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Problem 2.1
A

Surface S

Curve C

Figure 1: Surface S and contour C for using Ampere’s law (Image by MIT OpenCourseWare.)

Step 1: Find field of z-directed line current, ?, at x =y =0.

T =1,
By symmetry: H= H¢,%¢ in cylindrical coordinates. By Ampere:
j’{ H-dT = / 7 -da
c s
—_——
current going through S
(2mr)Hy =1
I .
=—1
¢ omp ?
~ -y ~ €T ~

Step 2: Find solution by adding two translated H fields:

ﬁtotal = ﬁll + ﬁ[z

I d. - A
- —(y = 5)ie + iy | +

I

"o (22 + (y — £)?] 2

2n [Jc2 + (y+ %)2]

)iz + Xty
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B

Step 3: We want field in y = 0 plane so y — 0.

L =11,=0

1 R A
Hlo = g | e + 0]

om(x? + £ [2

ii

L=11,=1
1 A
ﬁtot = W |:J}7ﬂ/:|
iii
L =11,=-1I
I .
ﬁtot = —————|[di,]
2m(x? + %2)
C
F =q7 x (juoH)
SO

dF = dq [7 X (,uoﬁ)]
In our problem the line current is a moving line charge, so dqg = Adl

dF = AT x [uoﬁ} dl =T x (uoH)dl

7o / "2 Bl = (T x B

So

Force _
Length

T x (uH)

We don’t need to know fT[l> since I; cannot exert a net force on itself. So we need a field of I

., I {— (y—‘-%)%x—&—x%y}
HI2: 3 d2
27T(3;‘ +(y+§) )
I isatx:O,y:g,sox%O,y%%above.

_ —hd, _ —h,
T ond2 T 2nd ”
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Force =(ﬁ)XOmﬁ5=(hﬂ)X<Mdé>%

Length 2md
_ *Moflfz;b.
ord Y
(7) L =1, I,=0
Force
Length -

(44) L=1I I5L=I
Force —pol?
= i

Length 2rd Y

(#4) L=1 I

-1

Force wol? -
= i
Length 2rd Y

Problem 2.2
A

The idea here is similar to applying the chain rule in a 1D problem

(-3 ) [8)- H

dz \ f(x) df \f(x)/| ldz]  f*(x)

f(x) corresponds to |7 — 7'|. So, by diff. f(x) we get part of the answer to the derivative of
can just do it directly too.

P == V=P Ay (=P

v 1 ~ 0 1 g 0 1 n 0 1

—— | = | =S=——F ly— | —=——+ by | —=——7

7 -7 ox ||[7—"'|] Yoy |7 -7 oz [|7 — 7|
So we can apply the trick above by just considering x,y, and z components separately.

7= = o (Ve o -y P G- o)

/

_ T—x
VP -y )P+ ()
__&-a
R
Similarly, |? 7| = |? ?,| and ‘? 7| = |? ?/|'

N e
\F-7)" T-7P

and so on for y and z.

7 =T P ==+ (- y) (=)

. But we
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SO:

1 - [(:r — x')ix + (y— y’)z;, +(z — z/)z;}
) L?—?’J (o — a2+ (y — )2 + (2 — /)2
Denominators = |7 — 7'|2. Thus,
v { 1 } —(7? -7 -1 (P-7)

-7 PP [F-TPR[F-7
_ 7:1’:7"/7'
EEEEE

B

Follows from (A) immediately by substitution. Remember V is derived in terms of unprimed x,y, z. V does

not affect z’,y’, 2’

C
7")dV’
o) = [ AT
p(T") = charge density in % We have A in units of % In this sense, p — oo at the ring. We can represent

this in cylindrical coordinates by p(7') = Agd(2)d(r — a). Then we can evaluate the triple integral

/ / / Xod(2)6(r — a)rdrd¢dz /2’* Noadd
deg| P — 7| Jo  Admeo|F 7|

But, we can skip that unnecessary work by simply considering infinitesimal charges (ad¢)Ao around the ring.

Figure 2: A ring of line charge with infinitesimal charge elements dg = A\gad¢. (Image by MIT OpenCourse-
Ware.)

We only care about z axis in this problem as well, so, by symmetry, there is no field in the = and y

directions.
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Ao(ado)

2
@(?) :/ 2 2\1
0o 4dmeg  (a®+27)2
———

distance from
the charge
element \gad¢
to the point z
on the z-axis

g

- 2e0(a2 + 22)2

on the z-axis.
0 0
.~ 0 . 0 . 0
ﬁ:—V@(?):— szx/{)(—FZ%(—FZZ(?Z@

E-i? (Aoa )
“02 \ 220(a2 + 22)2

ﬁ o aloz

Z - __a
“20(a? + 22) %
Using the equation from the Problem 2.2 Statement with z component only (symmetry) and with p(7)dV’ —

Aoadeo

2m
Aoad 0
EZ(Z):/ Aoaddeosh g =
o 4meg(22 4 a?) (a2 + 22)3
_/2“ Noaz  do
“Jo o (a?+ 22)3 4meg
Aoz

© 20(a? + 22)3

Limit |z| — o0

Va2 + 22 — |7
Aoa 2T A\ga Q
®(2) ~ 2 T =
2e0(a2 + 22)z  4meolz|  4dmeolz]

Q = 27 )oa (total charge on loop). ®(z) looks like potential from point charge in far field.

Q
B Aoaz . Aoaz {4ﬂ5022 z>0

T2eg(a?+22)3 2P =R 2 <0
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Figure 3: A line charge ring of width dr in the disk (Image by MIT OpenCourseWare.)

