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Problem 5.1

v _ (q7) x (noH); H = Hyi,

"o
Rk R
m—— = qlo| Uz Uy U
dt 0 0 H
dv A A
- = %(UyHozz — vy Hoty)
(i)
dvy  quovy
= H,
dt m 0
(ii)
dv, —qMmugUy
dt m 0

o dPug quoHy duy
U= ="m @
Substitute this into (4i):

m vy qpovs H,

quoHo dt?
d?v,  ¢PpdH3
a2 T m2 e

v, = Acos (q'uOHOt> + Bsin (q'uOHOt>
m m

H, H,
vy = C'cos (quoot) + Dsin (quo Ot)
m m

v (t=0)=v,, =4
vy (t=0)=0v,, =C

Need two more initial conditions:

I. Acceleration in z direction at t =0

; dv, _ (quogy) X (HOL),“O
Todt ‘0 m
BM _ qptto
- Uy,
w w
B = vyo




Problem Set 5

6.641, Spring 2005

IT. Acceleration in y direction at ¢t = 0

i odvy| (qusyin) X (uoHotz)
Yt t=0 m
D=,
quoHo
Uw = Ug, COS ( ) + Vyq sin (mt>
quroHo
vy (t) = vy, cos ( ) , sin (mt>
Uz (t) = Uzo

Note: /v2 + v2 + vZ = constant in time (for this case) (easy to check and verify)
-V
= Vyy = 4/02 +v2 = velocity on xy pl
zy zo Yo y Yy plane

From 8.01, centripetal acceleration, a, is

2
Umy

r

a =

Where r is radius of circle. So:
2

v
m="2 = g7 x poH|
| ——
F—ma Force due to B field

ot,
m-= = QUagioHo

[2 2
MUy ma [ vz, + vy,

quoHo quoHy

TZO:qE)+q7><,uoﬁ
0=qE + q(voiy) % (poHois)
E = —vopoHoi,

V = —wouoHops
ii
2 %4
d=2r= 1Y% JU0 =
qroHo —moHos
_2mlv]

24
= 4B%s =0.50cm for 12Mg

0.52cm for 12Mg*®
0.54cm for 12Mg?®
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B
i
dv . ﬁ _ Hz . Vo _ 4
m-- =4 +qU X (uoH) = —e e + U X (uoHotz)
v X (IU/OHOzz) = 'UyHOMO;;;E - UwHOMO%y

d \%
W _ %e — epoHov,

dt
dv
md—ty = euoHov,
d2vy enwoHy [ eVy
a2 = m s oty
d*v, n epoHo 2v B €2M0H0V
dt? m VT Tm2s °
d?v, _ezugHg
dt? m ’
d*v, n enoHo\* —0
dt? m Ve =

Solution to equations [I] and [2] (homogenous + particular):

1% H H
Vy = 0 <1 + ¢ sin (elioot> + o cos (6/100t>)
woHos m m
Vi H H
Vp = 0 <cl cos (GHO Ot) — ¢o 8in (e,uo Ot))
toHos m m
dv,

v(t=0)=v,(t=0)=0=¢1 =0,c0 =—1
(1) = 00 (sin{ /"‘OH%} z+{1 {’“‘0 0]} )
poHos m

d(t) =

ii
2mVy
‘dw(t”max < s = m <s

2mV()

pis’e

Hy >

mVy (1  cos {euoHo }) n ( Vo o
udHZse ,uOHOs

mVy . €M0H0t .
sin 7
espdHZ m Y
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Problem 5.2

A
ﬁﬁ.m:/jm

For contour through space to left of block

H}S = NI = NIjcoswt

sin wt

NI
L 0
H, =

For contour through space to right of block

0
Hfs = NIycoswt + ~da  (all current in 4z direction must return in —z direction)
ock
Hf = No sin wt
B
VxH=17T (3)
For Block A1 J =0 E.
VxH=0FE
For block B
o7
AVxH) 8 7
a ot
oH 07
VX —=— ()
ot ot
(45
oH
V X E = a)p5ﬁ
C
Block A
VxH=0FE

VxVxH=VxoE

Assume uniform o, and use V.x Vx A = V(V - 4) — V24,

V(V-H)-V?H =0(Vx E)
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Faraday’s Law

_oudl

VxE= 5

Flux continuity: V - Mﬁ = 0; for uniform p =V - H=0.
oH

2 _
V?H = ou 5
Block B
oH
V x W = (A)EEF

VXVX@:VXLUQEE)
ot p

Using V x V x A= V(V- Z) — V24 and assuming uniform properties

V(V- 85) - vzag = w2e(V x E)

