
= Split-radix algorithm
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The cost of mapping

F—1

o The goal for divide and conquer — x)=3 = 5 xz .
Y cost(subproblems) + cost(mapping) B

< cost(original problem).

a Different types balance mapping with subproblem
cost

o E.g. in radix-2
= subproblems are trivial (only sum and differences)
= Mapping requires twiddle factors (large number of
multiplies)
o E.g. in prime-factor algorithm
= Subproblems are DFTs with coprime lengths (costly)
= Mapping trivial (no arithmetic operations)
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FFTs with twiddle factors
0 Relntroduced by Cooley-Tukey ‘65

x,;_z W% k=0,...,N—-1, Wy=e?¥

N-1 . _ . .
=L xz =W Start from general divide and conquer
N-1 r—1
X(z)= E xz '=7Y E xz"" C e . .
: =0 e Keep periodicity compatible with
Z 270 ¥ oz periodicity of the input sequence
I = {mN,+n), Use decimation
m=0,...,Ny—1, n,=0,..., Na—1, N=N,-N,. {xli=0,...,N-1} {x|iel}
N 1N2~I
X(z)= E z Xy o o2 2N
np=_0 ny= _ ) ) o .
N,=1 N,=1 Wi =g P MIIN = g m2wil N, Wi,
sty n.i:n e n:z—n x"’”'*"'z“”lwk‘ N,-1 k N,-1 k
X, = ' W"' Xa +,,IW"2 .
Xk=X(z:|]=‘w;lj. k “11-0 n HEO 2™y )
M, =1 N -1
E W"tk E xu;h1+n, wﬁle
e " almost N, DFTs of size N,
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Cooley-Tukey FFT contd.

N,—1 N, 1

X = Z W;k E Iﬂz”l"""lwlsz'
m=0 ns=0 : can be taken mod N,
Wh,= W = wy wh = wk.
MNy—1
Fnhk: z KnyNy+n, wﬁ:
iy =1 —
N, Yok =Ynk | 1.N,DFTsof length N,
X,= ¥ Y, Wht k =k N>+k,
=0

kl=ﬂ:"'!Nl_19 k2:09+++1N2-1-

¥

N =1
- n(k, MNo+k )
Xk.Nz"’k;r- E 11;"||-,':'! whlr e
ny =10

N, -1

i n, k n k
Ximngtig= L Yo o, WIRW
N -1

Y. =Y Wh] 2. N multplications with twiddle factors
X Nyrky = IE._ Y:i,,k;w;.llfl-
1 3. N, DFTs of length N,
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o Step 1: Evaluate N, DFTs of length N,
o Step 2: N multiplications with twiddle factors
n Step 3: Evaluate N, DFTs of length N,

o Vector x; mapped to matrix x,; ,» (N4XN,)

o Compute N, DFTs of length N, on each row

o Point-to-point multiply with twiddle factors

o Compute N2 DFTs of length N1 on the columns
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2-D view of Cooley-Tukey mapping

o N=15 (N,=3, N,=5)

Figure by MIT OpenCourseWare.

o Cannot exchange the order of DFTs [ [x
= Because of twiddle multiply s o [
= Different mapping for N1=5, N2=3 T
- » NOtjUSt transpose Figure by MIT OpenCourseWare.
III I 6.973 Communication System Design 10

Cite as: Vladimir Stojanovic, course materials for 6.973 Communication System Design, Spring 2006.

MIT OpenCourseWare (http://ocw.mit.edu/), Massachusetts Institute of Technology.
Downloaded on [DD Month YYYY].



Radix 2 and radix 4 algorithms

o Lengths as powers of 2 or 4 are most popular

o Assume N=2n

= N,=2, N,=2"1 (divides input sequence into even and
odd samples — decimation in time — DIT)

Ny—1
N/2-1 . nyk
X, = }:_-u x?n:wﬁj:; Yoik= nz’:—"-u YnaNiem WN:. Y:.L,kz"_— n..kgwl'rkl.
N,-1
W E—1 g = Y! W';\:_k'
+ wfj E= Xamy+1 W"N:;. Xk'NI = u:E;n nke 1
Xnpe= 5 Wit “Butterfly”
+&z R TT NJ2 .
"2=0 (sum or difference followed or
Jw ”‘Eﬂ Xanas W2, preceeded by a twiddle factor multiply)

= X, and Xy,., outputs of N/2 2-pt DFTs on outputs of
2, N/2-pt DFTs weighted with twiddle factors
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DIT radix-2 implementations

o Several different ways

= Reorder the input data

= Input samples for inner
DFTs in subsequent
locations

=« Results in bit-reversed
input, in-order output DIT
= Selectively compute
DFTs on evens and
odds

=« Perform in-place
computation

= Output in bit-reversed
order (X3 in position six
(011->110))

Division

intoevenand N/2
odd numbered

sequences

Xo
DFT
DFT N=2 <
N=4 4
{Xzi} DFT X1
N=2
‘ .
X
DFT 2
DFT
N=2
N=4 X6
{Xin1} @ r X3
. N=2
DFT of  Multiplication DFT of
by twiddle 2
factors

Figure by MIT OpenCourseWare.

