§ 3. SUFFICIENT STATISTIC. CONTINUITY OF DIVERGENCE AND MUTUAL INFORMATION

3.1 Sufficient statistics and data-processing
Definition 3.1 (Sufficient Statistic). Let
. P)% be a collection of distributions of X parameterized by 6

e Prx be some probability kernel. Let Pg = Ppix o Pg} be the induced distribution on T for
each 0.

We say that T is a sufficient statistic (s.s.) of X for 0 if there exists a transition probability kernel
Px\r so that P§PT|X = PJG‘PX|T- (Le.: Pxjp can be chosen to not depend on 0).

Note:

e Know 7', can forget X (7T contains all the information that is sufficient to make inference
about 0)

e Obviously any one-to-one transformation of X is sufficient. Therefore the interesting case is
when T is a low-dimensional recap of X (dimensionality reduction)

e 0 need not be a random variable (the definition does not involve any distribution on 6)
Theorem 3.1. Let 0 - X — T. Then the following are equivalent

1. T is a s.s. of X for 6.

2. VP, 0 -T - X.

3. VP, I(6; X|T) = 0.

4. VPy, 1(0; X) =1(0;T), i.e., data processing inequality for M.1. holds with equality.

Theorem 3.2 (Fisher’s factorization criterion). For all 6 € O, let Pg} have a density pyg with respect
to a measure p (e.g., discrete — pmf, continuous — pdf). Let T =T(X) be a deterministic function
of X. Then T is a s.s. of X for 0 iff

po(x) = go(T'(z))h(x)
for some measurable functions gg and h, V0 € ©.

Proof. We only give the proof in the discrete case (continuous case Y. — [ du). Let t = T'(z).
“=”: Suppose T is a s.s. of X for 6. Then pyp(z) = Pp(X =) =Py(X =2, T =t) = Pp(X =2|T =
OPy(T=t)=P(X =x|T=T(z)) Py(T =T(x))

h(z) 96(T'(x))
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“<=": Suppose the factorization holds. Then

po(x) go(t)h(z) h(x)
Py(X = 2|T =t) = _ _ ’
o(X =T =1) Yo Lir@)=0pe(®)  Xalir@)-n90(O)M®) i lir@)-t()

free of 6. O

Example:

1. Normal mean model. Let € R and observations X; in%p'./\/’(ﬁ, 1),i € [n]. Then the sample
mean X = %Zij is a s.s. of X™ for 6.
Verify: P)g(n factorizes.

2. Coin flips. Let Bz-i'i&d'Bern(Q). Then Y1, B; is a s.s. of B" for 6.

3. Uniform distribution. Let Uii'i&d'uniform[o,é’]. Then maxe[,) U; is a s.s. of U™ for 6.

Example: Binary hypothesis testing. 6 = {0,1}. Given # =0 or 1, X ~ Px or Qx. Then Y — the
output of Py|x —is a s.s. of X for 6 iff D(Pxy |Qxy|Py) =0, i.e., Pxy = Qxjy holds Py-as.
Indeed, the latter means that for kernel @ x|y we have

PxPyx = PyQx)y and QxPyix =QyQx)y,

which is precisely the definition of s.s. when 6 € {0,1}. This example explains condition for equality
in the data-processing for divergence:

Px Py

S P

X———»Y
b 4 N
/// N
Qx Qy

Then assuming D(Py|Qy) < oo we have:
D(Px||Qx) =D(Py|Qy) <= Y —s.s. for testing Px vs. Qx
Proof: Let Qxy = QXPy|X, Pxy = PXpy|X, then
D(Pxy|Qxy) = D(Pyix|Qyx|Px)+D(Px[Qx)

-0
= D(Pxyy|Q@xyy|Py) + D(Py|Qy)

D(Py|Qy)

v

with equality iff D(Pxy |Qxy|Py) =0, which is equivalent to Y being a s.s. for testing Py vs Qx
as desired.
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3.2 (Geometric interpretation of mutual information

Mutual information as “weighted distance”:

I(X;Y) = D(Py|x|Py|Px) = Y D(Py x| Py ) Px ()

Theorem 3.3 (Golden formula). YQy such that D(Py|Qy) < oo

I(X;Y) = D(Pyx||Qy|Px) - D(Py|Qy)

Proof. For discrete case: I(X;Y) =Elog P;X‘/XQ%Y, group Py|x and Qy. O

Corollary 3.1 (mutual information as center of gravity).

I(X;Y) = ménD(PHXHQ]PX),

achieved at @ = Py.
Note: This representation is useful to bound mutual information from above.

Theorem 3.4 (mutual information as distance to product distributions).

