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Problem 6.1

D@ (r=a,d)=Vycos (nd)
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Figure 1: The potential on the surface of a dielectric cylinder in free space is imposed (Image by MIT
OpenCourseWare)

A
As always, we start by finding boundary conditions.
I. ®(r =a) = Vycosng
II. & for r < a is finite
III. &(r=00)=0
Boundary conditions 1 and 2 suggest for r < a

D(r,¢) = Ar™ cosned

O(r =a,d) = Aa"cosnp = Vocosngp




Problem Set 6 6.641, Spring 2009

Boundary condition IIT suggests for r > a
®(r,¢) = Br~ " cosng

O(r =a,¢) = Ba™ "cosnp = Vocosngp

= B=Vya" r>a

So
Br.g) = A7 cosnd T <a
Ea Vo‘j—:cosn(b r>a
0
- Yon (2)"_1 — cos(n@)i, + sin(n@%aﬁ} rsa
T @) costaoi, +sin(uolis] >
B

op =i (coE(r=a")—cE(r=a"))

1% 1%
_ Eo¥om % cos(ne) + £on

a

a
— | cos(no)
a a
~~ ~~

=1 =1
The answer:

of = @(6 + £9) cos(ne)

From Table 6.8.1 of Haus & Melcher (an aside for cultural purposes):

Crotal = iy - (Eoﬁ(r =at) - eoﬁ(r =a")) [polarization plus free surface charge densities]
2‘/07?,80
Ototal = o COS(”¢)
Von .. .
Op = Ototal — Of = T(eo —¢) cos(ng) [polarization surface charge density]

C
(r=a,¢) = % + (A” o8 (227:%)  Bnsin <227:1¢>>

n=1

Average ® over 2r =0, so Ag = 0. ®(r = a, ¢) is purely even, so B, = 0.
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\% s 3
7 2<9¢<7

0 Vo _r us
@(ra,sb)ZAncos(n¢>{2 103
m=1 -

If we multiply both sides by cos(ma), integrate over one period (27) in ¢, and use the orthogonality relation
™ 0
J&T cos (ng) cos (mg) dop = { i

™ m=n

Ay = %
mm
2V
Br=a,¢)= » -~ cos(ng)

n=1,3,5,...
We omit work: nearly identical to example done in tutorial.

We have same boundary conditions as in (a), but boundary condition 1is ®(r = a,¢) = >, | 5
P = {Zn—173,57... (
Zn:1,3,5,...

where Vj of (a) — 22 in each term of the series.

2% cos(ng)

I
S

)" cos(ng) r<a
)" cos(ng) r>a
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:\LS:\‘
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Problem 6.2

A
10 ([ 09 19?0 9%
2 [ — _— S — —_—
VQ)_rar(r@T) 7‘23¢2+822
Azimuthal symmetry = g% =0.

20p_ L0 (00 00
V(I)_rar "or +822_0

Guess © = R(r)Z(z)

1o (TG(R(T)Z(Z))> L PR(NZ(=))

ror or 022 =0
Z(z) 0 ( OR(r)\ _ 0?7 (2)
o (Ta?« =R =52

Divide by Z(z)R(r):

1 8(T8R(r)>:_ 1 0%Z(2)
rR(r) Or or Z(z) 022

only z

only r

So, to be true for all x,y, both sides must equal the same constant. For this problem, we are asked to set
that constant to zero

1 9°Z(z) 0?Z(z)
72 02 V7 o2 T
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= Z(z)=Az+B

L0 (0RO (08
rR(r) Or or N Oor or )

:ra—R:Cé/dR:/gdr
or r

So, R(r) =Clnr+ D, And

®(r,z) = (Az+ B)(Clnr + D)

