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Instrumental Variable Method

e Connects parametric methods and correlation methods.

e | east squares revisited:
y(t) = L (4)0, + v(2) v:WN
§N satisfies

- g: ()y(t) = {1 g: P ()] 0
NtZl Nt:1 Y

« We can arrive to this by correlating both sides with
1
P(t); NZCD(t)fU(t) ~ 0
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e |If U(t) IS not white, the above method will yield a biased estimate.

= Main Idea: Correlate with a vector £(t) which is uncorrelated
from v(t).

- £(1) = Instrument

e If experiment is open loop:

(Y

£(t) is constructed from u.

- In closed loop, £(t) is constructed from reference signals.
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= Detail:  £(t) : (ng X 1) — vector.

LS ey = £ 3 emoT10o+L 3" et
N;f Yy —thf +N;€ v
N ~ J
e Define; ~ 0
N 1 N T 1 N _
07 = sol N Z E() P ()0 — ~ Z E(y(t) =0
t=1 t=1

= sol | fy (¢,0,2") = 0]
e Extended IV

ep(t,0) = Le(t,0) = L (y - CDTQ) . Filtered error
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N
v (6.27,6) = 3 EDa(e.0)
N some function

67\ = sol [fy = 0]

or 67, = min ||fx|| = min JRQ/N

«InLS £(t) = P(1).

N
-If ) £(t)d!(¢) has an inverse, then

t=1
N 1 T L &
oy = | < Z JOLMOIEN BRI
N /= N /=
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Choice of Instrument

System:

Ay = Bu—+wv “v may not be white”

Open Loop Operation u & v are

iIndependent
Define the instrument as a function of u
5 (tv ut_l) — K(q) [—.CU(t o 1)7 IR _w(t T na)7 U(t o 1)7 s ,’LL(t o ?’Lb)]

N(q)x = M(q)u

dim = nn J L dim nm
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To solve for H?IV, we need the inverse of
1 N -
— > &)’ (1)
Nt=1

Recall: If &(t) = ®P(t). The inverse exists if u is p.e. of

order ny (or orderng + ny if v = 0)
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Convergence Results

e Assume Data generated in closed loop as before. Define
€F(t7 9) — Lg(ta 9)
1 N
In(,0) = — ) &(t,0)e(t,0)
Nt=1

£(t,0) = Ku(q,0)u + Ky(q,0)y (Past Data)

oN, = sol [fN (g, 0, ZN)} =0
0 c Dnm
.p.-1 — —
e Results: fxn (6, ZN> WP > FE&(t,0)ep(t,0) = f(0)
uniformly in g
(9%/ w.p.1 > Dc.={0¢c Dm|f(6> = 0}
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Consistency

0: Ay=Bu-+wv v = Hpe
Bo(q)

Ass. 4 6 D 0p) =G =
SS Ie) - m > m( 0) 0((]) Ao(q)

Let &(t) = Ku(q,0)u + Ky(q,0)y
() = E (&(t) |[L (T (80— 6) 4 v)])

= (BE®)PE(L)) (00— 0).
= 0, € De. = DT C De

Question: Is D. C Dp ?

True if E£(t)PL(¢) is non singular

Conditions under which Eg(t)CD}Q(t) is non singular are hard to find.
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B
Theorem: Suppose the true system 7. has degrees ny, ng.

Suppose the model B with degrees ny, ng. Also, suppose
the instrument is given by

f(t) = L [x(t o 1)7 ©e wx(t T nCL))u(t o 1)7 s 7u(t o nb)]
with Mg = Ny

Then:
1) If min (ng —ng,n, —ng) > 0= R is singular

2) If min(ng —np,np —nm) > 0 = R is singular.

with R = E¢(t)dT ()
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Proof: Notice that E¢(t)d! (t) = E€(t)P! (t) where d(t) is

PL(t) = (—20(t —1),..., —20(t — na),u(t — 1),...,u(t — np))
&  zo(t) = iogqiu (noiseless)
o\d

Since nqg>ng, ny>ng, 3 S > V t (S#0)
dT(H)Ss =0 (pole/zero cancellation at 6o)
- (Eg(t)c“bT) S=0 = Eew)eT@)s=0

=  Ee@)d'(t) s singular [ similarly for & ]
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Result:
If  min(nqg —ng,ny—np) =0

min (ng — np,np —nm) = 0
— Py(w) >0  (oruisp.e.)
Then E£(t)d!(¢) is generically non singular.

Proof: The set of parameters that satisfy singularity have
measure zero.
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Asymptotic Distribution

Suppose Eg(t)CID%(t) — R is non singular

1 X N
of, = (Nt; S(t)<bp(t,9)) (Nt; S(t)y(t))

| |

N

Rl %t; £(t) (D100 + vo)

~ 6, + R (1 f;sam(t))
VN AVN /=3
N\

N(0, P)
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N
P= Jim %Eu; £(6)vo(t)ET (s)vo(s)

N
- ]\;inoo % t,Szzjl Ef(t)fT(S)EUO(t)UO(S)
= fim = 3 Ee()EN (s)Ru(t
_N@ooﬁt,szzjl e()ET () Ru(t — )

VN (67Y — 00) ~ Asym N(0, Py)

Py=R1PR!
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Freguency Domain Characterization

e(t,0) = y(t) — L ()0
= y(t) — (1 - Ay — Bu= Ay — Bu
— A [Gou + Hoe — gu]

F(0) = E&(t,0)ep(t,0) £(t,0) = Ky (e™,0) u
— % /_: [GO (eiw> — G (eiw, 9)] dyu(w)A (eiw> L (eiw> Ky <e_iw, 9)
G=2
A
= a different kind of
fit!
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