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1 Big Picture So Far

6.438: Algorithms for Inference — Fall 2014

Big picture so far: Algorithms for EXACT inference

Graph has loops?

7S

» Elimination Algo Alphabet type?
* MAP Elimination

» Soon: Junction Tree Algo

Discrete Gaussian

* Sum-Product :
[ « Max-Product ] [ Gaussian BP

HMM HMM

- Forward-backward Algo Kalman Filtering
« Viterbi Algo and Smoothing

Next in the Course: APPROXIMATE Inference
Loopy BP

Loopy Graph, Efficient Algorithm,
but Approximate Solution: Variational Methods ]

MCMC/SMC

Last module of the course: Learning Graphical Models
 What if we don’t know parameters for our graphical model?2
* What if we don’t know the graph?

Adapted from a Graph by previous 6.438 TAs George H. Chen and Jin Choi




2 (Gaussian BP

Exercise 1: Warm up

(a) If exp(—ixd Joxo — ixT Jixi — xT Lxo + hixg) o N71(h, J), what is h and J?

. (ho (J LT
Solut10n.h-(0>,J—<L J1>

(b) If ¢1(x) oc N7 (h1, J1) and ¢a(x) o< N7 (ha, Jo), and ¢1(x)da(x) oc N™H(h, J). What
is h and J?
Solution: h=hy + hy, J = J1 + Jo

(c) If x ~ N(pux,3x) and y ~ N(uy, Xy), is it true that x +y ~ N(px + iy, Ex + Xy)?
Solution: False. If x and y are not independent, x + y does not necessarily have
a Gaussian distribution. For example, consider y = —x, then the sum will be a deter-

ministic value, not a variable.
However, if x is independent of y, the statement is true because:

Elx+y] = E[x] + Ely] = pix + py
El(x +y — pix — py) (x +y — pix — p1y) "]
= E[(x — p1x) (x = 1) "]+ E[(x — 1) (y = 12y)" ]+ E(y — p1y) (x = )] + E[(y — y)(y — 12y)"]

= Sy + E[(x — ) E[(y — 1y)"] + El(y — py)JE[(x — )] + 2y
W %

@ J. N—1(<hx) , (‘]XX ny>)dy o N=1(h, J), What is h and J?
y hy Jyx Jyy

Solution: This is just marginalizing out y.
h=hy — JxyJyy"hy
J - Jxx - JXny_yl‘]yX

Gaussian BP Equations

2 Nodes Case

1 . = 1 . s
vxp{—;x,’d..xl + hfx.} exp { -~ ;3x§ Jooxs + llJXg}

® @

exp { —x{ Ji2x2 }

Message
ma—1(x1) o< N1 (x15hay1, Jos),



where
hoy1 2 —J12J50hy and  Joy & —J12J55 Jor.

Marginal
Pxy (Xl) X ¢1(X1) m2H1(X1)
oc N (xy3hy + hosyt, Ji1 + Josg).

General Case: Undirected Tree

1 s o
exp {—;;x,] i + ll_.]_\',}
i b x)

j i . i
@ = u exp | %x,le-, biXi + hé_,__,,-x.}

exp { —x] Jix;}

Message
mij(x5) o NN (xg3his g, Jissg),
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KEN ()
T
1
= exp —ix;r Jii + Z Jisi | xi+ [ hy + Z hy . | x;
keN (i) EEN (4)
h; + Z hy i, i + Z Jk:—>z
keN(i keN(i

Gaussian BP and Gaussian Elimination

Recall in linear algebra, one standard method for solving system of linear equations of the
form Ax = b is Gaussian elimination. Row manipulations are performed to transform the
matrix A into an upper triangular matrix, so the value of last element in x can be solved
directly. Then back substitution is used to solve for the other elements of x.



We claim that if matrix A has some special properties, we can turn to Gaussian BP al-
gorithm to find an optimal ordering of the row manipulations such that the number of
manipulations needed is as few as possible. To be more precise, if A is symmetric and
semi-positive definite, and the undirected graphl corresponding to A is a tree, we will
take A as the information matrix J and b as the potential vector h, and consider the
message-passing schedule of running Gaussian BP algorithm on this graph. If we translate
each message into a row manipulation, we will obtain the optimal sequence of row manip-
ulations. Furthermore, the solution x is the mean vector p in the Gaussian graphical model.

Moreover, notice that we only consider the ordering of row manipulations, not the actual
values. After a few more thoughts, you should realize that we can relax the requirement on
A to ’the non-zero pattern of A should be symmetric’2. But in this case, the solution x no
longer has the interpretation of mean vector of the Gaussian GM.

Exercise 2 illustrates the ideas in the above discussion.

Exercise 2: Gaussian BP and Gaussian Elimination

Solve the following system of equations. You should solve this system by hand rather
than using Matlab. Explain why this is related to Gaussian belief propagation.

1 0 0O -4 1 -3 0 —32 7

0 4 0 0 0 1 0 32

0 0 2 0O 0 1 0 8

1 0 0 3 0 0 1 |x= 24

2 0 0 0O 1 0 0 5

1 -1 -1 0 0 5 0 12
| 0 O 0 -3 0 0 6 | | 12 |

Solution:
.. By
1 2 3
4 ) 5

!This is the undirected graph obtained by adding an edge between node i and j if and only if 3;;7 0.
2All the diagonal entries need to be non-zero.



Notice that in our particular system, the sparsity pattern, i.e., the set of nonzero entries,
does correspond to a tree. Thus, we will perform Gaussian elimination steps in the order
suggested by the tree.2

We will work from the leaves in towards the root, and then back out to the leaves. For
brevity, in what follows, for each row reduction step we will only write out the row of the
matrix that actually changes.

