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6.641 — Electromagnetic Fields, Forces, and Motion Spring 2006

Final- Solutions

Prof. Markus Zahn MIT OpenCourseWare

Problem 1
A

Question: What are the boundary conditions necessary to solve for the magnetic fields for
<0 and for 0 <z < s?

Solution:
ty _
H=-Vy
g— _
o=0,u - => V2y,=0
o=0,u,
z© >
(LI

Figure 1: A sheet of surface current at 2z = 0. (Image by MIT OpenCourseWare.)

B.C.1 nx[Hy—H;]=K= Hy(x=04,y) — Hy(x=0_,y) = Kocosky
B.C.II yx—0asx— —oc0
B.C.III 7 [prHi —prHi) =0= Hy(z =s_,y) =0
B.C.IV n-[urHir —prHi] =0= poH, o pH, o
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B
Question: What are the magnetic scalar potential and magnetic field distributions for = < 0
and 0 < x < s?
Hint: The algebra will be greatly reduced if you use one of the following forms of the potential
for the region 0 < z < s
I. sin(ky) cosh k(z — s)
IT. cos(ky)coshk(z — s)
III. sin(ky)sinhk(x — s)
IV. cos(ky)sinh k(z — s)

Solution:

?x  0%x
2 — —_— —_—
fo0:>ax2+8y2 0

General solution is of the form
x(x,y) = e (Cy sin ky + Cy cos ky) + e (C sin ky + Cy cos ky)

For z < 0 only €** term is relevant from B.C. II lim  — 0; also from surface current boundary condition

Tr— —00
I only sin ky term is needed. Therefore, x(z,y) = C1e** sinky for x < 0. For x > 0, we can work with the
general solution in sinh, cosh, due to surface current condition in y, only sin ky term is needed; also due to
boundary condition at x = 0, z = s we can use the form

x(x,y) = Ay sin ky cosh(z — s) 0<z<s

C| sin kyek® <0
Aysinkycoshk(z —s) 0<z<s

= X(J?,y) = {

—Cykek® (sin kyi, + cos kyiy) x<0

= ﬁ = —v = — -
X {—Alk(sin kysinh k(x — s)iy + cosky coshk(z — s)i,) 0<z <s

B.C.Ill = H, =0 = satisfied
B.C. 1V = puoH, o= WH, = —poC1F = —pAfsinh(—ks) = C; = —MﬁAl sinh ks
r=0" r= 0

BC. 1= H, o H, = Ko cosky = —Ajkcosh(—ks) + C1k = Ky

K K
= —Ajcoshks+ C1 = =0 —Aqcosh ks — ﬁAl sinh ks = —2

k Ho k

K
= A (po cosh ks + psinh ks) = _Mok 0
HoKo
= A =-
! k(o cosh ks 4 psinh ks
= 1K sinh ks
k(o cosh ks + psinh ks)
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o K psinh ksek® sin ky <0
X k(o cosh ks + psinh ks) | —pgcoshk(z — s)sinky 0<z <s

7_ K, —psinh kse*? (sin kyi, + cos kyiy) x <0
 (mocoshks + psinh ks) | +po(sin ky sinh k(z — s)i, + coskycoshk(z — 8)i,) 0<z <s

C

Question: What is the surface current distribution on the x = s surface?

Solution:

yt
I"‘<'|
o 4
Uy i
\
© >
<_S—>

Figure 2: Surface current boundary condition at = s. (Image by MIT OpenCourseWare.)

= Ksz

=S _

From magnetic field boundary condition 7 X [HI 7 — F;] = K. Therefore, —H,

r=s

Koo cos kyi,
o cosh ks + psinh ks

K(xr=s,y) =

D

Question: Use the Maxwell Stress Tensor to find the total force, magnitude and direction,
on a section of the perfect conductor at = = s that extends over a wavelength 0 < y < 27” and

0 < z < D. Assume that p in the region 0 < z < s does not depend on density so that Z—’; =

Hint: [ cos®(ky)dy = Sy + £ sin(2ky)

Solution:

x y

1
Ty = S [H2 — H? — HZ]

=S _

=0 (H:(z,y)=0)

T=S_
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o=0
H RN y
0=O IJO il Al :
Y 4_.1. A 1
©O— , :
T, 1*° ! Z

Figure 3: Maxwell Stress tensor used to find force on perfect conductor. (Image by MIT OpenCourseWare.)