Flux continuity for uniform y — V - H =0 and using Faraday’s Law

o o
20 o O
Vior T Yty

Integrate and assume that integration constant is zero
2 2 wp
_ _“p
v ﬁ—wpsuﬁ— cQﬁ

c= = speed of light in material

Assume H = Im {ﬁy(x)ej‘”tfzy}

o

Qﬁ _ Ui

v ot

for Block A.
92 . , R ,
@Hy(aj)ewt = opjwH,(z)el!
9? -
§p2 Hu(@) = opjwHy(z)

Assume H,(z) = Hoel**,

— I HoH = o5 juw
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—k? = opjw, k = £\/—wpjo

k=4 /2201 )
2
_ jouw
o = _—
2

ﬁy =TIm {H&e‘”eﬂwjewt + ng_o‘””e_jwej“’t}

Apply B.C. to complex H. Atz =0, K =0= Hy(z =

=Im { NIO eth}
S

Héeoeoejwt +H3606Jwt
Nliy .
_ e]wt
S

- ~ NI

Atz=d K=0= Hy(z=d,t)=eginwt

I:Iéeadejocdejwt + I:Igefadefjadejwt _ NIO 6ju}t
S
N . Ny . NI
= Héeadejad+ng ade jad _
S
From B.C. at z =0

N NI, N

1 _ 0 2
HO - - HO

S

NIO ad  jad H2 [eadejad d 7]ad} NIO

S S

P e

(efadefjad _ eadejad)

o NI, NIy [ 1 — eodeiod ]

H0:

s s e—ade—jad _ cadejod

NIy { e-de—iad _ 1 }

s e—ade—jad _ eozdejad

T = Re {H&eazemmewt + ngfaxefjazej“’t} iy

Or

- Im NIy coshy(z — 4) et | ;
S cosh £2 ””d Y

with’y—Tj (5—,/‘”“0,@—\/”“‘”

1
5
For Block B: Assume Hy(z,t) = Im {Hoejmewt}

V2H = wzsuﬁ

0,t) = 2o ginwt.
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aa—;ﬁoejmej‘”t = wzeuﬁoejkwej“’t

—k =wiep

k=4 /wiep = Fwp\/Euj

ﬁy(a:) = Im{ Tleomelwt 4 ﬁgefazej“’t}

o = wpy\/EL

Apply BC.at 2 =0, K =0= H8+ = %sinwt.

IoN
S

Ifloleoejwt + ggeoejwt _ eju}t

A . NI
— Hy +Hy = =2

Apply BC.atz=d, K =0= Hg = LN gin ot

S

I:I;eadejwt 4 f{gefocdejwt _ IONejwt
S
. N NI
ded 4 Hlemd = —~ 0
NI NI
[ : _Hg} ead+H02 ad _ 20
S S
NI
H2 —ad _ _ad _ 0 1— ad
oot —exd] = Mo _ e
o NI [ 1—c
(U s e—ad _ pad
Jfll - NIO eiad -1
(U s e—ad _ pad

ﬁy(m) =TIm {I:Iéeo‘xejm + ﬁgefazej“’t}

o = wp /e

Or
NI 1 — e
2 0
HO - s |:e—o¢d _ ead:|
NI e 1
1 _ 0
HO - s |:eocd _ eozd:|

Hy(z,t) = [Hje™ + Hje “*| sinwt

NIy cosha(z — &)

Hy(w,t) = s cosh &4
2

. . w
sin wt, with o = ?p = Wp\/EN
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1 I I I I I I f
b\ * iy
! /
. 8/d =1 v
=% uel -
L 8 : 6/d=0.2
'B ,mi 0.4 — .I \ / ,' ]
N.g ' \ / .
[+ = O 2 8 1‘ AY / o
- 5 \ Fd 1
= y N L7 8/d=0.05
Z 0F ) “.-—’}'\::‘ ---------- ;') ““““““ ‘-“: -
0.2 I 1 1 Al I I 1
-0 01 02 03 04 05 06 07 08 09 1
Ig T T T T |_%
AN /
n F
0.8 %" } .
-S m N ad: l .ff :
B oS & i
c8 06 - \\ /]
SR R A
:% ‘E 04k “‘ ad=0.2 R :' il
E 5‘\ ‘l " ~ - - :
o = LY el - .r'
z 021 o0d=0.05 Se-e--T S
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Figure 1: |H,| for blocks A and B for Problem

