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Problem 7.1
The electric field intensity between the plates is
E=v/a
Hence, the surface charge adjacent to the free space region on the upper plate is
of =¢eov/a
while that next to the nonlinear dielectric slab is
v3 v
of = aﬁ + 505

It follows that the total charge on the upper plate is

d 3
g=2 44— x) <m;+aov>
a a a

The electric co-energy is

r diggv? d(l - z)av?
We—/qdv— 2a + 4a?

Then, the force of electrical origin is

oW, dav?
f€ = — =

ox  4a3

Problem 7.2

We ignore fringing fields. Then the electric field is completely between the center plate and the outer plates,
where it has the value E = v/b. The constraints on the electrical terminals further require that v = V; — Ax.
The surface charge on the outer plates is €3 and hence the total charge ¢ on these plates is

q:2(a—x)d—gov (1)

It follows that the co-energy is

/ d
W, = (a =)=’ (2)
and the electrical force is
_ aWé _ _@ﬁ
T 9 b

f€
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Finally, we use the electrical circuit conditions to write

7o =~ %0 (v — Az’ (1

The major point to be made in this situation is this. One might substitute the voltage, as it depends on z, into
before taking the derivative. This clearly gives an answer not in agreement with (). We have assumed
in writing (B]) that the variables (v,x) remain thermodynamically independent until after the force has been
found. Of course, in the actual situation, external constraints relate these variables, but these constraints
can only be introduced with care in the energy functions. To be safe they should not be introduced until
after the force has been found.

Problem 7.3
A

The magnetic field intensity in the gap must first be related to the excitation current. From Ampere’s law
Ni=dHy+ xH, (5)

where the fields H; and H, are directed counterclockwise around the magnetic circuit when they are positive.
These fields are further related because the magnetic flux into the movable member must equal that out of
it
mowbHyg = powaH, (6)
From these two expressions
Ni

H, =
t(f )

The flux linked by the electrical terminals is A\ = NugawH,., which in view of (7) is

N2
A= LisL = 00 (8)
(7 +2)
B
The system is electrically linear. Hence, W, = $A?/L (See sec. 3.1.2h) and from (&),
1 (dfa + a:)
Wy = =M\ 2 9
2" NZ2ugaw )
C
From conservation of energy f¢ = —%, W = Wi (A ). Hence,
1 A2
e_ _ 1+ 10
! 2 (N2 ppaw) (10)
D

In view of (8) the current node equation can be written as (remember that the terminal voltage is ‘é—;‘)

(t) = 1dx A (5 +)
R dt N2 ppaw
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E

The inertial force due to the mass M must be equal to two other forces, one due to gravity and the other
f€. Hence,

Pz 1 A2

MEL g 12
dt? g 2 N2pgaw (12)

(@) and ([I2) are the required equations of motion, where (A, z) are the dependent variables.

Problem 7.4
A

From the terminal relations, the electrical co-energy is (Table 3.1.1)

Wr/n = /Aldil + Aodis

or
A Y U Y
W, = iax%ff + baiwyiqio + zcxgzé
3
A
>

:7:2

Figure 1: Co-energy computed by integration in the i; — is plane (Image by MIT OpenCourseWare.)

B

It follows that the required forces are

ow, 1 -
fi= B = §ax1@‘11 + br3iyis
1
. oW, 1
5= 8;5;" = 2bxoxiia + 5033213

C

There are four equations of motion in the dependent variables i1, i, 1 and zs; two of these are the electrical
voltage equations, which in view of the terminal equations for the \’s are

. d . ,
—i1Ry = %(aaﬁzi’ + bairyis)
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‘ d ‘ ‘
va(t) — iaRy = — (bx3wyiy + cx3i3)

dt

and two are the mechanical force equations

1
0= 5@%1#% + bx%zlzg — K(El

1 d
0= 2b$21’1’i1i2 + 50%21.421 — B%

Problem 7.5
A

From the terminal pair relation, the coenergy is given by

, 1 1
W, (i1,i2,0) = 5(L0 + M cos 26)i3 + 5(L0 — M cos 20)i3 + M sin 20iyiy

so that the torque of electrical origin is
T° = M(sin 20(i3 — i%) + 2 cos 20iyis)

B

For the two phase currents, as given,

i3 —i2 = —I? cos 2wt

1119 = IQ% sin 2wt
so that the torque T° becomes
T = MI?(— sin 26 cos 2wt + sin 2wt cos 26)
or
T°¢ = MI?sin(2w,t — 26)
Substitution of § = w,,,t + v obtains
T¢ = —MT*sin(2(wy, — ws)t + 27)
and for this torque to be constant, we must have the frequency condition
Wiy = Ws
under which condition, the torque can be written as

T¢ = —MI?sin2y
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C

To determine the possible equilibrium angles &g, the perturbations and time derivatives are set to zero in
the mechanical equations of motion.

To = MI? sin 2+, (13)

Here, we have written the time dependence in a form that is convenient if cos2vy > 0, as it is at the points
marked (s) in Fig. 2l Hence, these points are stable. At the points marked (u), the argument of the sin
function and the denominator are imaginary, and the response takes the form of a sinh function. Hence, the
equilibrium points indicated by (u) are unstable.

Graphical solutions of this expression are shown in Fig. 2l For there to be equilibrium values of ¢ the
currents must be large enough that the torque can be maintained with the rotor in synchronism with the
rotating field (M 12 > Tp). Returning to the perturbation part of the equation of motion with w,, = ws,

Figure 2: Graphical solutions showing stable (s) and unstable (u) equilibria (Image by MIT OpenCourse-
Ware.)

2

J@(wmt-l-’}/o +7') =Tp +7T — MI?sin(270 +27)

linearization gives

d2’7/

/ dt?

+ (2MI? cos2y0)y =T’

where the constant terms cancel out by virtue of ([I3). With 7" = 7oug(t) and initial rest conditions, the
initial conditions are

d'VI + _To
a0 =7
7Y (0F)=0
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D
The solution for ~/(t) is

2M 12 2
V() = ———T0 g | SRS,
J /2M 12 cos 2o J
J

E

For stability cos2yy > 0 as shown in Fig. 2
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