I(X;Y) = min D(Pxy|QxQy)
QXvQY

Proof. I(X;Y) =Elog %, group Pxy and @ xQy and bound marginal divergences D(Px | Qx)

and D(Py||Qy) by zero. O

Note: Generalization to conditional mutual information.

I(X;Z|Y) = min ZD(PXYZ”QXYZ)

Qxyz: X->Y~

Proof. By chain rule,

D(Pxyz|QxQyxQzy)
=D(Pxyz|PxPy|xPzyy) + D(Px|Qx) + D(Py|x |Qy|x|Px) + D(Pzy |Qzy|Py)
=D(Pxyz| Py Pxy Pzy) + -
=D(Pxzy |Pxyy Pzy|Py) +... O

I(X;Z|Y)

Interpretation: The most general graphical model for the triplet (X,Y, Z) is a 3-clique. What
is the information flow on the edge X — Z7 To answer, notice that removing this edge restricts
possible joint distributions to a Markov chain X - Y — Z. Thus, it is natural to ask what is the
minimum distance between a given Py y z and the set of all distributions Q)x,y,z satisfying the
Markov chain constraint. By the above calculation, optimal Qx y,z = Py Px|y Pz)y and hence the
distance is I(X; Z]Y). It is natural to take this number as the information flowing on the edge
X - Z.
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3.3 Variational characterizations of divergence:
Donsker-Varadhan
Why variational characterization (sup- or inf-representation): F'(x) =supyc fa(z)
1. Regularity, e.g., recall

a) Pointwise supremum of convex functions is convex

b) Pointwise supremum of lower semicontinuous (lsc) functions is lsc
2. Give bounds by choosing a (suboptimal) A

Theorem 3.5 (Donsker-Varadhan). Let P,Q be probability measures on X and let C denote the

set of functions f: X - R such that Eq[exp{f(X)}] < co. If D(P|Q) < oo then for every f € C
expectation Ep[f(X)] exists and furthermore

D(P|Q) = Sﬁng[f(X)] —log Eq[exp{f(X)}]. (3.1)

Proof. “<”: take f =log %.
“>": Fix f € C and define a probability measure Q' (tilted version of Q) via Qf(dr) =

e

Q' (dx) = exp{f(2) - Z;}Q(dx),  Zjy £ logEq[exp{f(X)}].

Then, obviously Qf « @ and we have

f f
B0 - 27 =B [1on 42| - B [l S22 DePI) - DCPIQ < DPIQ).

Notes:

1. What is Donsker-Varadhan good for? By setting f(x) = e-g(x) with € << 1 and linearizing exp
and log we can see that when D(P||Q) is small, expectations under P can be approximated by
expectations over () (change of measure): Ep[g(X)]~Eg[g(X)]. This holds for all functions

g with finite exponential moment under (). Total variation distance provides a similar bound,
but for a narrower class of bounded functions:

[Ep[g(X)] - Eq[g(X)] < [g]TV(P,Q).

2. More formally, inequality Ep[f(X)] < logEg[exp f(X)] + D(P|Q) is useful in estimating
Ep[f(X)] for complicated distribution P (e.g. over large-dimensional vector X™ with lots of
weak inter-coordinate dependencies) by making a smart choice of @ (e.g. with iid components).

3. In the next lecture we will show that P —~ D(P|Q) is convex. A general method of obtaining
variational formulas like (3.1) is by Young-Fenchel inequality. Indeed, (3.1) is exactly this
inequality since the Fenchel-Legendre conjugate of D(-|Q) is given by a convex map f+~ Zy.

Theorem 3.6 (Weak lower-semicontinuity of divergence). Let X be a metric space with Borel
o-algebra H. If P, and Q, converge weakly (in distribution) to P, Q, then

D(P|Q) < liminf D(P,Qn). (3.2)
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Proof. First method: On a metric space X bounded continuous functions (C) are dense in the set
of all integrable functions. Then in Donsker-Varadhan (3.1) we can replace C by Cp to get

D(P,|@n) = Sup Ep,[f(X)] -logEq, [exp{f(X)}].

Recall P, — P weakly if and only if Ep, f(X) - Epf(X) for all f € C,. Taking the limit concludes
the proof.

Second method (less mysterious): Let A be the algebra of Borel sets E whose boundary has
zero (P + @) measure, i.e.

