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Nonparametric Methods
for System 1ID

Time domain methods

- Impulse response
— Step response
— Correlation analysis / time

Frequency domain methods

- Sine-wave testing
— Correlation analysis / Frequency
— Fourier-analysis

— Spectral analysis
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Problem Formulation

y}
u Black

—> — Y

Box

e Actual system (G, is Linear time-invariant stable.

e Process: y(t) = Gou(t) + v(t)
= go * u(t) + v(t)

e Time domain methods = estimates of 9o

* Frequency-domain methods =- estimates of (eiw> .
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e Tests:

a) |GO (eiw) e (eiw)‘ at each fregq.
b) |go(t) —g(t)|] V t>0
9 3 lgo(®) — 5(8)

t=0

9 sup [, (¢) - & ()

w
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Time-Domain Methods

e Impulse response u = ad(t)

= Y= ago(t) +v(t)
t
estimate: g(t) = @
o
Analysis: |go(t) — g(t)| = v small if a>> 1.
87

Practicality: not very useful.
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eStepresponse u=ao V t>0

S oy =a > golt) + o)
k=0

y(t) —y(t—1)

estimate: g(t) —

Analysis: |go(t) — g(t)| = o(t) — Z(t —1)]

Practicality: Not good for determining go(t). Good for
determining delays, modes....
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Methods (Continued)

e Correlation Analysis

y(t) = go*xu-+v

e Assume wu is quasi-stationary
u,v are uncorrelated.

e By(Dut—r) = Ryu(r) = gorRu(r) = 3" go(k) Ru(k—7)
k=1
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eCasel: If u~WN = Ryy = ago*0(z) = ago.

To estimate:

1 N
Ryu(r) = 5 X v(®u(t =)

1 N
R ()= 3 w®ult =)
N 1
Q& = R, (0) = N Z (t)
1 N
_ t t —
A N L y(u(t =)
= g(7) =
1
N Z u?(t)
t=0
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e Case II: Inputis not white.

Ryu(T) = go * Ru(T)

Using the approximation

R)(T) =g * Ry (1)

In matrix form:

[ RY,(0) )

\ Ry(M —1) )

Lecture 3

([ RI(0)
RYY(1)
\ Ra (M —1)

RN(-1) RY(=(M —1)) )

Ry (0) RY(—(M —2))

[ §(0) )

RY(0) )

notice RY(7) = R (—7).
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M-1

= Estimate g(7) = S G(k)qg .
k=0

e Question: Under what conditions the above system has a unique
solution? Persistency of excitation!

e Note that you get the same estimate regardless of the spectrum
of the noise.
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Analysis of Correlation Method

e Estimate

h(r) =

N

Z y(t)u(t — )
= g W2 ()
E(h(r)) = h(r) as N — oo

e Need to determine the covariance of B(T)
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* h(k)—h(k) ~

N
(t+ k) — h(k)u(t)tu(t
RO lzl{y (kyu(t)} <>]

~av i (5

1

(h(Du(t+k —3) + vt + k))u(t))

\H\II

Ry(p—v)
No?

+y 3 RORGH- )

E (h(v) = h(¥)) (A1) = h(p)) =

_|_]i[ Z h(T + ph(v —7) — —h(u)h(V)
T=—p

1
e Covariance, proportional to N
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Frequency-Response Analysis

e Input u(t) = o COS wot v

s

U > G o\,

v
<

y(t) = a ‘G (eWO) cos(wot+d)+v(t)+transients
o= /G <ew0) .

e Extract |G (ew")

¢ =GN (eiw")

e How do you measure ‘G (eiw") , P in the presence of noise?

A good approach is correlation.
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e Define

1 X 1 X |
Io(N) = N Z y(t) COSwot Ig(N) = N Z y(t) sinwet
N
I6(N) = — 3 |G (e >
o Io(N) = QNZa\ (€0)| [cos ¢ + cos(2wot + ¢)]
1 N
+ N Z v(t) coswot -+  transients
2
— —‘G( WO) COS ¢
87
2 .
e I¢(N) — _E‘G (e“"O) sin ¢
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e Estimate:

: 2
G ()| = Z\I2 + 12
o
I¢(N
E s(N)
Io(N)
1 N .
e Comment: Yy(w)=—= y(t)e ™
VR &
Yy(w) = (Ig —ilg)VN
No
U —
N(w) 2
N : Y,
= Gy (e“") = N(w)
Un(w)
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Empirical Transfer Function
Estimate (ETFE)

e For an arbitrary input

~ ww\ Y (Ld)
G(e )— U]]\\[[(W) when Upn(w) #0

e Recall: Correlation analysis

Pyu(w)
Dy (w)

