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Figure 1: A diagram of a sheet of surface charge at y = 0 between two grounded perfect conductors at
y = —b and y = a (Image by MIT OpenCourseWare).

A sheet of surface charge with surface charge distribution o4(z,y = 0) = ogsinkx is placed at y = 0,
parallel and between two parallel grounded perfect conductors at zero potential at y = —b and y = a. The
regions above and below the potential sheet have dielectric permittivities of e5 and €. Neglect fringing field
effects.

A

Question: What are the electric potential solutions in the regions 0 <y <a and -0 <y <07
Solution:

B(z,y) = Asinhk(y —a)sinkz 0<y<a
DY) = Bsinhk(y+b)sinks —b<y<0

O(x,y=0_) = P(x,y = 04) = —Asinh ka = Bsinh kb

o

E (z,y=04)= 7(897y|y:0+ = — Ak cosh k(y — a) sin l<:x|y:0+ = — Ak cosh ka sin kx
o

Ey(z,y=0_) = ~ 3y li—o- = —Bkcosh k(y + b) sin km|yzo_ = — Bk cosh kbsin kx
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os(z,y=0) =o0psinkz = e2Fy(z,y =04) —e1Ey(z,y = 0_) = —ep Ak cosh kasin kx + €1 Bk cosh kbsin kx

o9 = —€g Ak cosh ka + €1 Bk cosh kb

Asinh ka A sinh ka cosh kb
B = —m = — €2AkCOShk’G — 61kw = 0o
sinh sh
L AR [62 cosh ka + €1 sinh ka cos k;b] — o0

sinh kb

A —0g sinh kb
~ klez cosh kasinh kb + € sinh ka cosh kb
_ —Asinhka oo sinh ka
sinhkb klea cosh ka sinh kb + €; sinh ka cosh kb)
. N _ —op sinh kbsinh k(y — a) sin kx
O(x,y) = Asinh k(y —a)sin bz = klez cosh kasinh kb + €1 sinh ka cosh kb] O<y<a
Bsinh k(y + b) sin ka — og sinh ka sinh k(y + b) sin kx h<y<0

klea cosh ka sinh kb + €; sinh ka cosh kb)

B

Question: What are the electric field distributions in the regions 0 < y < a and —b <y < 0?7
Solution:

— D __ P - -
O<y<a E=-Vd=- [g—xzm + g—yzy] = — Ak [cosh kx sinh k(y — a)i, + sin kz cosh k(y — a)iy]

~b<y<0 FE=—Bklcoskzsinhk(y + b)i, + sin kx cosh k(y + b)i,]

C

Question: What are the free surface charge distributions at y = —b and y = a?
Solution:

os(v,y = —b) = 2By (z,y = —b)
= —eyBksinkz
—opég sinh ka sin kx
[e2 cosh ka sinh kb + €1 sinh ka cosh kb)

os(z,y=a) = —e1Ey(z,y = a)
= e1 Ak sin kx
B —€100 sinh kbsin kx
~ [ez cosh kasinh kb + € sinh ka cosh kb)
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D

Question: What is the potential distribution at y =07
Solution:

00 sinh ka sinh kb sin kx

[6)) =0) =
(. =0) k[e2 cosh ka sinh kb + €7 sinh ka cosh kb]
Problem 2
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Figure 2: A diagram of a surface current sheet placed on the surface of a sphere of radius R (Image by MIT

OpenCourseWare).

A surface current sheet K = K sin 0i4 is placed on the surface of a sphere of radius R. The inside of
the sphere (r < R) has magnetic permeability p and the outside region (r > R) is free space with magnetic

permeability po. The magnetic field at r = oo is zero.

A

Question: What are the boundary conditions on the magnetic field at » =0 and r = R?