A={EeH:(P+Q)(0OF)=0}.
By the property of weak convergence P, and @,, converge pointwise on 4. Thus by (3.8) we have

D(PalQa) < lim D(Py 4| Qn.4)

If we show A is (P + Q)-dense in H, we are done by (3.7). To get an idea, consider X = R. Then
open sets are (P + @))-dense in H (since finite measures are regular), while the algebra F generated
by open intervals is (P + @)-dense in the open sets. Since there are at most countably many points
a € X with P(a)+ Q(a) >0, we may further approximate each interval (a,b) whose boundary has
non-zero (P + @) measure by a slightly larger interval from .A. O

Note: In general, D(P is not continuous in either P or (). Example: Let By,... ,Bni'i&d' +1
g

equiprobably. Then S, = ﬁ Y Bigj\/((), 1). But D( Ps, |N(0,1)) = oo for all n. Note that
di?c;;ce m

this is an example for strict inequality in (3.2).
Note: Why do we care about continuity of information measures? Let’s take divergence as an
example.

1. Computation. For complicated P and @ direct computation of D(P|Q) might be hard.
Instead, one may want to discretize them then let the computer compute. Question: Is this
procedure stable, i.e., as the quantization becomes finer, does this procedure guarantee to
converge to the true value? Yes! Continuity w.r.t. discretization is guaranteed by the next
theorem.

2. Estimating information measures. In many statistical setups, oftentimes we do not know P
or @, if we estimate the distribution from data (e.g., estimate P by empirical distribution
B, from n samples) and then plug in, does D(PnHQ) provide a good estimator for D(P|Q)?
Well, note from the first example that this is a bad idea if Q is continuous, since D(P,]Q) = oo
for n. In fact, if one convolves the empirical distribution with a tiny bit of, say, Gaussian
distribution, then it will always have a density. If we allow the variance of the Gaussian to
vanish with n appropriately, we will have convergence. This leads to the idea of kernel density
estimators. All these need regularity properties of divergence.

3.4 Variational characterizations of divergence:
Gelfand-Yaglom-Perez

The point of the following theorem is that divergence on general alphabets can be defined via
divergence on finite alphabets and discretization. Moreover, as the quantization becomes finer, we
approach the value of divergence.
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Theorem 3.7 (Gelfand-Yaglom-Perez). Let P,Q be two probability measures on X with o-algebra

F. Then . PLE]
D(P|Q)= sup > P[E;]log ==,
{El,...,En}z‘; Q[E:]

where the supremum is over all finite F-measurable partitions: U;L:I E; = X,E;nE; =@, and

(3.3)

Olog% =0 and log% = oo per our usual convention.

Remark 3.1. This theorem, in particular, allows us to prove all general identities and inequalities
for the cases of discrete random variables.

Proof. “>”: Fix a finite partition Ei,...E,. Define a function (quantizer/discretizer) f : X —
{1,...,n} as follows: For any z, let f(x) denote the index j of the set E; to which X belongs. Let
X be distributed according to either P or @ and set Y = f(X). Applying data processing inequality
for divergence yields

D(P|Q) =D(Px|Qx)
> D(Py|Qy) (3.4)

~ A P[E;]
=2 PEs o

“<”: To show D(P||Q) is indeed achievable, first note that if P <« @, then by definition,
there exists B such that Q(B) = 0 < P(B). Choosing the partition Ey = B and Ey = B®, we

have D(P|Q) = oo = Y2, P[E;]log S%E’% In the sequel we assume that P <« @, hence the likeli-
hood ratio leg is well-defined. Let us define a partition of X by partitioning the range of log ap,

={x: logmee [j-n/2,j+1-n/2)},j=1,...,n-1and E, = {z: log <1-n/2or logd

n/2)}.—Note that on Ej, log% <e(j+1-n/2) < log QEE]i + €. Hence PN fE dPlogg <
E, P(E;

Sl eP(E;) + P(E; )1<;gg§E oS < et T eP(By) + P(Ej)logﬁ + P(Ey)log s In other

words, Y7y P(Ej)log QEEJ'; fEC dPlogm —€- P(En)logﬁ. Let n — oo and € - 0 be

such that ne - oo (e.g., € = 1/y/n). The proof is complete by noting that P(FE,) — 0 and

f1{|log%|£en}dplogz —>/dPlog e =D(P|Q). O

3.5 Continuity of divergence. Dependence on c-algebra.

For finite alphabet X it is easy to establish continuity of entropy and divergence:

Proposition 3.1. Let X be finite, fix distribution @Q on X with Q(x) >0 for all x € X. Then map
P~ D(P|Q)

18 continuous. In particular,
P~ H(P) (3.5)

18 continuous.