Which type is this implementation?
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Decimation in frequency (DIF) radix-2 implementation

o If reverse the role of N, and N,, get DIF
= N,=N/2, N,=2

Xo DFT DFT — Xo
N=2 N=4 | _x,
)
— X
N2 DFT o} [
X2kl - z_ W]Vvl/lz(xn]—}_xN/Z‘i‘n])’ N=2 @ X
N/21 X4 DFT pFT X1
X2k1+1 - nZ:O WNI/IZ W]'\lfl(xnl_xN/Z-i-nl)' X5 N=2 N=4 | __ X3
1 —

{X2k+1} — Xs

\
X N=2 — X
—— —

—_——

DFT of Multiplication DFT of
2 by twiddle N/2
factors

I u - Figure by MIT OpenCourseWare.
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Duality DIT<->DIF

M —
XO DFT XO XO *—— DFT ET — XO
DFT =2 . No2 .
X1 N=4 X4 1 N=4 — %2
M
X — X
o {aif DFT Xi 2 DFT fru} !
N=2 N=2
X3 Xs X3 @ \ — X6
X, DFT X, X, DFT e X,
DFT
N=2 N=2
Xs N=4 X Xs k ) N=4 — X3
M
X . X X — X
6 {X21+1} @ DFT 3 6 DFT {X2k+l} 5
N=2 _
ol s e
Division  DFT of Multiplication = DFT of DET of Multiplication DFT of
intoevenand N/2 by twiddle 2 2 by twiddle N/»
odd numbered factors factors
sequences

Figure by MIT OpenCourseWare.

o Which one is DIT (DIF)?
o How can we get one from another?
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Complexity of radix-2 FFTs

o DFT of length N replaced by two length-N/2
= At the cost of N complex multiplications (twiddle)
= And N complex additions (2pt DFTs)
o lterate the scheme log,N-1 times
= Obtain trivial transforms (length 2) of the length-N/2 DFTs

Om[DFT qqix.2]1= N/2(log; N —1)

DA[DFrradix-I] = N(IOEE N - ])

o Twiddle multiplies (W)
= Complex multiply — 3 real mult + 3 real add

« If i is multiple of N/4, no arithmetic operation required (why?)
M[DFT,4ix.2]=3N/2log, N-5N +8, . .
: : % " 4 butterflies (one general, 3 special cases)
A[DFT.4ix2]1=7N/2log, N-5N +8.
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Radix-4
0 N=4n, N,=4, N,=N/4 =T .

- 4 DFTSs of length N/4 Ell=u=)
. 3N/4 twiddle multiplies = Eg
= N/4 DFTs of length 4

o Cost of length-4 DFT e
= No multiplication = =y
= Only 16 real additions i

o Reduces the number of stages to log,N ™" >

Om[DFT abix.s] =3N/4(logs N —1).

prT— X2

oo [eee| e

M[DFT,.4ix.] Om[DFTaix.21= N/2(log, N —1)
=9N/8log, N —43N/12+16/3, MDFT,... .]=3N/21og, N—SN+8,
A[DFT,.4ix.a]
=25N/8log, N —43N/12+16/3. A[DFTeaaix2]=7N/210g; N = 5N +8.

= Radix-8 can reduce number of operations even more
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Mixed-radix and Split-radix

o Mixed-radix
= Diferent radices in different “

— F — %o
—oFr| | [F DFT —
stages =" ||| =, R2
— 14
Xs’_

o Split-radix =SS

= Different radices in the same

DFT [ Xo

stage ===
. . XsE ) m D‘;T:‘.gg;3 R4
= Simultaneously on different = ==
parts of the transform s g 4 [,
= Can achieve lowest number o =%
of adds and multiplies for =i ="
. % ] I ® DFT :X:4
length 2" inputs =5 |E=E=0E SR
==k
Figure by MIT OpenCourseWare.
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o Look at DIF radix-2

Split-radix (DIF SRFFT)