E
For Block A
VxH=17
Since H = ﬁy(x)
ox
. o . o N1, vsinh —dy
7 —Im {H&(a+ja)eaace]axejwt —|—Hg(—0¢ _ja)e—owce—]ae]wt} 2 = TIm 0 7y Sin 'Y(xd Q)ejwt
5 cosh( %)
For Block B
dy

5.2 (Image by MIT OpenCourseWare.)
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7 =1Im {ﬁéae‘mej“’t — flgae_mej“’t} z
or
T (x,t) = [Hjae™ — Hiae ] sinwtz

_ NI ksinhk(z — 4

. t'Zz
; ol % sin wti
20 T T T T T T T T T ;
o . /
S« I5F ' p
g 3 ' :
== ' :
E“g 10F * £
= = L] :
E = o/d =0.05 '
ES : o/d=1 !
z 5 = - L- ’,'_,. =
‘l‘ 61"(1: 02 P :
0 ‘1'“""1-.. h."‘“--.l | 'E"'" 4= == {'
0 01 02 03 04 05 06 07 08 09 1
20 T T T T T T T T T
= : '
£m DI i
é E | ;
T 0, '
¥} ]
25T 7
o [
£ N ad=0.05 = &
= ¥, od = [
2 S c “ f', ’_
N ~ad=02 |
0 1 . “': e i B i 4 ." I m——
0 0.1 02 03 04 05 06 07 08 09 |
Normalized Position = x/d

Figure 2: |J,| for blocks A and B for Problem 5.2 (Image by MIT OpenCourseWare.)

Problem 5.3
A

From the Boundary condition i, - [egE(z = 07) — ggE(x = 07)] = o, we know

Os

Eole=0) ~ Ey(x=0") =

€o
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and from the symmetry, we know E,(z = 07) = —E,(z =07). So Ey(z =0") = —E,(z =07) = &= =

%so(ay). We can build the boundary condition for the scalar potential:

BC1:®(x — 0) =0,(x — —00) =0

L 0%(y) 4y O®(xy) o oocos(ay)
BC2: e (x=0")=+ e (x=07) = 2%

Here we assume the general solution for the scalar potential is given: ®(z,y) = AX (2)¥(y). As BC1 implied,
X(z) =e x> 0; and e*®, 2 < 0. With BC2, we find the scalar potential as:

ope”** cos(ay)

O(x,y) = , x>0

2(160

o€ cos(ay)

D(x,y) = Sazg <0

With B = -V = —2i, — 5%,

_ e _ _
B=2 (cos(ay)iy + sin(ay)iy ),z > 0
260
ax
E= —%(cos(ayﬁz —sin(ay)iy),z <0
250
B
For the electric field line, we have Z—‘z = % At x>0,
T = c?s(ay) dy = e *"sin(ay) = constant
sin(ay)
At x <0,
dx = _c?s(ay) dy = e sin(ay) = constant
sin(ay)
C

See Figure 3]

Problem 5.4

A
At region 2 > 0, we have the general solution U; = e " Asin(ay). At region & < 0, we have solution
U;r = e*Bsin(ay). We chose exponentials in « for 0 potential at & = £00. We chose sines as H = —VU

will have to satisfy cos(ay) and the boundary condition for « = 0.

B
Boundary Condition 1: 7 - [BI — BH] =0= poHrzlz—o0+ = pHrrz|z—0—-
Boundary Condition 2: 7 X [Hl — ﬁn} = Kq cos(ay)iy.
Hiyle=ot+ — Hrryla=0— = Ko cos(ay)
Here H = —VV, H; = ae~*® Asin(ay)i, — ae~" A cos(ay)iy
Hj; = —ae® Bsin(ay)i, — ae® B cos(ay)iy

By BC1: yupA = —puB; By BC2: B— A= % We can solve: A = —a(‘;ﬁou) and B = a(foﬁi)‘

10
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ay

Figure 3: Electric Field Lines and Equipotential Lines for Problem 5.3C (Image by MIT OpenCourseWare.)

C
The solution for H field:
_ ‘LLKO _ . - — -
Hy = —— |—e “sin(ay)i, + e ** cos(ay)i
L= s e sin(ay) (@),
I FLOKO . = -
Hy = ——— [—e*sin(ay)i, — e cos(ay)i

11
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