Solution:

F(T:O): ﬁnitev H@(’/‘:R_;,_,G)—HQ(T:R_,H):

pH.(r=R_,0) = poH.(r = R4,0)

Ko sin 6
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B

Question: What are the general form of the solutions for the magnetic scalar potential inside
and outside the sphere?
Solution:

VxH=0=H=-Vy

(r,0) = Arcosf 0O0<r<R
xX\nv) = %COSQ R<r<oo

C

Question: Use the boundary conditions of part (a) and solve for the magnetic scalar potential
and the magnetic field H inside and outside the sphere.

Solution:
% __lal_ Asin 0 0<r<R
0= ", 00 T%sinH R<r<oo
I 77%7 —Acos 0O0<r<R
" or %cos@ R<r<oo

) C
Hy(r=R4,0) — Hy(r = R_,0) = Kysinf = ﬁ—A:KO

2C
pH,(r = R_,0) — poH.(r = Ry,0) = —pA = “%3
po 2C C 20
A=-C =5 (14 7=) =K
o R® R3( + p ) 0
oo TR - 2O 2w Ko
a 2p0 o 3 20
1+ 52 p R po 14 =08
_Q%Hﬁ‘iorcosﬂ 0<r<R
0) = i
X(7“7 ) KoR? cosf Re<r<oo

20 12
1+—,L

—A(cos 0i,. — sinbig) = —Ai, = QI#HKZ‘)AE 0<r<R
I

H(r,0) = : _ _
(r,9) H%f—;@cosﬁu—ksinﬁig) R<r<oo
i
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D

Question: The scalar magnetic potential for a point magnetic dipole of moment mi, at the

m cos 6

origin is H = —Vy, x = yr

What is the effective magnetic moment of the sphere and the surface current sheet for
r>R?
Solution:

m o K()RS o 47TK0R3

= = =
ir s leze T M

E

Question: What is the equation for the magnetic field line that passes through the point
(r = Ro,0 = §) where Ry > R.
Solution:

dr H,  2cosf

g " H,  sme ST

dr ~ 2cos 0do
sin 6

/ dr / 20059
Sln@

Inr = / 2?0S0d9

sin 6

Let u = sin 6, du = cos 0df

2d
Inr = —u—anu—i—Cl—lnu +Ch = 1n(sin20)+01
U
In = Cl = r = ecl = CQ
sin? sin? 0

T:Ro,ezg:>02=R0=>T=RQSiH29

F

Question: For the field line in (e), if Ry = 2R, at what angles of 6 does the field line contact
the sphere?

Solution:
R
R0:2R:>R—0:f:sm29
1 3
sme:—2:>9=% f (45°,135°)
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Problem 3

A reluctance motor is made by placing a high permeability material, which is free to rotate, in the air gap
of a magnetic circuit excited by a current i(t).

(\—6
7

i(t)T CD V(i)cp_____ N s Ho
<_____:

Figure 3: A diagram of a reluctance motor (Image by MIT OpenCourseWare).

The inductance of the magnetic circuit varies with rotor angle 0 as

L(g) =Log+ Lycos20,Ly > 0,0< Ly < Ly

where the maximum inductance Lo + L1 occurs when 6§ = 0 or § = 7 and the minimum inductance
Lo — Ly occurs when 6 = +7.

A

Question: What is the magnetic torque, T},,4, on the rotor as a funcion of the angle 6 and
current i(t)?
Solution:

1
Tinag = 5 = 512(—L12sin29) = —Lyi%sin 20

Question: With i(¢t) a DC current I, a constant positive mechanical stress T),.., > 0 is applied.
What is the largest value of T},cch = Tnar for which the rotor can be in static equilibrium?
Solution:

Tmech + Tmag — dmech — Lliz sin20 =0

maximum of sin26 =1

Trech = Tmaz = LlI2



Final - Solutions - Spring 2009 6.641, Spring 2009

C
Question: If T),.cn = %Tmm, plot the total torque T;,,5 + Tinecn. Use a graphical method to

determine the equilibrium values of # and label which are stable and which are unstable.

