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6.641 — Electromagnetic Fields, Forces, and Motion Spring 2008

Final- Solutions

Prof. Markus Zahn MIT OpenCourseWare

Problem 1
A

Question: What are the electric potential solutions in the regions 0 <y <a and -0 <y <07?

Solution:

__W s i —
Bz, y) — ST coskxsinhk(y —a) 0<z<a
i cos kx sinh k(y + b) -b<xz<0

B

Question: What are the electric field distributions in the regions 0 <y < e and —b <y <07

Solution:
_ 0P 0P
F— vo—_ | 2% 9%
\Y |:Z o + iy 5‘y]
o Yok [ sinka sinh k(y — a)i, + coskx coshk(y —a)iy,] 0<xz<a
B Yok [sin ka sinh k(y + b)i, — cos kz coshk(y + b)iy | —-b<xz <0
C
Question: What are the free surface charge distributions at y = —b,y =0, and y = a?
Solution:
eoVok
of(z,y=—b) =eoEy(z,y = —b) = _si;hokjb cos kx
eoVok
or(z,y=a) = —coEy(z,y =a) = _siflhok;a cos kx

Jf(xay = 0) =£o [Ey(xay = 0+) - Ey($7y = 07)]

Vok Vok
<nh a cosh ka + b kD cosh kb| cos kx

= e9Vok cos kx [coth ka + coth kb)

:EO
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D
Question: What are the z and y components of force per unit area on a wavelength of width
2% on the y = 0 electric potential sheet?
Hint:

ko[TE 1

— cos? kxdr = =

271' _m 2

k

ko[t

> cos kzsin kzdr = 0

Tz
Solution:

i

Force 1
(s ) = 371y =0 By =0 + By =0.)

= 0 By(wy = 0,) — By(r,y = 0)] By, = 0.) + Eyfa,y = 0_)]
= 20 [[Bylay = 0,0 ~ [By ey = 0]

1
— 550 (Vok cos kx)2 [coth2 ka — coth? kb]

Force
( area )x =oy(@,y=0)Ey(z,y =04) =0y(z,y =0)Ey(2,y =0-)
= goVok cos kx [coth ka + coth kb] Vok sin kx

= goViZk? sin kx cos ka [coth ka + coth kb]
< Force > ko[TE ( Force )
area [/, 2m ) = \ area
k1

+%
= 2—5501/0%2 [coth2 ka — coth? kb / cos? kxdx
™ _

™

ExE]

1
= 0Vi'k? [coth® ka — coth? k]

< Force > kEo[tF ( Force )
= — dx
area / ~ 2m J_ x area )
k 27.2 T
= —eo Vi k* [coth ka + coth kb] sin kz cosh kxdx

2 _

=

=0



Spring 2008 Final Exam

6.641, Spring 2008

(ii) Maxwell Stress Tensor Approach

Force
(o). =Ty =00) = Tu(ey=0-)

Force
(Fowe) = Toloy =02~ Ty =0-)

=¢oEy(z,y=01)Ey(z,y=04) —ecoEy(x,y=0_)E,(x,y =0_)

= EOEI(x7y = 0) [Ey(ac,y = O+) - Ey(x,y = 0*)]
=of(x,y=0)Es(z,y =0)

Problem 2

x(r,0) = (%-{—AT) cosd r<R

A

Question: Find the magnitude and direction of magnetic field in the region 0 < r < R.

Solution:
= B ox— 10x—
H=-Vyx(r,0) =— [arzr—i— . 8919]
= {( o + A) cos 01, (47rr3 + A) sin 929}
- o _ _ 2m0 - 2m0
H.(r=R,0)=0= <A 47TR3>C080:>A47TR3

H—_m |:(]._T3>2C05917‘_ (7‘3"_2) Slnel9:|
B

Question: What is the surface current on the r = R surface?

Solution:

Ky(r=R,0) = Hyo(r = R,0) = 3o sin 0
7r

C

Question: What is the equation of the magnetic field line that passes through the point

(7" = 7"0,9 = 90)?
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Hint:

/cot df = In [sin 0]

e

—~

Solution:
dr B, 2es0(1-7)
rdd  Hy — (%3 + 2) sin 6

RS
(549
dr = —2cot 6df

r(1-5)
B 1o

/(T 3) dr=—In 7T/:5R +C
r(t=45) (7)1

/cot 0 = In(sin @) + Cs

—In + 21In(sin @) = constant

= constant

{(%)3 - 1] sin” §

sin? ¢ {(T)s_l] _ sin o ((%)° - 1)

Problem 3
A

Question: Find the magnetic field H in the gap free space region and in the nonlinear magnetic
material.