X N ) )
0 DFT DFT
) H N=2 =
= X, don't have twiddles x =2 L
)
N2l % Dre {d
n
Xop = X WI\}/12(xn1+xN/2+n1)7 X N=2
n,=0 3 — |
X S —
N/2-1 4 DFT DFT
n
X2k1+1:n2=0 W2 W 20w X N=2 @ N=4
1 —/
)
Xs DFT o}
X N=2 .
7 | @ ————
DFT of Mul‘ti/pjication DFT of
2 by twiddle N/,

factors

o Even samples X,, in DIF should
be computed separately from

other samples

= With same algorithm (recursively) as
the original sequence

o No general rule for odd samples
= Radix-4 is more efficient than radix-2
= Higher radices are inefficient

N/2-1
X2k1= Zi W]\’I/IZ(xnl+xN/2+n1)’
N/4-1 nk
X = > wllph
4ky+1
1t n1:0 N/4" N
X[(xnl'xN/2+n1)
v/ 4% 438 /4]
N/4-1 nk s
X = z Wit n
4k +3 w3
1 nlzo N/4""N
Figure by MIT OpenCourseWare.
X[(xn1+xN/2+n1)
T N /4% 43 /)]
o Xy
- I= DFT
8
— el X4
T DFT | [ DFT X
2/4 % 4 §13
s —ix,
4 Xis

Figure by MIT OpenCourseWare.
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Split-radix (DIT SRFFT)

o Dual to DIF SRFFT

= Considers separately subsets {X,}, {X4is1} @nd {Xy;.3}

I,={2i}, I,={4i_+1}, L={4i+3) X(zjz:_in z7 Y xz

iel

— ki2d) k ki4i+1)—k
Xy =Y % W+ WRY x4, W™

I I,

Ik k{4i+3)-3k
+ Wy E Xgi3 Wiy .
I

Nj2=1 Nid—1 Nid—1 Nyz=1

Xi= L xzswj'fuz‘f Wir Y Xaii W}fw + W:}f E Xai+3 w:ﬁf-h Xksnsz= X lewj{fr;z
i=0 i=0 i=0 i=0
N/2-1 _ . Ny4—1 .
Xi+nya= Y xzuw}ffu - Wy Zﬂ Xgi+1 wN,ﬂq
I=|] I=
Njd—1
PR il Ni4—i .
+IWN Eu Xai+1 Winya - Wy Eﬁ Xei+3 Whisa
N/ja—1 MNi2-1 .
_jw:;\jf Y X4 w::r;h Xk+3NI4= _;ﬂ x2wa;’2
-° N Nja—1 .
M[DF’rspllll-IEdi!]z N lﬂ‘gz N _3N+41 _]WN' E Xai+ l.i\l'.-"‘
=10
e AT ik
I - - A[DFT it raaix] =3N log, N -3N +4. +iWN L Xas Wi
=il
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FFTs without twiddle factors

o Divide and conquer requirements

= N-long DFT computed from DFTs with lengths that are
factors of N (allows the inner sum to be a DFT)

= Provided that subsets |, guarantee periodic x;

N,=1 N,—1
X{Z:IZ z 77 E Xaol z"'”i”l N—1 r—1 _
=0 ny=10 mai ’ X{Z}= E. Iiz-Iz E E x:'z_r:
i=0 1=0ierl;
Xi=X(z2)];=wit -1 »
N i NN I X(z)=3% z7a Y xz ",
—1 — = P
_ 1 Hlk 2 RIN'I*-' [==td iel;
- Z WN Z xﬂz”1+ﬂ:ww .

= When N factors into co-prime factors N=N,*N,

= Starting from any x; form subset with compatible periodicity (the
periodicity of the subset divides the periodicity of the set)
X, 1N =L, Ny =13 or {x, o [0 =1L, N, ~1}
= Both subsets have only one common point x;
= Allows a rearrangement of the input (periodic) vector into a

matrix with a periodicity in both dimensions (rows and
columns), both periodicities being comatible with the initial one
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Good’s mapping

o FFTs without twiddle factors all based on the same
mapping

= Turns original transform into a set of small DFTs with
coprime lengths

lol1]2]3]als]e]7]8]9]10[11]12]13]14]
Pionn, [Ny =L Ny =13 or {x, [0 =1L, N, -1} ;
equivalent to
Good's mapping |0 [3 [6] 9|12
i Notnm N 8 [11/14]2
i={n, 2T Ny NG ol 417
H'l:l,...,Nl_l, Hz:l,-“,Ng—l

N = NN,
Figure by MIT OpenCourseWare.

o This mapping is one-to-one if N1 and N2 are coprime

o All congruences modulo N1 obtained
= For a given congruence modulo N2 and vice versa
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Just another arrangement of CRT

o Chinese Remainder Theorem (CRT)