Ty, = pH,H,| =0 (Hw = 0)
r=s_ Tr=s_
1 1 Kopo ?
me - = H2 —H2 = —— 2 k
S1al ) P Yig=s_ ol [uo cosh ks + psinh ks oSy
———
0

Ty =Ty = (HyHy)z—s_ =0  because H, =0

TrT=8s_

27
&
fm = f ijnjda = fw = —D/ ngjdy
S

0
:% Kopto i /?coszk d
2 | pocosh ks + psinh ks 0 v
~——————
27
K

(%+ sinfkky) )

—_m

0

I, = Dpm Kopo °
* 2k | po cosh ks + psinh ks
Problem 2

A

Question: What is the electric field in the free space region, 0 < r < R; as a function of time?

Solution: Charge relaxation.

i T Ops _
G Co’niervamovn o%chage V-Jr+5-=0 Jp ) Op; ,
auss’ Law /- BE="fL . E_ b _ —pf+ =t =
Linear Media J; =oF }V Jp=0V-E=07=0[¢ ot
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g—»00

Figure 4: Cylindrical shell of uniform volume charge. (Image by MIT OpenCourseWare.)

:>pf(t):pf(t:0)e_£ where 7 = =
o

0 0<r< R
= py(r,t) = _t
poe” T Ry <r< Ry

E(r,t)=0for0<r <Ry

B
Question: What is the volume charge density and electric field within the cylindrical shell,
Ri < r < Ry as a function of radius and time?

Solution: Using Gauss’ Law

f&EdE:/pde
s

0 0 R
Charge enclosed ) ) ‘ sr<i
w(r* — Ri)dpoe = Ry <r < Ry

2nrdeg B = 0 0<r< R
onrdeE, = m(r? — R3)dpoe 7 Ry <1 < Ry
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Figure 5: Using Gaussian surfaces (dashes) with Gauss’ law to determine the electric field in each region.

(Image by MIT OpenCourseWare.)

0 0<r<Ry
2 p2

B, = T2Eflp0€_£ Ri<r< Ry
0 r > Ry

The final case (r > Ry) is given by the problem statement.

C

Question: What is the surface charge density on the interface at r = Ry?

Solution:
n- [E[} —ﬁ[] = 0sf

R} — R?
L

tr= Ry :ceoE,
b= zie =Ry 2R,

. —¢cE| -

2 r=1y

r=R f

D

Question: What is the ground current, i(¢)?

Solution: From Ampere’s Law
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Figure 6: Using conservation of charge at » = Ry to determine the terminal current i(¢). (Image by MIT
OpenCourseWare.)

—_ _ 9D oD
VxH=J+ =V , o 1=
X J+ o =V J + ot ]=0
conduction ~
current displacement
current
=
OFE,
i(t) = 27 Rod(0E, + ¢ En ) -
R:-R? ., RE—R} 1 .
-9 dlg=2_"1 - 2 e T
mh {" 2cR, " +5< 2Ry °7°
R2 - R? t RZ—R?2 o t
—9 d e e R § —e 7| =
TRy |:O' 9 R, poe € 2R, 066 0
i(t) = 0
Problem 3
A

Question: Prove that the magnetic scalar potential x obeys Laplace’s equation for 0 < r < R,

and R, <r < R where H=-Vy.
Solution: Since there are no free currents in the regions 0 < r < R, and R, < r < R, from Ampere’s Law
VxH=J;=0=H=-Vy

for0<r <R,

B=uH+M),V-B=0=V-uH+M)=0=V-H=-V-M
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Figure 7: A magnetized sphere. (Image by MIT OpenCourseWare.)

OM,
0z

H=-Vx=V’x=V-M= =0

Because M., is constant, V2x = 0.
For R, <r < R:

B = po(H +M),M =0

From Gauss’ Law
V-B=0=V-(uH)=0= V- (uy(~Vx)) =0
= V?x =0

because pg is constant.

B

Question: What are the boundary conditions required to determine the magnetic field in
regions 0 <r < R, and R, <r < R?

Solution: B.C. I

ﬁ'[EII—EI]:OéHT =0

r=R_

B.C. II
Since there are no surface currents on r = R,, surface.

n X H]]—FI]ZF=0=>H9 = Hy

r:R;r

r=R,
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B=po(H+M),V-B=0= V- (uo(H +M)) =0

=V (/‘OF) =-V- (/‘OM) =>n- [Mo(ﬁ]} _FI)} =—-n

= H,

_[b

:+Mr
r=R,

+

r=Ry

r=R,
B.C. III

:HT

r:R;

4+ Mycost

r=R,

r

C

: [uo(ﬂn - MI)]

Question: Find the magnetic field H(r,0) in regions 0 <r < R, and R, <r < R.

