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6.641 — Electromagnetic Fields, Forces, and Motion Spring 2005
Problem Set 6 - Solutions

Prof. Markus Zahn MIT OpenCourseWare

Problem 6.1

D (r=a, §) = Vycos (nh)
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Figure 1: The potential on the surface of a dielectric cylinder in free space is imposed (Image by MIT
OpenCourseWare)

A
As always, we start by finding boundary conditions.
I. ®(r =a) = Vycosng
II. & for r < a is finite
III. ®(r=00) =0
Boundary conditions 1 and 2 suggest for r < a

O(r,¢) = Ar™ cosne

O(r =a,d) = Aa"cosngp = Vocosnd
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Boundary condition IIT suggests for r > a
®(r,¢) = Br~ " cosng

O(r = a,¢) = Ba™ "cosnp = Vocosngp

= B=Vya" r>a

So
Br.g) = { AT cosnd T <a
e Vo‘j—:coanb r>a
0
B Up— gr%f +%¢%g—i +%zaz
[ [Feostusio + sntnoia] 7 <a
- Yon (%)nH cos(ng)i, + sin(n(b)%(p] rza
B

or=ip-(e0E(r=a%)—cE(r=a"))

v
LN cos(ng) +
a a

eVon

4 cos(ne)
a a
~— ~—

-1 -1

The answer:

of = %(5 + &) cos(ng)

From Table 6.8.1 of Haus & Melcher (an aside for cultural purposes):

Crotal = iy - (5()@(7" =at) - EOE(T =a")) [polarization plus free surface charge densities]
2%%50
Trotal = — cos(ng)
Op = Ototal — Of = Ln(eo — &) cos(ng) [polarization surface charge density]
’ a

O(r=a,¢) = % +2 (An o8 (227:%) * Busin <227::L¢)>
n=1

Average @ over 2r =0, so Ag = 0. ®(r = a, ¢) is purely even, so B, = 0.
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\% s 3
-3 9<¢<7T

o) Vo o .
‘I)(T—a7¢)—ZAnCOS(n¢)_{2 3 <9<}
m=1

If we multiply both sides by cos(me), integrate over one period (27) in ¢, and use the orthogonality relation
Tr 0
J& cos (ng) cos (mg) dop = { ™

T Mm=n

A, = 2%
mm
2V,
Or=a,¢)= Y T;cos(n¢)

n=1,3,5,...
We omit work: nearly identical to example done in tutorial.

We have same boundary conditions as in (a), but boundary condition 1is ®(r = a,¢) = >, _; 55 22 cos(ne)
H— {Zn—m,s,... (
2in=135..

e (
where Vj of (a) — 22 in each term of the series.
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S

)ncos(n(b) r<a

)ncos(n(b) r<a
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Problem 6.2

A
10 [ 0P 10°0  9°®
2 [ — [ —_—— [
V(I)_r(?r (rﬁr) 7‘28¢2+8z2
Azimuthal symmetry = g% =0.

19 [ 00 0?P
2¢ — - = P
v ror <T 87‘) 022 0

Guess © = R(r)Z(z)

1o (Ta(R(T)Z(Z))) L P(R()Z(2))

ror or 072 =0
Z(z) 0 [ OR(r)\ _ 0?Z(z)
r Or (T or a _R(T)W

Divide by Z(z)R(r):

1 8(T8R(r)):_ 1 9%°Z(2)
rR(r) Or or Z(z) 022

only z

only r

So, to be true for all x,y, both sides must equal the same constant. For this problem, we are asked to set
that constant to zero

1 9°Z(z) 0?Z(z)
720G 02 07 a2 T
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= Z(z)=Az+ B

L0 (RN 9 (08} _,
rR(r) Or or - or or )

éra—R:C:/dR:/gdr
or r

So, R(r) =Clnr+ D, And

O(r,z) = (Az+ B)(Clnr + D)

