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6.641 — Electromagnetic Fields, Forces, and Motion Spring 2009
Quiz 1 - Solutions - Spring 2009

Prof. Markus Zahn MIT OpenCourseWare

Problem 1

Figure 1: A diagram of a perfectly conducting hollow sphere filled with a perfectly insulating dielectric with
a uniform distribution of volume charge (Image by MIT OpenCourseWare).

A perfectly conducting hollow sphere of radius R is filled with a perfectly insulating dielectric (o = 0)
with a uniform distribution of volume charge:

P = pPo 0<r<R

within a medium with permittivity e. The sphere is grounded at » = R so that the scalar electric potential
at r = R is zero, ®(r = R) = 0. There is no point charge at » = 0 so that E.(r = 0) must be finite.

A
Question: What is the EQS electric field E(r) for 0 < r < R?

Solution:
— 10 Po d por?
VeE=—-—(rE)=2= —(?E,) =
¢ 720 ( ) € dr( ) €
3 C
2Er _ por Oy = ET — PoT ~1
" 3e th 3e + 72

E,.(r=0) is finite = C; =0

E,.(r):% 0O<r<R
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B
Question: What is the scalar electric potential ®(r) where E(r) = —V®(r)?

Solution:

d®  por Po
E,=—— = P =—
dr 3¢ 6 +C
o R o R
(r=R) = =—p€ +Cy= Cy="

C
Question: What is the free surface charge density o,(r = R) on the inside surface of the sphere
at r = R?
Problem 2
Z
A
+A
€
’ L
r
> —
0 =0 -

Figure 2: A diagram of a uniform line charge of height L standing perpendicular to the ground plane (Image

by MIT OpenCourseWare).
A uniform line charge A coulombs/meter of height L stands perpendicularly on a perfectly conducting

ground plane of infinite extent in free space with dielectric permittivity eg.
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A

Question: Find the electric field at the ground plane surface E(r,z = 0,) where r is the
cylindrical radial coordinate shown above. See integrals in hint below.
Solution:

_ —2Adz'sin(0)
* 4me [ +(z")

dE

!

y4

Figure 3: A diagram of the line charge +\ in Figure 2 and its image —A and the resulting net —z-directed
electric field at z = 0. (Image by MIT OpenCourseWare).

sin (0)=

1!

dE, = — Adz' z -
2me,[r? + (2)?]

A L /d /

E.(2=04) =~ / Lg/g
2meo Jor=o [r2 + (2)?]
u = 7,2 =+ (Z/)2
du = 22'd?’
ATy AL A 1 1

EZ(T,Z—O+):— = = [7_7}

2mey Jyor2  2u3/2 2meoul/2? lu=r2 2me, L/r2 + 12 1

B

Question: Find the surface charge density on the ground plane surface, o4(r,z = 04).
Solution:

A 1 1
ou(rz=0,) = B =+ o[ 1 1

2 ly/r2 4+ 12 7
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C

Question: Prove that the total charge ¢;(z = 04) on the ground plane is —\L.
Solution:

Hint for parts (a) and (c): one or more of the following indefinite integrals may be useful:
: zdx —\/
1 f m = 1'2 =+ L2
llfwﬁﬁzln[x‘i‘vmz‘i_LQ]

da _ x
11 f [@2+L2]372 — L2[z*+L%/?

: zdx _ 1
v f @2+L23/2 —  [22+L2]1/2

Problem 3

An infinite slab in the y and z directions carries a uniform current density J = Jyi, for —d < « < d. The
current carrying slab has magnetic permeability of free space o and is surrounded by free space for z > d
and z < —d. There are no surface currents on the x = +d surfaces, K(x = d) = K(x = —d) = 0 and the

magnetic field only depends on the x coordinate.

A

Question: Find the magnetic field H(z) everywhere and plot versus z.
Solution:

0
— — H, H
VxH:J:Joizéa v _ 9 =J, —d<z<d
or Y
Hy(z) =Jox+C —d<zxz<d , C=0bysymmetry

Hy(xzd,):Hy(x:d+) :Jod , Hy(xzd):a]od
Hy(x=—-d-)=Hy(z=—dy) =—Jod , Hy(x <—-d)=—Jod
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Figure 4: A diagram of an infinite slab in the y and z directions with width 2d carrying a uniform current

density Joi,. (Image by MIT OpenCourseWare).