Solution:

~ JArcos® r <R,
= Breos0+ Scos R,<r<R

— ox -~ 10x-
H=— - A, A
VX= g a0
L= Uy —Acos@fr—l—Asin@Egi . r <R,
—(Bcost — 2§ cos )i, + (Bsinf + $sinf)ip R, <r <R
B.C.I: = H, :0:30059—%—2c059:0:>B=%—€:>C:Bf‘g
r=R_
B.C.Il= Hy| =Hy R+;»Asin9:Bsin9+%sm9
r=R, r=R} i
A=B+ = RgB—B(1+ Rg)fQjoLRBB—A
B R} 27 2R3 2R} B
B.C. III
H, =H, + My cos 6
r=R} r=R,
2C
—BCOS@—FECOSQZ—ACOS@—FM()COSQ
P
2 BR3 R?
-B+ ———=-B— —B+ M,
TR orz- T
R3 R? 3R?
B<—1+R3+1+2R3>_M0:>2R33_M0
D P D
2 R,\* BR? 1 2R3 + R?
B=ZM,(-2 = = MR} = A= M, "
3 ()<}%> =C 5 =C 3 QRPZ$ 0 SR8
3 3 — —
o My 2R§;3R (— cos 61, + sin 91’9) r <R,
H= R\

~2 ()" = (%) coser + 2 [2 (%) "+ (

3 _
5 ]Sin@ig R,<r<R
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D

Question: Find the free surface current density K on the r = R surface.

Solution:

n X H]]—F[]:F

:>—H9 _=K¢

r=R

_ R\ _
= K =—M, (Rp) sin Qg

Problem 4

Figure 8: A current carrying string in a magnetic field from a line current. (Image by MIT OpenCourseWare.)

A

Question: To linear terms in membrane displacement {(z,t), find the magnetic force per unit
length on the string centered at r = 0.

Solution: From Ampere’s Law, §Cﬁ cdl = Ienclosed = Hy2mr = 1) = Hy = L. Lorentz Force on the

27r”

Figure 9: The magnetic field from a line current is determined by using Ampere’s circuital law. (Image by
MIT OpenCourseWare.)

conducting strings
F - e ,LL()Il
= (i i R
] (I214) x (o r:a—§> 29 m(a— f)Z

10
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N I _ polile 1 polily 1 polids &
l 2 (a—¢) 2ma (1-%) 2ma

14>
a

B

Question: What is the governing linearized differential equation of motion of the membrane?

Solution: The equation of motion for the strings is given by

0%¢ 0% pod1ls §
map =T Tt o (“a)

C

Question: What must I; be in terms of /5, m and other relevant parameters so that the mem-
brane is in static equilibrium with £(x,t) = 0?

d

Solution: In static equilibrium at § = 0, 3; — 0, therefore

LI 2
Oz—mg+u012:>11: mTamg
2ma /1,0[2

D

Question: For small membrane deflections of the form &(z,t) = Re [gej(“’t*’”)] find the w — k

dispersion relation. Plot the w — k relationship showing significant intercepts on the axes and
slope asymptotes. Assume that k is real and that w can be pure real or pure imaginary.

Solution: For small deflections from equilibrium point at £ = 0, the perturbation equation is
32€/ d2§/ ,Uoll IQ

m =T—=
ot? dx? 2ma?

826/7 T 825/ MOIlIQ

€/

_ T - T 2 kolhi g
ot? m 0x2  2ma’m Poom’ ¢ 2mma?  a
NG
vg w?
e L%,
oz~ P g2 +wel

For deflections of the form &'(x,t) = Re {éej(‘”t’k“’)}

—wzé = —vgkzé + wff =>wl= v§k2 —w?

dispersion relationship: for I 5 > 0,w? = vf,kQ — wf, with wz > 0.

11
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real w

imaginary
Figure 10: w — k dispersion relation with I; I > 0. (Image by MIT OpenCourseWare.)

E

Question: What are the allowed values of k that satisfy the zero deflection boundary condi-
tions at x =0 and x = L?

Solution: From dispersion relationships

2 2 2 2
Wt w w® +w
w2:vzk2—wf:>k2: s = k== Th
v v
D P
2 2
For kg = (/% :;wo where kg is the positive root of solution for k the displacement will have solution of the

form
€01 = Re { (61007 1 Egeror) 1)

with boundary conditions B.C. I £(z = 0,t) =0, = & + & = 0= £ = —& and
B.C. Il &(z = L,t) = 0 = & e TRl 4 &yeikol =,
= gle—jkoL _ élejkoL —0

€1(—2jsinkoL) = 0 = ko = %,n: 1,2,3

12



Spring 2006 Final Exam 6.641, Spring 2005

F

Question: Under what conditions will the membrane equilibrium with £(z,¢) = 0 first become

unstable?

Solution: First unstable condition happens when k = 7 = ©=

2
c

g_(z)ggm_(z)z
02 \L aT \L

13
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