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6.641 — Electromagnetic Fields, Forces, and Motion Spring 2005
Problem Set 1 - Solutions

Prof. Markus Zahn MIT OpenCourseWare

Problem 1.1

A
— =
F =q(FE + v x B) « Lorentz Force Law
In the steady state F = 0, so
qﬁ:—q?xﬁjﬁ:—?xﬁ

N Vyly pos. charge carriers
—vyty neg. charge carriers

B = Byi,
SO
= —vyBofzm pos. charge carriers
N ’UyB()%z neg. charge carriers
B
d 0
UH:CP(x:d)—CI)(x:O):—/ Ezdx:/ E,dx
0 d
vyBod  pos. charges
v =
" —vyBod mneg. charges
C

As seen in part (b), positive and negative charge carriers give opposite polarity voltages, so answer is “yes.”

Problem 1.2

By problem:

_Jpop T <b
p pe b<r<a

N
Also, no o4 at 7 = b, but nonzero o, at r = a such that £ =0 for r > a.
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Figure 1: Figure for 1C. Opposite polarity voltages between holes and electrons (Image by MIT OpenCourse-
Ware.)

A
By Gauss’s Law

= e . .
el -da = pdV Sr = sphere with radius r (1)
Sr Vr

— —
As shown in class, symmetry ensures E has only radial component: E = FE,i,.
LHS of ({):

27 T
f{ e E -dad = / / co(Eyiy) - r*sin0dfdei,
Sr 0 0 —

d@ in spherical coordinates

= Agr? FE,eo
—~—
surface area of sphere of radius r
RHS of (I):
For r < b:

T 27 T
/ pdV = / / / py 72 sin Odfdodr
Vr 0 Jo 0 —

dV: diff vol. element

4 3
= §7TT Pb

~——

vol of sphere

Forr>bandr <a: (b<r<a):

2m
/ pdV = // /pbr sin @d@dodr
Vr
27
—i—// /par251110d0d¢d7'
b Jo Jo

_Amppb? n 47 pg (r3 — b?)
-3 3
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Equating LHS and RHS:

Amr®
Pb r<b
47T7“2ET€0 = { 3 3 3_13
4 ppb° 47 pe (r° —b”)
= + 3 b<r<a
oL
E, = {g’%g : re
" (Pb—Pa Pal
Seor T 50 b<r<a

E)(7“ =a )=+ {bg(pb_'%) Pal

i b t
3epa? 350} ! y part (a)

Oe =iy (—20E(r=a"))

SO

b (py — pa) | pa
O T (:’m? T3

4
r<b Qp = §7rb3pb Qo(r=a)= o dra’
4
b<r<a Qa:§7r(a3—b3)pa
Qr=Q+ Q4+ Qs=0

Problem 1.3

a

We are told current going in +z direction inside cylinder » < b. Current going through cylinder

:Itotal = / 7d?
S

b 27
= / / (Joiz) - rdedri)
0 0 W—/ H/_/
i da

= J07Tb2

Total current in sheet

-
K =
5] length of sheet (i.e. circumference of circle of radius a)

Amps
m2

7 : Amps L :
Thus, K’s units are ==, whereas J’s units are

- - J07Tb2 - J0b2

K= =
2ra 2a
b2 .
R =2
2a
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g

Figure 2: Figure for Problem 1.3 Part A. A cylinder with volume current going in the +z direction for r < b.
(Image by MIT OpenCourseWare)

B

fﬁ-d?:/7-d6’+ A B aa 2)
c s dt Js

—
no E field, so this term is O

Choose C' as a circle and S as the minimum surface that circle bounds. Now, solve LHS of Ampere’s Law

z

m
%

™

Figure 3: Choice of contour C' and surface S (Image by MIT OpenCourseWare).

@

fc H-ds = /0 - (Hois) - (rdois) = 2nrH,

2 Is

We assumed H, = H,. = 0. This follows from the symmetry of the problem. H,. = 0 because fs ,uoﬁ'dﬁ) =0.
In particular, choose S as shown in Figure[3l H, is more difficult to see. It is discussed in Haus & Melcher.
The basic idea is to use the contour, C, to show that if H, # 0 it would have to be nonzero even at oo,
which is not possible without sources at co. Now for RHS of Ampere:

r<b:
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Figure 4: Tlustration of the contour C' (Image by MIT OpenCourseWare).

- «—S

Figure 5: Diagram showing surface S (Image by MIT OpenCourseWare).

[Toaw= [ [ (i) (Frasi.)
T

——
da
= Jor?m
a>r>b:
_ 27 b . ., . 27 T R ., .
/ J -d?:/ / (Jotz) - (r dr dd)iz—i—/ / (0-12,) - (r dr deiy)
s 0 0 0 b
0
= J0b271'

Equating LHS and RHS:

o Jor?m r<b
r =
¢ Job*m a>r>b

— %% r<b
H =9 ;72
iy a>T>Db

C

From text, Ampere’s continuity condition:

ax(H - H)Y =K
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Figure 6: Ampere’s continuity condition for Problem 1.3 Part C (Image by MIT OpenCourseWare)

Hy(r=a-)=-K,
2 2
Job® K — Job

20 z 2a

Problem 1.4

A

We can simply add the fields of the two point charges. Start with the field of a point charge ¢ at origin and
let Sk be sphere of radius R centered at the origin. By Gauss:

f{ soﬁ.d?:/pdv
Sr

In this case p = 6(7")q, so RHS is

/pde///é(?)qdwdydz =q

LHS is

]{ 605 -dd = (go E, )(surface area of S,.)
Sk ~~

symmetry again

= 4nr2eyE,

Equate LHS and RHS

drr?e0E, = q
- q
= ZT
47‘1’7’280

Convert to cartesian: Any point is given by

T =a(r,0,0)i, +y(r,0, )i, + 2(r,0, )i,
By spherical coordinates

x = rsinf cos ¢

y = rsinfsin ¢
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z=rcosf
— . i . . 0 i
7" = rsinf cos i, + rsin @ sin @i, + 7 cos i,

i, || line formed by varying r and fixing ¢ and 6

7= ri,
Thus,

iy = sin 6 cos ¢iy + sin O sin ¢%y + cos 0i,

x ~ Yy ~ z -
= (2 + Zy + 1z
/$2+y2+22 /$2+y2+22 /$2+y2+22
S0,
q 4

—
E =

dreg(a? + y? + 22) i
— — —
Etota1:E1+E2

= . . =g d = . - = d

Eqisjust B withy —y— 5. Eois just E with y — y + 5. Problem has y = 0
(1)

z a 2 2

T 2
5 1y + > 1z —
a2+ L+ 22 \/x2+%+22

2 d’: <
)% mw—i y T 21z

q
Z .
\/x2 PP [4”50(3?2 +4+2?)

— —
Etotal = El =

_ q
dreg(a? + % + 22
(i)
— — —
Etotal = El + E2
aﬁm —|—z2z
9 2 2 L2y3
2meg(z? + (£)” + 22)2
(i)
— - —
total = £1 4+ Eg

—dq%y

<

Nlw

4meg (:102 + (14—2 + z2)

—

— —
F=qF FE doesn’t include field of ¢
(2)

F = 0, by Newton’s third law a body cannot exert a net force on itself.
(i)
— — — d
F=qlb=qEyr=0y= 3% = 0)

_ Py 4y
47T60(d2) 47T50d2

(iid)
= q2i_y
47T50d2
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