A 1

Jod T

Figure 5: A graph showing the magnetic field versus the x coordinate (Image by MIT OpenCourseWare)

B

Question:
A small cylindrical hole of radius a and of infinite extent in the z direction is drilled into the

current carrying slab of part (a) and is centered within the slab at the origin. The magnetic
permeability of all regions is pg. Within the hole for » < a the current density is zero, J = 0.

What is the total magnetic field H in the hole?
Hint 1: Use superposition replacing the cylindrical hole by two oppositely directed currents.
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Figure 6: A diagram of an infinite slab in the y and z directions with a cylindrical hole of radius a at the
origin with infinite extent in the z direction (Image by MIT OpenCourseWare).

Hint 2: ri, = r(—sin¢i, + cos ¢iy) = (—yi, + xi,) where r = /22 + y2
Solution: Step 1: Put current density J,%, in hole with J,i, outside hole. Then magnetic field is the same
as part (a) with J = 0 outside
Step 2: Put current density —.J,7, in hole with .J = 0 outside hole. Thus net current in hole is zero and net
current outside hole is Jyi,.

For step 1: H, = Jomz in hole

For step 2: V x Hy = —Jyi, = er [ (rHy2) BH/{j

or
18(7’H¢2) _ —JO’I‘
¥ or
2
rH¢2 = + C
J r C
Heo = 2 r
Hyo(r =0) = finite = C =0
Jor
H¢2 = — 9
— Jor — —
Hy = — 5 lp = — 5 (—yig + xiy)
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Hpr=H, + Hy (in hole)

Jo

= Tty — 2yl + 77y

Jo, — —
= ?(xly + ylw)

C

Question: Verify that your solution of part (b) satisfies the MQS Ampere’s law within the
hole where J = 0.

Solution:
—  _[8H, OH,1 J, o
VXH—ZZ[ o } = S -1i =0
Problem 4

A resistor is formed in the shape of a circular cylindrical half-shell of inner radius b and outer radius a and is
composed of two materials with ohmic conductivites and permittivities (o1, €;) for 0 < ¢ < § and (o2, €2) for
5 < ¢ <m. A DC voltage Vj is applied to the electrode at ¢ = 0 while the electrode at ¢ = 7 is grounded.
The EQS scalar potential is thus imposed as ®(¢ = 0) = Vp, (¢ = 7) = 0. The cylindrical system has a
depth d.

A

Question: The solution for the EQS scalar potential is each conducting material can be written
in the form

& = Ao+ B o<¢<g

By = Ay + Bo g<¢<77

In the dc steady state what are the boundary conditions that allow calculation of A;, A,,
Bl, and BQ? Find Al, AQ, Bl, and B2-
Solution: Boundary Conditions
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Figure 7: A diagram of a semi-circular shaped resistor formed from two different materials (Image by MIT
OpenCourseWare).

™ T ™
‘1’1(¢=§ Z‘I’2< =§)=>A1§+B1—A2—+BQ
oo oo _1lody A
Ea(o-T)-raba(6-3). P
100 A
014y = 024, Eyo —;%—; —72
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By =V,
BZ = _A27T

‘11 B—A*—Aﬂ'_—_Ai A T
j! 22 2 2 = ]7+V:_ 4

o1A] = 094y = Ay = ﬂAl
02

™

5[141 + AQ] =-V

lor + o]
20’1V0

PR E By =V
[Jl+02] 1 0

Question: What are the free surface charge densities on the interfaces at ¢ =0, ¢ = 7,

B
Question: What is the electric field in each region of the resistor?
Solution:
— Ay — 200V —
By =—"tiy= e ig
r rr(oy + 02)
— Ay — 20V —
Ey = ,72% _ %91V =
T rr(oy + 02)
C
w?
Solution:

os(r,0 =0) = €1E41(¢p =0) = o

US(T,¢ = 71—) = —€2E¢,2(¢ = 7'() - _ =z -

2

Os (T,¢: E) = e By ((b: g+) — 1By (¢: m_
A

-2V
= m[—em + €109]
2V
GRS Rt

and ¢ =
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D

Question: What is the DC terminal current /I that flows from the battery?
Solution:

a a
I :/ J¢dd7" :/ 0'1E1¢dd7’
r=b r=b

/a 0'120’2V0d
— = _dr
r—p Tr(01 + 02)

20’102dV0 a

(o1 + 02) "

E

Question: What is the resistance between the electrodes at ¢ =0 and ¢ = #?
Solution:

R_ Vo _ m(o1 + 02)
N I N 20102dln%

10
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