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Problem 1
A

Question: Calculate the electric scalar potential inside and outside the

Solution:
At =0)r*sin3¢ 0<r<R
S(r, byt =0) = 5y ==
(¢ ) {B(is‘()’ sin 3¢ r>R
00(r, ¢, t = 0) —3A(t=0)r?sin3¢p 0<r<R
E.(r,p,t=0)=——"—F——F= _
(r.9,6=0) ar 3B0=0) 4in 3¢ r>R

EQET’(T =Ry, 0,t = O) - elEr(T =R_,¢p,t= O) = ps(t = O)’rzR = Pso sin 3¢

%ﬁmgﬁﬂ- 3e1A(t = 0) Rsin3¢ = pj,sindp

O(r=Ry,p,t=0)=®(r=R_,p,t=0)= A(t =0)R>
B(t=0)=A(t =0)R"
3R2A(t = 0) [61 + 62} = Psq

At =0) = = :
( ) RS 3R?(e1 + €2)
Psq 3
s yrosindg 0<r <R
®(r,¢,t=0) = { 3io(le jl)n 3¢ >
3(e1tez) 13 rz R

B

cylinder at time ¢t = 0.

Question: Calculate the electric scalar potential inside and outside the cylinder for ¢ > 0.

Solution:
A(t)r3sin3¢ 0<r<R
O(R, 1) — =r=
(B, ¢:1) {Bf;) sin3¢ r>R
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B(r = Ry, p,t) = D(r = R_,6rt) = A(t)R® = %
B(t) = A(t)R®
OE,.(r = R_,¢,t) OFE,.(r = Ry, ¢,t)

= U2ET(T = R+7¢7 t) + €2

UlEr(r:R—a¢7t)+€1 ot ot

0D (r, ¢, ) —3A(t)r*sin3¢ 0<r<R
L, P, 1) = —
(r,:1) or 33( sin 3¢ r>R
dA 3o 3es dB
R 2 2 3e2 dB
301R A( ) 3R €1 —— dt R4 ( )+ R4 dt
dA
= 3R2(0'2A( )+ € —— dt )
dA dA
—O'lA(t) — 61% = O'QA( ) + €9 — dt
dA
(e1 + 62)% + (01 + Uz)A(t)

aA A O.T:ewez

dt T ’ o1+ 09

_t Ps _t
At :A t: T 70 T
(t) (t=0)e 3R2(e, +62)6

rsin3ge r 0<r<R

Psg

) 3R?%(e1+e2)

®(T7¢7t) _{ pb’oR14 :in3¢ _t > R
3(e1tez) 13 e rz

C
Question: What is the free surface charge density ps(r = R,t) for ¢t > 07

Solution:

ps(r=R,t) = &FE.(Ry,¢,t) —e1 E.(R_, 9, t)
O BA(t
= RE* )R6€2 sin 3¢ + 3A(t) R?e; sin 3¢
= 3R?sin3¢(e; + €2) A(t)

= B’R&/Sin 3(15/(;1/"/67;%%67
€ 2

t

= pg, Sin 3pe*
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Problem 2
A

Question: Determine the force of electric origin that acts on the upper capacitor plate in the
direction of increasing z, as a function of the applied voltage V, the plate deflection z, and the
parameters of the model.

Solution:

EoA 1 2d

o=V m T

Q

VQEOA
(G —x)?

C(z) =

DN | =

B

Question: Determine a differential equation that describes the time response of the deflection
z as the upper capacitor plate is deflected by the force of electric origin. Neglect gravity.

Solution:
d2LL‘ E()AV2
M—=-K _—
a2 TG
C

Question: Assume that the deflection of the upper capacitor plate is in static equilibrium for
a given voltage V. Determine a relation between the equilibrium deflection =z = X, the applied
voltage V, and the parameters of the model. You need not explicitly solve for X.

60AV2
2AG—X)2

Solution: At equilibrium, ‘é—f =0= KX =

D

Question: We wish to determine the voltage at which the equilibrium found in Part ¢ becomes
unstable. To do so, let + = X + 2’ and linearize the differential equation found in Part b for
small displacements z’ from the equilibrium X, where 2/ < X.

Solution:
r=X+2a
M% - ke Eoévz G _ZX)sx/ - {_KJF (goiﬂ)/;)g /
M’% =-K [1_(6‘2—XX)} x
—-3X
= —K[[CZ;_BX]]I’
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E

Question: Combine the answers to Parts ¢ and d to show that the deflection of the upper
plate becomes unstable (as determined by the dynamics of the linearized differential equation
found in Part d) when the upper plate deflects a fraction of the gap G. Also, determine this
fraction.

Solution: Unstable if G — 3X < 0. Incipience: X = %

F

Question: Determine the voltage in terms of the parameters of the model at the onset of
instability determined in Part e.

Solution:
60AV2 60AV2 27 60AV2
* (G- X)3 0 * (2g)3 ReR
3
 [8KG®1®
o 276014

Problem 3
A

Question: Find the magnetic field H in each gap within the magnetic circuit. Neglect fringing
field effects.

Solution:
Hy,a=NI
Hyb= NI
NI NI
Hy === Hy= =
a b
B

Question: Find the self-inductance L(z) of the coil as a function of block position .

Solution:
D = upHypspd + Hod (paz + pio (8¢ — )
s 1
= V1 (M4 L G+ (50 - ) )
1
A= N® = N?Id [M;)Sb + o (o + po (84 — x))]
A 1
L(x) = 7= N2d [M%Sb + - (o + 1o (Sq — :L‘)):|



Quiz 2 Solutions 2003 6.641, Spring 2005

C

Question: Find the magnetic force on the movable block.

Solution:

o LpdL _1N*Pd
Y9 dx 2 a

(:Ufa - ,u())

D

Question: What is the governing differential equation for the position of the movable block?

A’z 1 QIQd
M-z = =Ko+ 5N — (1o = po) = fr(2)
E

Question: Find the equilibrium position r = z., of the movable block assuming 0 < x < s,.

Solution:
1 12d
fT(x) = f:}c - Kmeq =0= §N27(,U/a - MO) - Kmeq
1 N2J13d
Teqg = =
2 Ka

F

Question: Is this equilibrium stable or unstable?

Solution:

Cg—; = —K <0 (stable)

T=ZLeq

G

Question: The movable block of mass M is slightly displaced from its equilibrium at z., by
an amount Az and released with velocity Z—”t” .o = vo. To first order calculate z'(t) where

x(t) = xeq + 2/ (t) with 2/(t) < z.q. Neglect friction.
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Solution:
d*a’ dfr / / d*a’ 2,/ 2 K
dtz :%zﬁqa? =Kz = dt2 +OJ0.’E ZO,WO:M
2’ = Asinwyt + B cos wyt
d /
d—xt = wp [A coswyt — B sinwyt]
2 (t=0)=B=Az
d /
i = woA = Vg = A= UfO
dt |,_, wo

v
2/ () = = sinwgt + Az coswot
wo
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