! Intuition: The main idea is to note that the loss in the inequality (3.4) is in fact D(Px|Qx) = D(Py|Qy) +
D(Px |y |@xv|Py), and we want to show that the conditional divergence is small. Note that Px|y_; = Px|xer; and

dP - - . .
Qx|y=j = Qx|xen,. Hence dQ?Ii ; = Zg ggg ;lE Once we partitioned the likelihood ratio sufficiently finely, these

two conditional distribution are very close to each other.
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Warning: Divergence is never continuous in the pair, even for finite alphabets: d(1[27™) 4 0.
Proof. Notice that

D(PIQ) = ¥ P(a) o 5

and each term is a continuous function of P(x). O

Our next goal is to study continuity properties of divergence for general alphabets. First,
however, we need to understand dependence on the o-algebra of the space. Indeed, divergence
D(P|Q) implicitly depends on the o-algebra F defining the measurable space (X, F). To emphasize
the dependence on F we will write

D(Pr|QF).
We want to understand how does D(Pg|Qx) depend upon refining F. Notice that we can even
define D(Pr|Qx) for any algebra of sets F and two positive additive set-functions P,Q on F. For
this we take (3.3) as the definition. Note that when F is not a o-algebra or P, (@ are not o-additive,
we do not have Radon-Nikodym theorem and thus our original definition is not applicable.

Corollary 3.2 (Measure-theoretic properties of divergence). Let P,Q be probability measures on
the measurable space (X, H). Assume all algebras below are sub-algebras of H. Then:

o (Monotonicity) If F ¢ G then
D(Pr|Qr) < D(Pg[Qg) - (3.6)

o Let F1 € Fa... be an increasing sequence of algebras and let F = U, F, be their limit, then

D(Pr,|QF,) 7 D(Pr|QF).
o If F is (P +Q)-dense in G then?
D(Pr|Qr) = D(Fg|Qg) - (3.7)

e (Monotone convergence theorem) Let Fy € Fa ... be an increasing sequence of algebras and let
F =V Fn be the o-algebra generated by them, then

D(Pr,|Qr,) 7 D(Pr|QF).

In particular,
D(Px=[Qx=) = lim D(Pxn[Qx~).

e (Lower-semicontinuity of divergence) If P, — P and Q, — Q pointwise on the algebra F, then®

D(Pr|Qr) <liminf D(P, 7| QnF)- (3-8)

Proof. Straightforward applications of (3.3) and the observation that any algebra F is u-dense in
the o-algebra o {F} it generates, for any p on (X, H)2 O

Note: Pointwise convergence on H is weaker than convergence in total variation and stronger than
convergence in distribution (aka “weak convergence”). However, (3.8) can be extended to this mode
of convergence (see Theorem 3.6).

2Note: F is p-dense in G if VE € G,e > 03E € F s.t. u[EAE'] <e.

3P, — P pointwise on some algebra F if VE € F : P,[E] - P[E].

“This may be shown by transfinite induction: to each ordinal w associate an algebra F,, generated by monotone

limits of sets from F,» with w’ <w. Then o{F} = Fu,, where wp is the first ordinal for which F,, is a monotone class.
But F is py-dense in each F,, by transfinite induction.
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3.6 Variational characterizations and continuity of mutual
information

Again, similarly to Proposition 3.1, it is easy to show that in the case of finite alphabets mutual
information is continuous in the distribution:

Proposition 3.2. Let X and Y be finite alphabets. Then
Pxy ~I(X;Y)
18 continuous.

Proof. Apply representation
I(X;Y)=H(X)+H(Y)-H(X,Y)

and (3.5). O

Further properties of mutual information follow from I(X;Y") = D(Pxy | Px Py ) and correspond-
ing properties of divergence, e.g.

1.
I(X;Y) = St}pE[f(X,Y)] ~log E[exp{f(X.Y)}],
where Y is a copy of Y, independent of X and supremum is over bounded, or even bounded
continuous functions.

2. If (X, Yn) 4 (X,Y) converge in distribution, then

I(X;Y) <liminf I(X,;Yy). (3.9)

Good example of strict inequality: X, =Y, = %Z. In this case (Xn,Y,) 4 (0,0) but
I(Xn;Yn) = H(Z) >0=1(0;0).

o Pxy[E; x F}]
Iy = {Eis}li?Fj} %PXY[Ei < Fjllog Px[E;]Py[F;]’
where supremum is over finite partitions of spaces X and V.2
4. (Monotone convergence):
I(X“;Y):Ji_{gloI(X";Y) (3.10)
I(X“;Y""):T}i_)rroloI(X”;Y”) (3.11)

This implies that all mutual information between two-processes X *° and Y *° is contained in
their finite-dimensional projections, leaving nothing for the tail o-algebra.

5To prove this from (3.3) one needs to notice that algebra of measurable rectangles is dense in the product
o-algebra.
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