Solution:

1
TT = Tmech + Tmag = L1[2 (2 — 511129) =0

1 T 57
in20 = - =20 = —, — (30°,150°
sin 5 5 6( )
m bm 13w 17w
_ - s e 2R 10 01 02 o
0 12,12,12,12(5,75,95,55)

oT
Stable if —— <0 6=15°195° Stable
00 Tr—0
oT
Unstable if ——~ >0 6 ="75°255° Unstable
00 Tr—0

D

Question: If the rotor has moment of inertia J and is slightly perturbed from a stable equilib-
rium position 6., at ¢ = 0 by an angle position §'(t), what is the general frequency of oscillation?
What is the oscillation frequency for 6., found for stable equilibrium in part (c)?

0= eeq + el(t)
TT(Q) = Tmech + Tmag (0 = 06‘1) =0
0

dTr
Tr(0 = g + /(1) = Told="02)+ —

0=0.4

Jd*0 _ JP¢ _ dTr y
i " AR o |,
20/
a0 1.dTr|
iz T A |y,

1 dTr dze’

dT
w2>0if == <0

do 0o

% Mathematica code for generating the graph
In[1] = flangle_] = .5 - Sin[2*anglex*2*Pi/360]
Out[1] = 0.5 - Sin[angle*Pi/90]

In[2] = Plot[f[angle],{angle,0,360},AxesLabel -> {"Angle Theta in Degrees", "Total Torque/(L1*I"2)"}]
Out[2] = %See Figure 4
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Figure 4: A graph plotting Total Torque versus Angle Theta in Degrees (Image by MIT OpenCourseWare).

0'(t) = Ay sinwot + Az cos wot

Perturbations are bounded if wy real (w2 > 0)

. . dTr
This requires <7~ ’96{1 <0

dTr

| = —2L1 1% c08 20, = cos 20, > 0 for stability
0

eq

Oeq cos 20, Stability
15°  +/3/2  Stable
75° —/3/2  Unstable
195° /3 /2 Stable
255° —\/3/2 Unstable

E
Question: If the initial conditions of the perturbation are dd—i/ and 0'(t = 0) = Af what is
- t=0
0'(t) for t > 0. Neglect any damping.
Solution:
de’ .
E = (JJo<A1 (o)) wot - AQ SlIlLUOt)|t=O = Ale =0
t=0
A1 =0

0t =0) = A0 = Ay = 0(t) = Af coswpt

1 1/2
Wy = {JZL;LIQ]
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F

Question: If i(t) is a DC current I and a motor drives the rotor angle 6 at constant angular
speed () so that 6 = Qt, what is the voltage v(t) across the coil?
Solution:

Ay dLO)I) L) dL(0)do
W=%="a & Tw a

v(t) = —2L11Q sin 20t

Problem 4

Figure 5: A diagram of a parallel plate capacitor with two dielectrics in series (Image by MIT OpenCourse-
Ware).

A parallel plate capacitor with electrodes of area A has its upper electrode in a free space region in series
with a solid dielectric of thickness s and dielectric permittivity e. The x = s interface has no free surface
charge.

A

Question: What are the electric fields F; and F; in the dielectric and free space regions?
Solution:

Vo = E1s+ Ex(x — s)

€
e, = eyl = FEy = —FE4
€0

1 |:§—|—:0(J‘—S):| =W
€0Vo

[eos + e(x — s)]
€VQ

[fos T e(z = 9)

B, =
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B
Question: What is the free surface charge density on the lower electrode?
Solution:
€€0V0
o = 0 = E = -
os(z=0) = by eos +e(x — s)

C

Question: What is the capacitance C(z) of the capacitor?
Solution:
oA eegA
Vo eos+e(z—s)

Question: what is the electric force on the upper electrode?
Solution:

V2 dC(x) 1 Vie?epA

L1  ead
T2 dr T 2[egs +e(x — s)]?

10
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