Step 1: We use row three to eliminate an entry in row 6, i.e., replace row 6 with row
6 + % row 3. The new row 6 is

1 -1 00 0 4 0 | 16].
The entry after the | represents the right hand side of the equation.

Step 2: We use row two to eliminate an entry in row 6, i.e., replace row 6 with row 6 +
%- row 2. The new row 6 is

1 0000 2 0| 24 .

Step 3: We use row 7 to eliminate an entry in row 4, i.e., replace row 4 with row 4 - %‘
row 7. The new row 4 is
1 00 Z 000 | 22.
Step 4: We use row 4 to eliminate an entry in row 1, i.e., replace row 1 with row 1 + %-

row 4. The new row 1 is
15 48
[ 0001 =30 | —%].
Step 5: We use row 5 to eliminate an entry in row 1, i.e., replace row 1 with row 1 - row

5. The new row 1 is
i 0000 -3 0| -%.

Step 6: We use row 1 to eliminate an entry in row 6, i.e., replace row 6 with row 6 - 7
row 1. The new row 6 is

00000 Y 0| 107.

We can now solve to get xg = 4.

Now comes the back substition phase. Of course, back substitution can be thought of
as more row reduction steps to make the matrix diagonal, but instead of writing the back

3The root of the tree can be chosen arbitrarily. Here we assume node 6 is chosen as the root.



substition steps this way we will simply write the relevant equation that is solved in each
step.

Step 7: Since xg is known, we get xo =

Step 8: Since zg is known, we get x5 = 3256 = 2.

Step 9: Since x¢ is known and we eliminated the other parts of row 1, we get z1 =
2lxg — 83 = 1.

Step 10: Since x1 is known, we get x5 =5 — 2x1 = 3.

Step 11: Since x7 is known and we eliminated the other parts of row 4, we get x4 =
22;1‘1 = 6.
2

Step 12: Since x4 is known, we get z7 = % = 5.

In summary,
x=[1 7 2 6 3 4 5

While it is arguable how much work was saved by doing Gaussian elimination in this order,
hopefully this problem is enough to convince you that for large systems, this method will
be much faster than doing Gaussian elimination in the standard order, i.e., where we would
first zero out terms below the main diagonal and then do back substition.

[

3 Kalman Filtering and Smoothing

Setup

DO - —®

xi+1 = Ax; + Gvg, where v; ~ N(0,Q),
y: = Cx¢ + wy, where w; ~ N(0,R)
Xg ~ N(O, EQ)



Some more notations:

Ht|s = E[Xt‘y()a ) Ys]
Zt|s = E[(Xt - Mt\s)(xt - Mt|s)T|YO7 e YS]

Equations

Kalman filter was first introduced by Rudolf Kalman in the 1960s. Viewing it through
the lens of inference algorithms, it is nothing more than Gaussian BP algorithm applied to
Hidden Markov Models(HMM), with some regrouping of the computations.

Kalman filtering and smoothing, similar to other inference algorithms for HMM, contains
two 'passes’. The forward pass’, known as the filtering step, starts with some initial values
pojo and Xogjg, and then recursively compute pi;q 1341 and 3y 1141 using pyy and ;. The
‘backward pass’, i.e. smoothing, on the other hand, starts with uy v and EN|N4—, and then
recursively compute iy and Xy using g1y and Xy

The filtering step is further divided into two smaller steps. First, a 'prediction’ step aims
to estimate the state x;y1 given observations yg, yi, ..., Y¢:

Herie = Aﬂt\t
SVERIVES AEWAT +GQG”

Notice these two equations follows directly from x;11 = Ax; + Gvy.

Secondly, to compute piyq1jp41 and Xy gy from pyqq and ¥y g, we perform an ’ad-
justment’ step:

festjerr = frsre + Ser1pCT (CEi e CT + R) M yag1 — Crigyape)
Yip1per1 = Begape — Et+1\tCT(CEtH\tCT + R)_ICEHW

Notice the mean gy q|41 18 peyq); plus a term proportional to the ’error of prediction’
Yi+1 — Cpigyq)e, while X441 equals ¥, 1), minus some positive definite matrix. We do
expect the covariance ;1441 to decrease because we now have one extra observation y1.

The equations for the smoothing step are as follows:

e = paje + Le(pern v — Hegage)
Sur = e + Le(Sepqn — Sern) L

where L; = Et|tATE;+11| ;- Notice that terms fuys, fyq1)s, 2, and Xy ), are already com-

puted in the filtering step.

For those interested in how these equations are derived, a rigorous treatment can be found

4}J,N‘N and Xy |y are available after the filtering step.



in chapter 15 of Jordan’s notes.

Summary: Inference Algorithms on HMM

The following table summarizes the variants of inference algorithms that compute marginal
distributions on an HMM2.

Discrete Variables Gaussian Variables

Sum-Product: Gaussian BP:

Miit1(Tiv1) Mi—yir1(Tiv1)

Mi—yi—1(Ti-1) Miyi—1(Ti-1)

Forward-Backward o-(: ’2 Filter Smoother’:

(i) =Py, -, yi, 25) P(zilyo, -, vi)

Bi(@i) = P(Yit1, -, yn|zi) P(xilyit1; - UN)

a-vy Algorithm: Kalman Filtering and Smoothing:
oi(@i) =Py, -, yi, 25) P(zilyo, -, vi)

Yi(@i) = P(zilys, ..., yn) P(xilyo, - yn)

5Details about ’2-filter smoother’ can be found in Jordan notes section 15.7.2.
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