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6.641, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
Final Exam: Solution

1. a) apply charge relaxation for inner cylinder (r <R,)
0 c _t/r €
PP =0 = pr=pee’ ,1==
€ (e}
use Gauss’ Law
_ Vv -t
$E-da= jpfd S E2nrd=Par2g E - P _ Pk
S € € 2¢ 2¢
b) total charge within the inner cylinder is constant. Gauss’ Law
for Ry <r <R,
== p p poRy°
$E-da=[-dV = E 2ard =" nR?d, E =21
5 € €y 2rgg
) ﬁ‘[go_r{h— Elr, ]:Gsf(r_Rl)
Osf (I’ = Rl) =gk r=R;, ~ SEr r=R,_
_ Po Ry _Po R, ettt _ po Ry (1 _ e—t/r)
2 2
R 2
Gsf(r:Rz)—_goEr :—po—l
2R,
r=R,_
2. a) P = Pyi, = Py (cos 0, —sin o)
b) ®(r=R)=0
@(r=R;,)=d(r =R, )
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c) E=-Vo , V0 =0

Arcos 9 , F<Rp

O = D
Brcos6+—-cos6, Rp <r<R
r
~Acos@i, + Asin@i, , r<Rp
E:_vq):_ai)Tr_lai)Tez
or r oo

—(Bcose—z—?cosejﬂ+(B+23jsine iy Rp <r<R
r r
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P Rp |
_E[l—[ij][cose|r—5|neleJ, r<Rp
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Il

R, P, R3 - -
; - , R3 -
_[?] [COSGIr—SIn9I9J+Er—3|:2C056Ir+SIn6I9 , Rp<r<R

R 3
d) ost| =-eF|r = -3P (?P) cos

6.641, Electromagnetic Fields, Forces, and Motion Final Exam: Solution
Prof. Markus Zahn Page 2 of 10



w
Q
N

Il
Il
UloH
N

b) EQS system

— o/ —
Vsz—&(pH)
VxH=1]=0oE = V?H = ucﬁ
ot
V-(uﬁ)=0

For DC Steady State % =0, V’H=0

We just have z component H, in the material, V2 H, =0

C) As field has no variation in the y and z directions

AXx + B, O<x <s

o°H
. +=0=H, =
X
Cx+G, S< X £2s
5 -A , O0<x<s
J=VxH=J=i, J =-—H-=
-C , s< x<2s
A
-, O<x<s
_ 01
— ] _ _ J,
E=— = E = Eyly, Ey:— =
c G
C
-— , S<X<£2s
G2
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d)

e)

f)
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I _Io
H,(x=0) =2 B=7
HZ(XZZS):O N 25C+G=0
As+B=Cs+G
H,(x=s,)=H,(x=s_ A C
E,(x=s,)=E,(x=5s_) o o
A=- o ,B:IBO, C=- o , G=+ 2o
SD(1+62J sD(1+ ] D£1+61]
G1 G2
- Lo x+IB0 , 0<x<s
SD[1+GZJ
S5
A, = I 21
_ 0 X + 0 , S<X<2s
sD(l+Glj D(1+Glj
G2 )
I—O, O<x<s
SD(1+GZ)
O1
Jy: I
0 , S<X<2s
SD[1+01]
G2
Lo , O<x<s
sD(o; +05)
Eyz I
0 S<X<2s
sD(o; +0,)
0
fo=¢Tyn = —aD T, |  +aD Tﬂ“s aD%Hﬁ
S
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4. a) Set the field in the air gap as Hy for 0 < x <38 and H,'
H
Nﬂlﬂ+"i
g
Nolo
g
»X
il
For 8§ < x <I
¢H.dl= [ J.da=NI
C
g g
b)

Set the flux linking the N, turn coil A,

and flux linking the N turn coil, 2,

NI Ny Iy + Ni
doy =Ny pig | 2020 2 pR g4 00 F 0!
1 =Noko| =

2“R0-5ﬂ

Ng I, + Ni
Ay ZNHO{—OOQ

anU—sﬂ
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_dhy _dapds o Nolp +Ni

c) Ve T g Vo 2R 8, sin(wt)
d) F- [TxBdl - {Mm}g
2
(2Ng Iy + Ni
fX:—anuoN{%j

Co-energy method

I
1 0
W= o

=

Mdiy + o Apdi
. (

iy =Iy

2 2
= Np Ko {Ngglo 27R & + N;gIO 27R (I—S)}

+NMOFNOI;HW an(l—s)}
AL _ZRRNHOi[MJ
ds |y ; 29
< 2) ,_CrC T _c-C
2 ' JE 2
Initial condition:
T T
O<x<a, C,=---2 ,C=-- , T.=T, v=0
+ \/p_E \/E m
-a<x<0, C,=C_=0 , T=0 , v=0
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b)

Boundary Conditions: at x=a Fixed end, v=0, C_=-C

at x=-a Free end, T=0,C, =C_

+

T, T
1 cC,=--=2, C=-2 v=0, T=T
+ \/p>E \/p7E m
2 C,=0 , C_ =0 , v=0 , T=0
3 C,=0 , C =0 , v=0 , T=0
4 C,=0 , C_=0 v=0 , T=0
T T T
5 C.=-—", C=-—m v=_—" T=0
T JE JoE JoE
T T T
6 CC=-—", C=-"m  y=—m  T=0
" JoE \JpE JpE
7. -0, c-to yoTa 7T
JpE 2,/pE 2
4 Tix=a) T, 4
JpE
Tm
V(x=-a)
I [ L > t
alV, 2V, 3V, Ve 2/Vp 33V
Tm JLV{t:f?aP}
J\T(t=23Ta} JpE Tm
P‘
2+|pE
TI'TI
2
| Ly % | >
-a -a/2 0 al2 a -a —a/2 0 a/2 a
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e) if £(x,t)=Re {g ej("’t‘kx)}

2
—6,,0% = —Skzé + 8;0[2 [%) + ﬂ}%

2
mzzkzi_ﬁ[(ﬁj +ch]:kzi_ €o [V12+V02]

Con Ao, a

2
Foioal, wpo S 2o 2al() o
Gm aGm a 80
€ 2 2
= V,© +V,
a3(5m[ ! 0 }
f) at x=0 ,g(x=0,t)=0
2 2
o - o
x=L , g(x=L,t)=0 ; kq= <
( ) 0 sz
&(x,t) =Re {(éle*jkox + ézejkoX)ejmt}
g +8 =08 = —&; & (-2jsinkel)= 0=k = ”—I”,n ~1,2...
g) First unstable when k = ~ = 2¢
YA
2 2 3
(DCZ =VP2 i :>V12 -|-V02 | Si
[ | €
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