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Central Limit Theorem
(Generalization)

e Basic Theorem 11I:

1 N
Consider X = N Z W (¢, 0)vo(t)

EXNIO

W (¢, 0), v, are both ARMA processes, possibly correlated, with
underlying white noise (bounded 4th moment)
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e Then:

distribution

1) VNXpy >~ N(O,P)
2) P= lim E NXpyXi
N —00

e Proof:

If W(t,0)vo(t) where independent for different ¢, then result

follows from central limit theorem. It can be shown that the
dependence decays for large N.
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Application to Prediction Error Methods
(Special Case)

e ARX case:

D7(5,m) = {0} &= (Both identifiable & § € m)

Data informative.

iy = {1 S waTt] {1 5 ¢<t>y<t>}
N t=1 N t=1
= 0ot | = f) P’ (1) - [1 gj P(t)eo|
NS 2= VN
(Ed)dDT(t;)/l N (O, P)
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N
P=1im 2B 3 o0)eo()dT(s)eo(s) = Jim /\—Ezcb(t)ch(t)

N—oo N —00 =1

t=1
s=1
= M\ E (CD(t)CDT (t))
VN (Bn — 60) ~ Asym N(0, Py)

PQ:E(QD(t)dDT(t)) [/\OE (CID(t)CDT(t)ﬂ (cb(t)ch(t))

= %o [E(o()0T®)]
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General Case

~ {90} — DT(57 m)
O = argmin Vi (H,ZN) 3
0 € D, Data is informative

-

It follows that VN/ (éN, ZN) =0
Expand Va (9, ZN) around g, and evaluate at 0y
0=Vy (O, 2") =Vy (00, 2" )+Vy' (€, 2V) (05 — 00)

¢ is a vector “between” Oy & g,
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(é\N_>90
As N — oo : |

VN// (£7 ZN> . ‘7// (60)

— /!
Assume that V' (6,) is nonsingular, then

On — 00 2 — [V (60)] vy (60, 2™

! Ny _ % + 2
VN (00, 2%) = ——— 3" &2(t,0)
t=1 0=0,
1
N Z W(t 90)60(75)
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From Basic Theorem |1

!
- VN

asym

N
> W(t,00)eo(t) >~ N(O, P)
t=1

_ 1 N N
P= lim EN— t;l W (¢, 00)eo(t) 8; Wl'(s,00)e0(s)

1 N
= — lim X\ EW(t,0,)Ww!(t,0
7 Am ot; (t,00)W" (¢, 60)

= Ao EW(t,0,)W!(¢,0,)
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From this, it follows that

VN (Bx = 00) = —VN [V (00)] " V' (00, 2")

Notice that
V' (60) = lim (;V gjl W(t, 00)WT (¢, 60) — jlvé awé’; QO)eo)
= EW(t,0,)W!(¢,6,) K‘ 0
.
VN (O — 00) — N(O, Pp) Py = Xo (EW(t,00) W (¢,0,))
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Efficiency

Recall: Cramer-Rao Bound for normally distributed noise:
Cov (VNOy) > Xo (EW(t, 00)WT (¢, 00))
= Predication error estimates are asymptotically efficient if eo(t)
Is normally distributed.

Estimates for accuracy

—1
_ S I [ _
Py = Ay N Z W (t, 9_]\7) wl (t,@N)
=1
Sw=L 52 (1,0
N — Nt;- 3 (ta N)
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Examples

ARX: ( :
u~ WN with var = u

y(t) + aoy(t — 1) = u(t — 1) +eo(t) <

y=—ay(t—1)4+u(t—1) ~

d _
W(t,0) = = —y(t—1)

_ _ + A
E(W(t 0w (t,600)) = By?(t—1) ="
1—a$
1 — 2
P@ — )\0 ¢
% + Ao
1. 1—a?
Cov an ~ — oo
N p—+ Ao
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or y(¢) +cy(t —1) = cy(t — 1)

d
W(t,0) = —y(t) - _
d@ /\_eo(t_l) at C — Co
r I
= W(,0)+cV(t-1,0)=y(t-1)—-y(-1)
1
at . W(t,0) = t—1
Co (Z,0) 1+ Coq_160( )
1
T —
B (W(t, 0)WT (t,00)) = —— 2
1. 1—c2 1-¢2
OV CN ~ —A ° = 0
k NN, N
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ARMA: y(t) +ay(t — 1) = e(t) + ce(t — 1)

1 —1
y(t,0) = (1 ] :|I_—CCLZ_1> y(¢)

d d (1 -
W(t,6) = ——e(t,6) = — (1 '_II:CCL;]_l) y(t)

d —q_l A
Wqi(t,0) = ——(t,0) = t) = t,0
1(4,0) = — e, 0) = T () S yr(t,0)
—1 —1
d qg (14 aq
Wo(t,0) = —d—*f(t,@) =+ ( 2)?/(75)
C (1—|—cq_1>
q—l
1—|—cq_1€( ) ) gF( ) )
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E (wa) —
2

—bypep  Eep 9—0,
PRI VI b

1—ag 1—apco

PQ e )\0

o Mo

i 1—aoco 1—63

—1 1
1—aoco 1—03

Comments: As a — ¢, then Pp — oo, If a — ¢, then
the model structure is over parametrized so Dy D {6,}

(% has pole/zero cancellation) §N — set, not just a point.
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