Generalizations: Adding an extra parameter

In the discussion of implementing the Fourier Transform and the Inverse Fourier
Transform, % (x) and A(q) , were always described as vectors, indexed by x and q

respectively. In general, these each could have been described by a matrix, again, with a
row index of x and g, but with a column index of some independent parameter, like time.

For example, # could have been a matrix. Each column could be for a different time

instance:
yj(xi’tl) T(Xl’tz) y/(xi’tl)
5U(X21t1) 5U(Xz’tz) SZ/(Xzitl)
¥ = : : . :
SU(Xn’tl) gj(xn’tZ) 5U(Xn’tl)

then, applying the Fourier Transform procedures exactly as described previously, we
would get a matrix A(q,t) instead of the vector A(Q) :

A(ql’ti) A(Ql’tz) A(ql’tl)

A(q,t)= A(qzzitl) A(qzzitz) A(q;z,tl)

A(qm’tl) A(qm’tz) A(qm’tl)

The most probable scenario is that we are given the initial wavepacket % (x,t = 0) and

wish to find the wave packet at time t>0. In this case we perform the Fourier Transform
on a single column, and are returned a single column amplitude function. Then, we want
to find ¥ for many time instances. Using matrices instead of vectors, we can compute all
the time instances at once. First, we setup a matrix A:

A(g,)
A= A(:qZ) (11 - 1)
A9,,)
A(ql) A(ql) T A(ql)
_ A(qz) A(qz) A(Qz)

This is a matrix, with identical column. Each column is the expansion coefficients we
computed from the Fourier transform of ¥ . We will put one column in the matrix for
each future time instance we wish to compute ¥ at.



If we then similarly redefine ¢ to account for the time parameter as follows:

e EL/h guEb/h oI/
B e EA/h o it/ g iEd /h
g =
e Enti/h o-iEnta/h g iEnti /h
Now, if we perform array multiplication (element by element) on¢ and A we get:
A(ql)e—itlEl/h A(ql)e—itzEl/h A(ql)e—itSEl/h . A(ql)e—it,El/h
A(qz)e_itlEZ/h A(qz)e—itzEz/h A(qz)e—it3E2/h . A(qz)e—it,Ez/h
A1) = : : : . :
A(d,)e =" A, )e " A, e A, )

and, if we multiply¢3q -A(q,t) , just like we did in the previous sections:

(A(ql,tl)eiqlxl et A(qm,tl)eiqul) (A(ql,tl)eiqlxl et A(qm,t,)e‘qmX1)
(A(ql’tl)eiqlxz I A(qm’tl)eiquz) .. (A(q11t|)eiqlxz 4ot A(qm,t|)eiquz)

(A(q11t1)eiqlx” +.0 4 A(qm’tl)eiqun) cee (A(q11t|)eiqlxn et A(qm,t|)eiqun)

which is just
xt) L) - )

SU(X,'[)Z S”(X:z,tl) SU(Xzz’tz) SU()(:z,tl)

yj()(n’tl) ?/(X.n’tz) T(X'n’tl)
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