G (eiw) =
.27
o If 4, — ¢!'N*, then the previous analysis shows that

G (eiw) =G (eiw) w = %Tk

e Similarly for u = White input.
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e General Procedure
= -2_7Tk,
1. Calculate G(é”N ) , k=1,...,N

2. Obtain the inverse DFT:

N4 P27\ 27tk
G(eN)eN ., t=1,...,N
k=1

= N —~
3. Define G(¢) =Y g(t)g~*
t=1

e The algorithm is quite efficient; requires only the computation of
the Inverse DFT. Note also that the algorithm is Linear.
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Properties of EFTE

Theorem:

Given: y=Gu-+wv
With:
o [u@)|<C
e s(t) is stationary, zero mean with spectrum &,

A w Y, (w)
C O () =
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Then:

p1(N)
Un(w)

LB (En () = Go() +

2. E (G (¢%) — Go () (Gw (¢7) — Go (7))

( 1
= <
p2(N) o — 42 << B
| Un(w)Un(=E) —w=x25k, 1<k<N-1
C
N < —=
|p2(N)] < N0
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Proofs

e Bias

& (€¢w> _ Yy(w) G (eiw) I Ry(w) n Vv (w)

- Un(w) Un(w) = Un(w)

B(G(e)) =6 () + 1

Un(w)
e Covariance
1st: Compute E (Vy(w)Vn(—=£))
Lecture 3 6.435, System Identification
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1 N N . |
E(Vy(w)VN(=E)) = EN Z Z U(T)e_zwrv(3>e+255

T=7r—3s

Lecture 3

r=1s=1
R A .
— Z Z Ry(r — S>€—|—z(§s—w7~)
A/ r=1s=1
IR o
= N y: ) RU(T>6’L§T—Z£T€—'LQ}T
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r—N T—N-—-1

e 3 Ru(MeET=u(O)— Y Ru(M)e =Y Ry(r)e %7

T=r—1 T=——00 T=r

.izez(ﬁ—w)r:{l ?ffzw o
N &= 0 if¢e—w==22Tk k=1,... N—1

1 N T—N-1 . 1 N —N-1 .
o = Y T N Ry <Y Y Ru(D) e #
N r=1 T=—00 N r=117=—00
1
=~ Z Z Ry (7))
T=—00r=7+N++1
1 —1
< — R
. SO
C'= Z 7 | Ry (7)] C
T=——00 <
- N
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e Put together
Py(w) + p2(N) w=¢

E(VN(W)VN(=8)) = {
po(N) w—§E=22Tk, 1<k<N-1

2C

p2(N) < W

Now:

—~

B (@ () -6 () (E( ) -0 ()

— K (VN(W) VN(—€)> e (RN(W) RN(—§)>
Un(w)Un (=€) Un(w) Un(=¢)

( 1
d,(w) + N = w
= 9
p2(N) ., — 27 < _
| Tn()UN (D) §-w=7qxk lsksN—1
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Comments on EFTE

e Suppose U = periodic

2 . ) 27T
|Un(w)|” increases as a function of N for some w = Wk

and zero for others

— EFTE is defined for a fixed number of frequencies,
i.e. independent of IN.

— At these frequencies, ETFE is unbiased and
Covariance decays as% . (Recall Ry = 0),
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e Suppose V is a stochastic process, uncorrelated with v
in dist.

|UN(w)|2 — " ®yu(w) (abounded function)

— ETFE is asymptotically unbiased, with increasingly more well-
defined frequencies (as N — o).

— The variance does not decrease as N — oo.

- Estimates are asymptotically uncorrelated.
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Spectral Estimation

e Traditionally
fo(1), ... o)} VA - D,

estimate

N-Long time series
e In here, different context.
G (eiw> \A\A— » Gy (ew>

{smaller variance}

e Theme:
- Show the mechanics
— Importance of windowing, tradeoffs
— Relate to spectral estimation

Lecture 3 6.435, System Identification
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Spectral Estimation: Non Std

(Ljung)

e Idea: the actual function G (eiw) is smooth. The values of (& (ei“’)

should be related for small intervals w.