Solution: In gap

_ Ni
_(l

H

(in free space and in nonlinear material)
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B
Question: What is the total magnetic flux linked by the coil?

Solution:

® = pogH(s — z)d + (aH? + pH)zd

Nid Ni\?
= (1= po)z + pos + a o) ®

N2d Ni\?
A=NO = " il(u—uo)x—kuos—i—a(ClZ) I]

C

Question: What is the voltage across the coil terminals when the nonlinear material is sta-
tionary, that is, x is constant and ¢ = I sin wt?

Solution: With x = constant

v = A\ _ N (1t — po)x 4 pos] i + N x3i2@
Tt T Ta |V HOTT RS G T Ty
_ N%ddi

91— o)+ pos] + 200 g2
— 2 |[(1 = Ho)z + pios i

i(t) = Ipsinwt

N2d N2zI?
v(t) = —Iyw coswt [[(u — o)z + pos| + M sin? wt]
a a

D

Question: What is the force on the nonlinear magnetic material for any i?

Solution:

dw!, (i,z) = Mdi + f.dz

: . N%d 2 aN?it
W, (i,2) = /’L’:constant Adi = “a {[(M — 10)x + o] 3T 44
ow,, (i, x) N2d i?  aN?%it
fe= oz |,” a [(M—Mo)2+a2 4]
Problem 4

A

Question: Solve for FE; and E; as a function of Vj,a,b,e,c0 and £(z,t).
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Solution:
Ei(b=&) + Ea=V

coll1 =eFEy = Fy = %El

Vo Vo
Bi= = mm = :
F e - i

€

B
Question: Linearize E; for small deflections in &(z,t)
Solution:
9
Yo {1 ’ (b+f°s>]
C
Question: Find the electrical force per unit area on the membrane and linearize for small

deflections in {(z,1).

Solution:
Force 1
=T = —eoE?
( Area ) vy 260 !
1 g V2 2
( + 5 ) €
D

Write the linearized governing force balance equation for the membrane to first

Question:
order in displacement {(z,t) including the inertial, membrane tension, gravity, and electrical
forces.
Solution:
0%¢ 0%¢ 1 gV 2¢
Omea =82 —Omg+ = |1+
"or = aw T a e | G )
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E
Question: What voltage Vj is required to remove membrane sag in equilibrium so that
E(x,t) =07
Solution:
1 Vi
{(2,1) =0= omg = 5%
(b+=22)
1
20m9 |2
Vy = {ffg] (b+ =)
&N g
F

Question: For perturbation deflections around the {(z,t) = 0 equilibrium of the form &(z,¢) =

Re [éej(m”“)} , what is the w — k dispersion relation?

Solution:

&(z,t) =Re [éej(wt—km)}

V2
—opw? =Sk + 50703
£qa
(b+=2)
(UQ = k}21]12) — €0V02 3 ’Ug = i
o (0 ) z

G

Question: The membrane ends are fixed to the supports at + =0 and = = so that {(z = 0,t¢) =
&(x =1,t) = 0. For a given real value of w what are the allowed values of k that satisfy the

boundary conditions?

Solution:
2 “ﬁ 50V02
k* = 5 T coan3
B o (0 )
1
2 2 2
V
b o=k | 2V
B e )

§(x,t) = Re [(516jk°”” + 5267]"“””) ew}
f(z=0,t)=0=6 +& =& = &

t) =0 = & elhol 4 &y Tkol
(eFhol — g=ikol)

&
= 25, sin kol



Spring 2008 Final Exam 6.641, Spring 2008

sinkol =0= kol =nm,n=1,2,...
nm

ko:l

H
Question: Under what conditions is the equilibrium of part (e) stable?

Solution:
2 2 nm\ 2 60%2
v 7vp (T) N 2 €oa 3
UpOm (b+ T)

For stability,
[=N0) V02

(o 2203

T2 oV
&) > 5o ey

w2>0:>(?)2>

1
Question: What is the maximum membrane mass density per unit area, o,,, that the voltage
Vo can stably remove sag so that £(x,t) = 0?

Solution: From part (e):

€0V02
b+ M)Q = 20my

= 0y <
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