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Problem 2.1
A
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Figure 1: Surface S and contour C for using Ampere’s law (Image by MIT OpenCourseWare.)

Step 1: Find field of z-directed line current, 7, at =y =0.

T =Ty,

By symmetry: H= H¢%¢ in cylindrical coordinates. By Ampere:

]iﬁ.dT: /57.617

current going through S

(2nr)Hy =1
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= —1
¢ 2mr ¢
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b = 1r + (2
/x2+y2 ® /x2+y2 v
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= m(—yzw + xiy)

Step 2: Find solution by adding two translated H fields:

ﬁtotal = ﬁll + ﬁIQ

Y (2 + (y — %)2}

d. - 2
~(y = §ia iy | +
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Step 3: We want field in y = 0 plane so y — 0.

I

21 [22 + (y — %)2]

d . -
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ii

L=IT=1I
I R
ﬁtot = Xt
m(z2 + L) [ y}
iii
L=11T=—I
I .
ﬁ ot = dlz
tot 9 (J)Q ﬁ)[ ]
C
F = q% x (uoH)
SO

dF = dg [? X (uoﬁ)}
In our problem the line current is a moving line charge, so dqg = Adl

dF = AT x [uoﬁ} dl =T x (uoH)dl

L
7 / T x (uoH)dl = (T x poH)L
0

So

Force _
Length

T x (uoH)

We don’t need to know H since I 1 cannot exert a net force on itself. So we need a field of I
I [— (y + %) iy + xiy}

o (x2 +(y+ g)Q)

H=

; _ _d d
I 1satx—0,y—§,sox—>0,y—>§above.

o —IQdé o ;IQA.

T 2md2" T 27d
Force  — P —polz ) -
Length (f1) > (,uoﬁ) = (fhiz) x ( 2md ) ‘e
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_ —Mof1f2%
ord Y
(1) IL,=1, I,=0
Force
Length -

(i1) L=1 I5L=I
Force —pol?.
Length  27d ‘

(i41) L=1, Iy=-I

Force pol? .

Length  27d K

Problem 2.2
A

The idea here is similar to applying the chain rule in a 1D problem

i () = [ () [#] - 75

dz \ f(x) df \f(x) /)] Ldz| — f*(x)
f(z) corresponds to |7 — 7 |. So, by diff. f(x) we get part of the answer to the derivative of ﬁ But we
can just do it directly too.

T = @ -y ()

v{ 1 ]A_a{ 1 }Jrfa{ 1 }Jrfa[ 1 ]
7/:Z$77/ 277, 2277,
e e A R

So we can apply the trick above by just considering x,y, and z components separately.

T =7 = o (Vo =y G-

. T —2x
V=22 + Y-y )2+ (z—2)2

o l’-.’b,
7 -7

Similarly, 2|7 — 7| = 4= and 2|7 — 7| = —2=2 .

o e |

D (1 N _—glT -7

ox \ |7 — 7 7 — 72

and so on for y and z.
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so:
1 —(z—a')
\Y = | = (z ?)ZI — + ...similar terms for y and z
T (-2 -y ) (2 )2
Denominators = |7 — 7'|3. Thus,
v{ 1 ]__(?—?’)_ -1 (-7
|7 — 7 |7 — 7|3 |7 - 72 |7 - 7|
_27"’7‘

T F-TP
B

Follows from (A) immediately by substitution. Remember V is derived in terms of unprimed z,y, z. V does

not affect :C/,y V2.
C

' dmeo|T — 7|

‘I’(?):/V pr)dV,

p(?’,) = charge density in % We have A in units of % In this sense, p — oo at the ring. We can represent
this in cylindrical coordinates by p(?’/) = X0(2)0(r — a). Then we can evaluate the triple integral

=

But, we can skip that unnecessary work by simply considering infinitesimal charges (ad¢) )\ around the ring.

ado

Figure 2: A ring of line charge with infinitesimal charge elements. (Image by MIT OpenCourseWare.)

We only care about z axis in this as well, so, by symmetry, there is no field in x and y directions.

- 2 Ao (ado)
P =
() /0 dreg (a® + 22)2

distance from the charge Agad¢ to the point z on the z-axis

/\oa

(7)== ————7
™) 2e0(a? + 22)=
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on z-axis.
0 0
~ 0 ~ 0 ~ 0
_ =) — _ > > > O
F— V@(r) Zzﬁ’—‘rlwﬁf—lzazq)

B—iig (o)
0z \ 2e¢(a? + 22)2
7 i aMoz
2e0(a2 + 22)2

Using Eq. (5) with z component only (symmetry) and with p(?’)dV/ — Moadd

2m
Ba(z) = / Aoade cos B sl = z :
o 4meg(22 + a?) (a2 + 22)3

B /2” Xoaz  do
“Jo o (a2 +22)2 4meg
B Aoaz

2e0(a2 + 22)2

Limit |z| — o0

a? + 22 — |z
) )\Oa 271')\00, Q
Z) = ~ ~
2e0(a? +22)2  Ameolz|  4dmeolz]
Q@ = 2m)oa (total charge on loop). ®(z) looks like potential from point charge in far field

E_
z2<0

Aoaz _ Aoaz ﬁ z>0
T 2e(a2422)5 2e0l2?