B
O(r <a,l)=Vy O(r,z=0) =
O(r=b,z)= O(r=ay,z) =P(r=a_,z2)
®(r=0,z) = finite
C
0<r<a:®V(r,z) = Az+ Bzlnr+ Clnr + D
dW(r =0,2) is finite = B=C =0
\%
W (7, 1) = Vp, @D (r,0) = 0 = o) = %Z
a<r< b:<I>(2)(r7z) =FEz+Fzlnr+Glnr+ H
@ (b,2) =0= E = F(—Inb) and H = G(—1Inb)
so d@(r, z) = len% —l—Gln%
2@ (r0) =0 = d? = len%
Voz | 7
PO =0.2) = 80 = 0.2) 5 80 = S g
D

. 0P . ~ 0P
ﬁ—*V@—* Zra,r‘+l¢/3%/+lzaz

O§r<a:ﬁ(1)V(VOZ>¢E(1)%ZVO

a§r§b:ﬁ(2)_—v( Yoz 1n’">
n

1 (%) b
Y LA (.
o Tlln%r len% b
E‘(2):_ Vo (%TE_’_%ZIHC)
[In ¢ r b
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E
. (2) 1)
?1 (5()@ (r=at)— E (r=a ))—asf
VO z
9 0=
Olln%a+ st
_ &Wz
Ist alln
F

We need &3 and ﬁ@)

‘5(2)(7':7“0,2220) ZZ/O 0 %Z

\i

Equipot.: zoIn 52 = zIn ¢
Field Lines

o _ED =
dz  g® In} rhj
/rlnidr:/zdz
b
r21 (r) r? z2+
LS RO 50 TR
o "\p) T4 T2
At r =rg and z = 29

o tha(y

2 b 4 2

Are they perpendicular? For E-field:

dp |Efield o

dzl() ) =(rg20)  TOIMT
For Equipot:

dr equipot 70 In TTO

421 (7,2)=(ro,20) %0

ﬂ equipot @
dz dz

Problem 6.3

E-field
) - _1

Sphere, initial conditions: At ¢t = 0, p(¢) = 0. No charge anywhere.
0 t<O0
p(t) =
p t>0

Dipole
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Figure 2: A z-directed electric dipole p(¢) at the center of a free space sphere of radius a surrounded by an
infinite medium with permittivity € and conductivity o (Image by MIT OpenCourseWare.)

—

Figure 3: A dipole is turned on at ¢ = 0 to a dipole moment of py (Image by MIT OpenCourseWare.)

A

Since there is no volume charge anywhere in the system, we solve Laplace’s equation

B(t)

r2

V2®;, =0 D,,, = A(t)rcosf + cos

C(t
V2P, =0 Do = # cos 6

We know that since there is a dipole inside, ®;,(r — 0) = %{ﬁf@. Therefore, B(t) = Z‘T’F(Etz At t =07,

the surface charge at the boundary r» = a is equal to 0. So
L.
(eE.(r=a") —eoEr(r=a"))=0s=0

E;, = -V, = (pou(t)cosQ — A(t) cos 0) i + (pou(t) + A(t)) sin fig

2megrs 4egrs
pou(t) 5 pou(t) o
= <27r507‘3 - A(t)) cos 01, + <47r507°3 + A(t) ) sin g
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- 2C(t N t .
Eout = _V(I)out = ( C( ) COs 9) ir + <C;q(3) Sin9> i9

3
pou(t) 20(t)
—A)) = 1
0 <27T500/3 ( )) € a3 ( )
I1. Also, ® is continuous at r = a, so

pou(t) ct)
A(t) = 2
4dmegad +A() a’ 2)

Add[]and [ to get 221Q) — C=220CU  Substitute C(1) = 2540

) ) S
4dmega’ 4 (2 + £¢)ad
Therefore A(t) = %
Soat t =0,

poleo —€)r Po
d;, = t 0 <
(27r60(€o + 2¢)a® + 47r50r2) u(t)eost r<a

3po

Pyt = ———m—
T Ar(eo + 2¢)r2 "