B
O(r<al)=Vy O(r,z=0) =
O(r=0b,z2) = P(r=ay,2)=P(r=a_,z)
®(r=0,z) = finite
C
0<r<a:®V(r,z) = Az+ Bzlnr+ Clnr + D
W (r =0,2) is finite = B=C =0
\%
oW (r,1) = Vo, 8D (r,0) = 0 = o) = %Z
a§r§b:<1>(2)(r,z):Ez+lenr+Glnr+H
(b, 2) =0= E = F(—Inb) and H = G(—Inb)
s0<I>(2)(r,z):len%+Gln%
3@ (r,0)=0= @ = F2 m%
(I)(l)(r_a,,z)_(I)(2)(T—Q,Z)jq)(2)_l‘l/rolzcbl ln%
D
0
A 0D . . 0
B _vp— 0P . 0P
v ZT8T+Z¢ ¢+Zz82
0<r<a:ﬁ(1)——V(V(l)z> A AL
agrgb:ﬁ(z):—v Vo r
1 (%) b
Vel o W T
R T Y P T
@ Vo iz s T
E g (i +ixlng)
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E
R (2) (1
i (0B (r=at) B )) =0
Vo =, ,
g0 .
lln% y
_ &oWoz
IsI = Tl
F

We need &3 and E(z)

<

@(2)(7’:7”0,2220) ;ﬁg o )ﬁ/hlb

Equipot.: zoIn 5 = zIn ¢

Field Lines

2
At r =rg and z = 2

e Ty (ro)_ﬁ_i%
2 b 4 2

Are they perpendicular? For E-field:

E-field
dr ¢ 20
- = ——
Az{(s y=(rg) O

For Equipot:

d’l’ equipot —7r 111 %)
42| (1, 2)=(ro.0) %0

dr equipot dr E-field
o) el
Problem 6.3

Sphere, initial conditions: At ¢ = 0, p(t) = 0. No charge anywhere

0 t<0
p(t)—{
p t>0

. Dipole
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Figure 2: A z-directed electric dipole p(t) within a free space sphere of radius a (Image by MIT OpenCourse-
Ware.)

p(t)
ﬂk

p} |

Figure 3: A dipole is turned on at ¢ = 0 to a dipole moment of py (Image by MIT OpenCourseWare.)

A
Since there is no charge anywhere in the system, we solve Laplace’s equation
B(t
V2, =0 D, = A(t)rcost + (2) cos 0
T
C(t
V2P, =0 Doyt = (2) cos
r
We know that since there is a dipole inside, ®;,(r — 0) = %{;‘f@. Therefore, B(t) = Z‘T’r—(;o). At t =07,
the surface charge at the boundary r = a is equal to 0. So
L.

(eE.(r=a") —eoE.(r=a"))=0,=0

E;y = -V, = <pou(t)cost9 — A(t) cos 9) i+ <p0u(t) + A(t)> sin g

2megrs3 4egrs
pou(t) 4 pou(t) RN
= <27r507’3 - A(t)) cos 01, + <47r507°3 + A(t) ) sin01g

Eouw = -V, = (2C§t) cos 9) iy + (C(Bt) sin 9) io
r r
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(B2 - ) - 220
II. Also, ® is continuous at r = a, so
% +A(t) = % 2)
Add [ and 2] to get 32;’;&9 = (2€+Z;2C(t). Substitute C(t) = %.
pou(t) (1) = 3poul(t)
drega’ 47 (2e + €¢)a’

Therefore A(t) = %

Soatt =04

po(g0 — &)r Do
P,, = t 0 <
" <27r60(50 + 2¢)a? * 47r50r2) ut)eost r<a

3
Pout = Po = u(t)cosd r>a

471'(60 + 2¢

B
dos __

For t — oo at steady state, 5 =

B _805
r=a Ot

0
(UoutEoutW _E‘z(nEin,r)‘ =0 (0' = 0 inside Sphere)