= If we know the residue of some number k modulo
two coprime numbers N;and N, (k) (k),

= Itis possible to reconstruct (k), .
= Let <k>N1:k1 <k>N2:k2

n Then <k>N N — <N1t1k2 4+ N2t2k1>N lof1]2]3]4]5]6]7]8]9]10]11]12]13]14]
17%2
<th1>N2 =1 and <t2N2>N1 =1 ‘
T . . Good's mapping 0[3]6]9]12
t, multiplicative inverse of N, mod N, 5|8 |1|14] 2
t, multiplicative inverse of N, mod N, f13[1]4]7
t,, t, always exist since N,, N, coprime (N,,N,)=1
What are t,, t, for N,=3, N,=5? CRTmapping |22 4
71134
5(1112| 8|14
| ReverS|ng N1 and N2 Figure by MIT OpenCourseWare.
__ = Results in transposed mapping
I 6.973 22
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Impact on DFT

o Formulating the true multi-dimensional transform
<k>N1N2 = (Nt k, + Ntk )

Xo= I x, Wy k=0,..N-1,

X _Nlil sz_l W(n1N2+N1n2)(N1t1k2+N21‘2k1) X12® * Xy
Nytyhy ¥ Naroky = Xn Ny +n,Ny YVN Xo DFT .
n= 0 ny= 0 Xg 5 - -X4
X3 5 o
N Nyt (Naty) e — %
2: 202 2 N] —_ o = * X
WN ij\/1 WN] - Nl - WN] XS._ D§T . 'Xz 8
Ni-1N;-1 ] * X
! nky prrmoky X10 o—f o X,

XN1t1k2 + N2t2k1 = Z 2 x}’llNz + l’lle WNl WN2 >

I’ll:O n2=O

’ P
kiky XN1t1k2 + Notoky

N1-1N2'1

! —_
Xonyny = XnyNy + N,

Figure by MIT OpenCourseWare.

ey = 22 ol W True bidimensional transform!
| (no extra twiddle factors)
Figure by MIT OCW.
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Using convolution to compute DFTs

o All sub DFTs are prime length

= Rader showed that prime-length DF Ts can be
computed as a result of cyclic convolution

= E.g.length 5 DFT X, ]

1
X | [r owi owiows wi|x
_ Z 4 1 3
Permute last two rows and columns | *2|=[! Wi Wa W Wi %)

X, 1 iWi W, Wi Wiilx,

X.q, I-l :“V‘; Wg Wg W;: Jc4_|
Xl.'l W; wg W; w; xl - = ¥ SsasssssssssEEEEEEEEEEEEEEEEES X e
b ¢! Wi Wi Wi Wil||x, : :
7wt owr owr w2l Cyclic correlation
xi] Lwi wi owz owilx (a convolution with a reversed sequence)

= This is a general result
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Example

o Results in smallest number of multiplies

(XL, X, ..., X7
=C D'B’{IG,I1,+..,I4)T1

0 0 0 0 0
1 1 1-1 0
1-1 1 0 1
1 -1 -1 0 -1
1 1-1 1 0

0y
I
ke e ek et

D =diag[1, ((cos u+cos2u)/2-1),
(cos u —cos 2u)/2, —jsin u,
—j(sin u +sin 2u),

j(sin u —sin 2u)],

1 1 1 1 1]
0 1 1 1 1
[y - =
B I -1 -1 1
0 1 -1 1 -1
0 0-1 1 0
01 0 0 1]
I H .
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Prime Factor Algorithm

X=FxF’

Good's mapping CRT mapping

X, 9
x‘)
X DFT X,

Figure by MIT OpenCourseWare.

o Efficient small DFTs are a key to the
feasibility of this algorithm

MN|N2=NIM2+N2M'H mN‘NzN'-*N‘Zle+mNz+mNj+mNu
ANI”: = N1A2+ NIA] ] ANy Ny Na N = A, + an, + 'aN_1+ ay,.
I I I | B |
[ 6.973 Communication System Design
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Winograd’s Fourier Transform Algorithm

X = F,xFT,

X =C,D,B,xBI1D,C].

T~

N=3 N=5

input additions  input additions point wise

7/ "

multiplication N=5

A
/ '// \\\ / / ] o X5
o ~~ .7/ /}‘Xn
' %
— "7// AX8
— n "7// *X14
e ARy a

output additions output additions

N=3

o B4xB," only involves additions
o D — diagonal (so point multiply)
o Winograd transform has many more additions than

twiddle FFTs
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