(t)cosf r>a

B
dos _
For t — oo at steady state, %= = 0

0 Oog
(O'outEout,r _g{nEi"lﬂ”)L:a = ot

Therefore in steady state C(¢) = 0. If C(t) = 0, then 2248 4 A(¢) =0, A(t) = — 2228 So for ¢ — 0o in

=0 (o =0 inside sphere)

4megal 4mega’ ”
steady state
Po poT
d,, = — u(t)cosd r<a
" (47r50r2 47r50a3) ®) -

Doyt =0 r>a
C
Recall that ®(t) = Dy + ®(t=04) — Dy e~7. We already have these

steady state potential initial potential steady state potential

terms. We have to find the time constant 7.

oB.(r=a%)+ 9 (eEy(r=a")—eoE(r=0a7))=0

ot

20C(t) 9 ([ 2C(t)  pou(t) B

( ad >+ ot (5 a3 2ma’ +eod(t) ) =0
eoC(t)  pou(t

o) 2001 )

2ete0) 0 20 _ 0 3pou(t)\
( a3 ) 6tc(t)+ <a3> c) = ot (471'50&3 =01>0

so T = 2t
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D

0

7x(t) = oult = c0) + <M— ou(t = oo)> et/

= 05(t = 0) (1 - e_t/T)

0
os(t = 00) = EE:-(T =aq,t = o0) —egoEp(r=a_,t = 00)
0,
=c
’ or r=a_,t—00

_ _ 3pocost (1 B e_t/T) L 2e + €0
4dmega’d ’ 20

Problem 6.4
As no free current inside and outside the sphere, Maxwell’s equations for MQS gives:
V-B=0,VxH=0
Here
H=-Vy
So
Vix =0
The general solution for Laplace’s equation in spherical coordinates is
x =Arcosf r<R

x = (Dr+C/r*)cos r>R
The magnetic field is

= _ - 10x- 1 Ox-
H=-Vx=- <8TZT * r 8929 + rsin 6 8¢Z¢>
= —A(cos i, —sinfig) = —Ai, r<R

= —(D —2C/r®)cosbi, + (D +C/r®)sinbiy >R
The boundary conditions are
H(r=00)=0= D=0
Hy(r=R,)=Hy(r=R_)=A=D+C/R?
B.(r=Ry)=B.(r=R_)=H.(r=Ry)=H.(r=R_) + Mycosf
with solutions

A= M,y/3

C = MyR*/3
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The scalar potential and the magnetic field are:

M,

X:Torcosf) r<R
MyR3

X = 3(;12 cos) r>R

M . - Mo -

H = —?O(cosﬁir —sinfig) = —?Oiz r<R
2MoR® MyR® . _

= 37”3 COSHZT+3TSIHGZO T>R

MyR3 - -
( 3015 )(2coso9ir+sin¢9i9) r>R
r

Problem 6.5
A

From Gauss’ law V- D = pf=n- (Dy — D) = 0sf, the polarization surface charge is

—V~P:pp:>—ﬁ'(p1—p2>:0'8p

As no free charge inside and outside the cylinder, Maxwell’s equations for EQS gives:

V-D=0,VxE=0

Here £ = —V®, So V2® = 0. The general solution for Laplace’s equation in cylindrical coordinates is

®=Arsing r<a
=(Br+C/r)sing r>a
The electric field is

0P 10®- 0P -
or

E=-Vb=-— (ZT + ;%M) + 512
= —A(sin ¢i, + cos pig) r<a
=—(B—-C/r*)singi, — (B+C/r®)cospi, r>a

The boundary conditions are

E(r=00)=0=B=0

S(r=a4)=0(r=a_)=Aa=C/a

eoBr(r=ay) =¢coE-(r=a_)+ Pysing
with solutions

_ B C:P0a2

A

N 280, 260
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The scalar potential and the electric field are

=—sing r<a
250

Fba2
250T

sing r>a

_ P, _ -
E=—""(sin¢i, + cosdiy) T<a

250
Pya? . - Pya? -
=5 sSingi, — ——cosPiy T >a
2eqr 2eqr

10
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