-Q
dreg|z]?

D
From (C), ® = 2();# for a ring of radius r. But now we have og, not \g. How do we express \g in
eo(rs+z=)2
(r)(2w) (dr)og. Line charge
~——

terms of o¢? Take a ring of width dr in the disk (see figure). Total charge =
circumference

Figure 3: A ring of width dr in the disk (Image by MIT OpenCourseWare.)
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total charge

density = \g = longth

= oodr So: \g = oodr
B ogrdr
2e0(r? + 22)2
oordr oo [° rdr
étotal - o o1 — o —T
0 2e0(r2+22)2 280 Jo (r2+22)2

_ 2o (| = 2 [V

260

)
r=0  2¢p
1

1 _
E = Vb = 22 - '
total %0 z \/27 ol > 1z

E
As z — o0,
2 2
1 a 1 1 a
@+ -zt s @+ o (1-
2z z 2z
ra’og
Diotal —
degmz
— 7m200 -
E — s
dmegz

just like a point charge of ogma?.

F
As a — o0, z in the Va? + 22 can be neglected, so

o
Dyopal — — [a — |2]]

260
EZ_>UOZ[1_0]: 2% z>0
2e0 ||| 32 2<0

just like sheet charge.

Problem 2.3
A

By the divergence theorem:

/Vv-(vXZ’)dvzji(vXZ)-da’

where S encloses V. By Stokes’ Theorem:
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Figure 4: Closed surface S (Image by MIT OpenCourseWare.)

/

S

C

Figure 5: Open surface s’ (Image by MIT OpenCourseWare.)
ii
Suppose S is as in figure [4]
and S’ is as in figure

i.e. S is the same as S, except for the curve C, which makes S~ slightly unclosed. Now consider limit as
C — 0 (Figure[d)

(XD

Figure 6: Limit as C' — 0 (Image by MIT OpenCourseWare.)

In hmit C 0,8 — S IfCis0,then §, A-dl = 0. By equation (i), §,(V x A)-d@ = 0. By
equation (i fv (V% A)dV = 0. Since V can be any volume, argument of integral must be 1dent1cally 0.
V- (VxA)=0

A = Agip + Ayiy + Ai
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- 0A, 0Ay\ -« 0A, 0A,\- 04, 0A;) -
v =9 (G -5 (T -5 (B )
L0 (04 04, 0 (04, 0A, 0 (04, 04,
-0z \ oy 0z oy \ 0z ox 0z \ Ox y
_ 0%A. B %A, n 0%A, B 0%A, n %A, B 0%A,
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= 0 because of interchangeability of partial derivatives
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In cylindrical coordinates
A= Argr + Aditb + Aziz

= (104, 04y - (04, O0A, - 1[0(rdy)  0A,
VXA_“<T 96 82)+Z¢(8z 87") er{ ar 9
o 10 (0A, 0A, 10 (0A, 0A, 0 [10(rdy) 104,
V(VXA)_T87°<8¢ raz)+ra¢<8z 8r>+6z{r or r 0¢
- 18214,2 _ i@QAqs _ 16A¢ + 162AT _ 182142 82A¢, + 1814(25 _ 182AT
Crordg  rordz 1 0z r0pdz rdrdp  Ordz r Oz r 0p0z
=0

Problem 2.4
A

o 4 )\02 )\022 +a
Q /700 (2)d= /,a a : 20 '—@

() — /V p(r)dv'

 Ameo|T — 7|

Figure 7: Axis showing extent of line charge —a < z < a for Problem 2.4B (Image by MIT OpenCourseWare.)

a /d/
@(r:O,z):/ Aoz dz
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O(r=0,z2) = 5 / - cd2 = |zIn zra —2a Ao for z > a
dmega J_, 2 — 2 zZ—a dmega
E=-Vd
= Ao g z1n zta —2ali
" dwega Oz zZ—a N
Ao z+a 2az -
= _— ln - 1z
drepa z—a (z4a)(z—a)
Ao 2az z4+a\|-
= —1In 1y
drepa | (2 +a)(z —a) z—a
C
Lo 13
z—>oo:1n(1+x):x—§x —l—gﬂc ookl
Ao a 1 a, 3 ,—a l.a, 1a;,
P = - —=(= (=) —(——=—=(—)"—=(- -2
(2= 00) = o o % = 3P (P = (= 5 - (2P — 20
)\0 2(13 %a2)\0
= Z—— =
dmega 3 23 4dmepz?
Ao 2az a5 a la, lasg a 1l,a, 1
E = _— —_ — (- — = - - — —_ - — —
e 00) = 20 R () - (2= S 0P+ 2 5D 50
_ o 4as 507
T dmega 3z’ dmegz3
It’s a solution for dipole along z axis
D
2
P:§a2)\0
Check: Zahn, pp. 139-140
a a A 2 A 3 o 2
;6:/ qu:>pzz/ z)\(z)dz:/ 0% g = 20% ¢ = Z\oa?
all ¢ —a —a @ 3a “ 3
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