—

e According to previous analysis, G <ei°") is uncorrelated with CAA} (e_if)

and has variance

A 4
va(w)
X
U (w)]? <
° Suppose wo satisfies klil o uIJ
27'(' 27'('

—k1 = wo — Aw < wp < Aw = —%k
Nl Wo w < Wo wO—I—wNQ
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e Define the estimate (new) at w, as follows:

ko
2 .27
Z Oéka (elwk>

GN (eiwo) . k:kl

ko
> o

k=kq

Where ®f1,---,%y, are chosen so that FE (@N (em) -G (6”0))2
is minimized.

Solution:
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e As N — oo, the sums A~ ~~__, integrals

[ ()G () e

wO—Aw

[ oo

Wo—
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e Equivalently: Let W~(&) be a window function. Then,

[* Waw = ©a©)G () de

| Waw —©a(e)ds

o If &, is unknown, but slowly varying in frequency

[ W - O 1UNE©P G () de
Gy =

/_: Wry(w —€) [UN(E)I% dé
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Relations to Traditional
Spectral Analysis

e Recall:

UN (I —— Py (8)
distribution

> [ W= 1UN©Pdg — [ Wy (w-6)Pu(©)de
of dy,
~ Py, )
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e Define:

PN S [ Waw - [UN(©)P g

e [UN(OPG () = UR (€)Y (&)

Similarly:

PN = [ Wy(w - OUK© Y (©)de

e Conclusion

a i CDZ\L(w)
G (") = 5w

Lecture 3 6.435, System Identification
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Efficient Computation

¢ RN () = L S w(eyu(t - )
Nt=1

W'y(w) AN W'y(7'>

LN = S Wy () RN (r)e T

T——00

Of course Wy(7) ~ 0 for 7 large enough but not as large

as IN. Example is:
W,Y(T) = 1 — m O S T S a7 (BartIEtt)
Y

e Similarly for RJy\L
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Analysis of Spectral Estimation

o (¢ [ W6 - wo) lUn ()2 Gy (&%)
[ N [ pu— -
" W —wo) Un ()1 de

o ey , B (€ | Vn(©)
and Gy (e 5) =G (6 5) + U]]\\]](f) T U]]\\;(f)

E (G ( iw )) /W Wa(€ — wo) [Un(&)I7 G (%) de
° e"ro ~ —
) /: Wy (€ — wo) Un(&)|2 de

[* Wi — wo)ou(©G () de

o

| Wale - wo)bu(©)dg
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e Write

PuE) = Puwo) F(E-w0) P (wo)+ (6-w0) 2P (wo)

G (£€) = G (¢40) +(6~wo)G () +5 (E-wn) G ()

e Recall: /: W, (€)dé = 1 /_: EW,(€)dE = O

[ W@ =M -0 as y-o

| W2©d =W~ as y—oo

Lecture 3 6.435, System Identification
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(o () =

G, Dy, N P! Go
2 2

®.,G. +

Numerator: &, (w,)G (eium)_l_M(W)

A4(7)

Denominator: &, (w,) + u(wo)

3606 4.6 () )

u

* F (GN (eiw")) =G (eiwo)-l—M(fy)

= for each finite o7 the estimate is biased.
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[ wite - iun©P | ]

Un(¢)
" (e - wo) lUn(©)2 dg

—

‘GN—EGNZ

27

~ ~ |2 N _WW’YQ(g_"%)CDu(f)CDv(S)dg
« E|Gy — EGN‘ —

CDu (eiw()) (’)/) u( 0)

1 . W(’Y)Cbucbv(WO)
N (®u(wo))?

112

e For a fixed -, Var(@N>—>O as N — oo.

e Improved variance on the expense of the biase.
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Estimating the Disturbance Spectrum

 y(t) = Gou(t) + (1)
o If v(¢) was measurable, then
B (wo) = [ W (€ = wo) IV (©)P)dg
(’y)

Bias: E®) 2 &y (wo) + ®, (wo)

2 W
Variance E[CD{,V—ECDUN} ~ ]E[W)Cbg(w)

e Problem: v(t) is not readily measurable.
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e The residual spectrum.

G n(q) is the estimate 5(t) = y(t) — Gn(Qu
¢ &N (wo) = [T Wy(6—w) [Yw(©) — G () Un(©)[ dg
2
] Dl (w)]
=P " oy @)
e Defina .
) b
ké\;(w) — AN| yAN
\ B (W) DY (w)

. BV (w) = B (w) (1 - (E?%(w)>2>
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