D
From (C), ® = ﬁ for a ring of radius r. But now we have o(, not A\g. How do we express A\g in
eo(r<+2z<)2
terms of 0¢? Take a ring of width dr in the disk (see figure). Total charge in the ring = (r)(27) (dr)oo.
——
circumference
Line charge density = A\g = % = opdr
So: \g = opdr
0D — oordr

© 2e0(r2 + 22)3

oordr oo [° rdr
Protal = on (72 4 2\ 2en (2 4 2%
0 2e0(r2+22)2 20 Jo (r2+22)2

oo [V 2] [Vaz+22 — 2]

20

r=a

00
r=0 280
1

1 _
EF— Vb, . = 0 _ ;
ol = 9eg V22 Va2 + 22 "

E
As z — o0,
2 2
2 ,2\4 a 2 ,2\—% 1 a
+22)7 = 2]+ o +22)r s = (1- =
@4 bl @A (1o 55
na’og
‘btotal -
degm|z|
7'('0,20'0,—
—1
dmegz? ~

just like a point charge of ogma?

F

As a — oo, z in the va? 4 22 can be neglected, so
g0

étotal —
260

[a = [2]]
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e e R & A
2e0 | 7] et 2<0

just like a sheet charge.

Problem 2.3
A

By the divergence theorem:

/‘/V-(VXZ)dVZ]{S(VXX)-dﬁ

where S encloses V.

ii By Stokes’ Theorem:

/S/(wmm:j{jz.ﬁ

Suppose S is as in figure

Figure 4: Closed surface S (Image by MIT OpenCourseWare.)

and S’ is as in figure

C

Figure 5: Open surface S’ bounded by contour C (Image by MIT OpenCourseWare.)

i.e., S’ is the same as S, except for the contour curve C, which makes S’ slightly unclosed. Now consider

limit as C' — 0 (Figure [6)
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L7 7>

Figure 6: Limit as C' — 0 (Image by MIT OpenCourseWare.)

Problem Set 2

In limit C — 0,58 — S. If C is 0, then fCZ -d7 = 0. By equation (i), $5(V x X) -da@ = 0. By
equation (i), fv V- (V x Z)dV = 0. Since V can be any volume, argument of integral must be identically 0.

V- (VxA)=0

B

A = Agip + Ayiy + Asis
B 0A. 0A,\. [(0A, OA.\. (04, A, -
V. (VxA)=V K e az)Z”(az - 8x>zy+(ax - 8y)zz}

_6<8Az_8Ay> 8<8Ax_8AZ>+3(8Ay_8AI>
ox \ Oy 0z oy \ 0z ox 0z \ Ox dy
_ %A, B %A, n %A, B 0%A, . 0?A, B 0%A,

Oxdy Ox0z Oydz Oydx 0z0xr 020y
= 0 because of interchangeability of partial derivatives

In cylindrical coordinates
A= ATET + A¢Z¢ + Aziz
= (104, 044 - (04, 0A; - 1[0(rdy) 0A,
VXAZT<T 0¢ 8z>+l¢(az 8r)+12r[ or 0¢
n_ 10 (0A, 04, 10 (0A, 0A, 0 [10(rdy) 104,
V(VXA)_T8T<8¢ T82)+7‘8¢><3z 87‘) 82’[7‘ or r O¢
r9%A, 1044 . 182Ar B 182AZ 0?Ay n 1044 182Ar
r 0z ro¢dz rordp Ordz r Oz r 00z

_ 182142 o
Crordp T oroz
=0

Problem 2.4

(Zahn, Problem 23, Chapter 1)

A
Cartesian Cylindrical ~ Spherical
hy =1 h.=1 hr-=1
hy =1 he =1 hg=r

h,=1 h,=1 he =rsind
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B
0 g4 Uy O
df = (% dv + 8wdw
=V f e
= V[ - [huduiy + hydviy, + hydwiy]

V=2 vpy, = L,

" hy Ou’ Ty 00’
1 9f- +iﬁ- 1 9f-
hy O bw

h@ hy Ow

197

(V) h ow

Vf=

dSy, = hyhydvdw; dS, = hyhydudw;
dV = hyhyhy,dudvdw

dSy = hyhydudv

D

Divergence

b= % A-dS :/ A, hyhydvdw 7/ Ay hyhydodw
S 1,u 1 u—Au

—|—/ Ayhuhwdudw—/ Ay hyhydudw
2,v+Av 2/ v

—|—/ Ayhyhydudv —/ Ay hyhydudy
3,w+Aw ’,

Auh hw‘u Au A h hw‘v—&-Av Avhuhw|v A h h ‘w—&—Aw

AuAvAw

Au Av

$s A s _ $sA- ds
AV 7 hyhohy AuAvAw

N O(hyhwAy) N A(hyhyAy)
ov ow

Aw

lim
Au—0,Av—0,Aw—0
1 [0(hohwAy)
" hyhoha ou

<« Av—

»
=

(v, w) L

Figure 7: Surface for determining (V x A),

i . § A-dl
Av—0,Aw—0 hvthvAw

(Image by MIT OpenCourseWare.)
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jf A0 = [Auhy Al — AuhoAlusan] + [AuwhwAt]os an — AuhuAw]]
L

(v % A)u - Av—>101,r£w—>0 hyhy

1 [6(thw) O(hyAy) ]

1 Avhv|w - Avhv|w+Aw + Awhw|v+Av - Awhw‘v
Aw Av

" hohw | Ov w
Similarly
1 [o(huAy)  O(hyAy)
(V X A)v huhw |: 8'LU - au
— 1 [0(hAy)  O(huAy)
(V X A)w huhv |: au 81}

B 1 0 (hyhy Of 0 (huhy Of 0 (hyhy Of
Vi =V (V)= [ < I 8u)+8v< oy 8v)+8w< I 8w>}

10
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