Therefore in steady state C'(¢t) = 0. If C'(¢t) = 0, then f;’go(éé +A(t) =0, A(t) = —f;’go(é)g So for t — oo in

steady state

Po Po™
P,, = - u(t)cosf r<a
. <47r50r2 47r50a3) ®) -

Dot =0 r>a

C
Recall that ®(t) = D, +| ®(t=04) — D, e~7. We already have these
steady state potential initial potential  steady state potential

terms. We have to find the time constant 7.

oE,.(r=a")+ 9 (EET(T =a") —eoE.(r= cf)) =0

ot
20C(t) 9 ( 2C()  pou(?) B
( o3 > + ot (5(],3 - omad +50A(t) =0
goC(t pou(t
()~ 50 _ )
2e+e0) O 20 _ 0 (3pou(t)
( ad ) 8tc(t) N (a3> ¢ = ot <4m€0a3
so 1= 2t
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D

0

o5(t) = o5(t = 00) + <M— ot — oo)> ot/

= 04(t — o) (1 - e_t/T)

0
os(t — 00) = EE';(T =ay,t — 00) —eoEr(r=a_,t — o0)
0,
= 60
8T r=a_,t—o0

_ _ 3pocost (1 B e_t/T) S 2e + €0
4dmega’d ’ 20

Problem 6.4
As no free current inside and outside the sphere, Maxwell’s equations for MQS gives:
V-B=0,VxH=0
Here
H= —Vx
So
Vx =0
The general solution for Laplace’s equation in spherical coordinates is
x =Arcosf r<R

x = (Dr+C/r*)cosf r>R
The magnetic field is

_ 8X— 1 3)(— 1 8X—
H = — = — —_— [E—— =
VX <8r2r+r6920+rsin98¢z¢

= —A(cos i, —sinfig) = —Ai, r<R
= —(D —2C/r®) cos b, + (D + C/r®)sinbiy r >R

The boundary conditions are

H(r=00)=0=D=0

Hy(r=R,)=Hy(r=R_)=A=D+C/R?

B.(r=Ry)=B,(r=R_)=H,(r=Ry)=H.(r=R_)+ Mycosf
with solutions

A= DMy/3

C = MyR*/3
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The scalar potential and the magnetic field are:

M,
X = ;Tcosﬁ r<R
MyR?
X = 3‘;2 cos@ r>R
M, . - Mo
H:—?O(coseir—sint%g)z—?oiz r<R
2M 3 B M 3 _
= 325 cos@i,«—F;TSineie r>R
Problem 6.5

A

From Gauss’ law V- D = pr=n- (Dy — Dy) = osf, the polarization surface charge is

—V'P:ppj—ﬁ'(pl—pg)zogp

As no free charge inside and outside the cylinder, Maxwell’s equations for EQS gives:

V-D=0,VxE=0

Here E = —V®, So V2® = 0. The general solution for Laplace’s equation in cylindrical coordinates is

d=Arsing r<a

=(Br+C/r)sing r>a
The electric field is

1y +

_ 0P 10P-  0P-

= —A(sin ¢i, + cos pig) r<a
= —(B—-C/r*)singi, — (B+C/r*)cosdiy r>a

The boundary conditions are

E(r=00)=0=B=0

S(r=ay)=P(r=a_)=Aa=Cla

B (r=ay) =¢oE.(r=a_)+ Pysin¢
with solutions

_ I C:P0a2

A

N 280, 250



Problem Set 6

6.641, Spring 2005

The scalar potential and the electric field are

Pyr .
= Lsmqﬁ r<a
250
- Po(l2
N 2607”

sing r>a

_ P, _ -
E =~ (sin ¢i, +cosgiy) r<a

260
P0a2 . - POa -
= ——5 SN Pty — —— COS P? r>a
2507‘2 ¢ " 2607”2 ¢ ¢

10
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