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Laplace’s Equation — FEM Methods
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Outline for Poisson Equation Section

 Why Study Poisson’s equation
— Heat Flow, Potential Flow, Electrostatics

— Raises many i1ssues common to solving PDEs.
* Basic Numerical Techniques

— basis functions (FEM) and finite-differences

— Integral equation methods

 Fast Methods for 3-D

— Preconditioners for FEM and Finite-differences

— Fast multipole techniques for integral equations



Outline for Today

 Why Poisson Equation

— Reminder about heat conducting bar

 Finite-Difference And Basis function methods

— Key question of convergence

e Convergence of Finite-Element methods
— Key 1dea: solve Poisson by minimization

— Demonstrate optimality in a carefully chosen norm



Drag Force Analysis
of Aircraft

« Potential Flow Equations
— Poisson Partial Differential Equations.



Engine Thermal
Analysis

e Thermal Conduction Equations
— The Poisson Partial Differential Equation.



Capacitance on a microprocessor Signal Line

» Electrostatic Analysis
— The Laplace Partial Differential Equation.



Heat How 1-DBEanple

Incoming Heat
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Question: What 1s the temperature distribution along the bar
T
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Heat How

Dsarete Representation

1) Cut the bar into short sections

2) Assign each cut a temperature

T7(0) r)




Heat How

Onstitutive Relation

Heat Flow through one section

<—Ax—>

h.., .= heat flow = x
| Ax

h

i+1,i

Limit as the sections become vanishingly small

hix) = x L)

A —0
) Ox

lim




Heat How

Two Adjacent Sections

Incoming Heat (A,)

“control Volume’\ ‘ ‘ ‘ ‘ ‘ ‘

i+1

<—Ax—>

Heat Flows into Control Volume Sums to zero

b —h  =-hAx

i+1,i



Heat How

Heat Flows into Control Volume Sums to zero

hi+1,i — hi,i—l — _h\sAx
Heat in Heat out Incoming
heat per

from left  from right ,
unit length

Limit as the sections become vanishingly small

b () = Oh(x) _ 0 OT(x)

Haxo ox  Ox Ox

lim




Heat How

Temperature analogous to Voltage
Heat Flow analogous to Current

1_x
R Ax r.

v, =T(1)
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Heat Fow 1-DBEanple

Normelized 1-D Equation

Normalized Poisson Equation

2
8T(x) ko O u(x)
('3x Ox Ox*

—u, (x) = f(x)

= f(x)



Finite Differences

Numerical
Solution
Subdivide interval (0, 1) into n 4+ 1 equal subintervals
1
Ax =
n+1

r; = jAx, U; ~ u; = ul(x;)

for 0<73<n+1



Finite Differences

Numerical
Solution Approximation
For example ...
I 1 !
vi(z;) ~ A_,L,(’U (Tj+1/2) — v (Xj-1/2))
~ 1 (‘Uj_|_1 — V54 _ V; — ‘Uj_1)
Ax Ax Ax
_ Yi+1— 205 + U1
B Az
for Ax small
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Usin _Basis Residual Equation
Functions

Partial Differential Equation form

_Zi—f w(0)=0 u(l)=0

Basis Function Representation

u(x) Zw Al

Bas1s Functlons

Plug Basis Function Representation into the Equation

Zw )f()
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Usin _Basis Example Basis functions
Functions

Introduce basis representation u( Z . gp

Bas1s Functions

= u,(x) is a weighted sum of basis functlons

The basis functions define a space
X, = {veXh |v:Z,6’l.gpl. for some £'s }
i=1

“Hat” basis functions Piecewise linear Space
D, @y D

?D; Qs



Using Basis
functions

Force the residual to be orthogonal” to the basis functions

Basis Weights

Galerkin Scheme

dt—O

Generates n equations in n unknowns

1

jgﬂz(x)

0

o
>0
l
Ll

SMA-HPC ©2003 MIT

& (x)+f(x)

dx=0 [¢& {1,...

7



Basis Weights

Using Basis
Functions Galerkin with integration by
parts

Only first derivatives of basis functions

i dx—_[goi(x)f(x)dxzo

0
le{l,...,n}
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Convergence
Analysis

The question IS

Ve

How does Hu —u, H decrease with refinement?

~
error

e This time — Finite-element methods

e Next time — Finite-difference methods



Convergence Analysis

Heat Equation
Overview of FEM

Partial Differential Equation form

2
B w(0)=0 u(1)=0
Ox
“Nearly” Equivalent weak form
ja—”@dx | fvax forallv
Ox Ox

&

a(u,v) [ (\;/) j

Introduced an abstract notation for the equation u must satisfy
a(u,v)=I1v) for all v
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Convergence Analysis

Heat Equation
Overview of FEM

Introduce basis representation u( Z . (0

Ba31s Functions

= u,(x) is a weighted sum of basis functlons

The basis functions define a space
X, = {veXh |V=Z,Bi(0i for some f's }
i=1

“Hat” basis functions Piecewise linear Space
Dy Py Dg

P; Qs
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Convergence Analysis

Heat Equation
Overview of FEM

Key ldea

a(u,u) defines anorm a(u,u) = HMH
U Is restricted to be 0 at 0 and1!!

Using the norm properties, it is possible to show

If a(uh,gol.):l(gai) for all ¢ie{¢1a¢2:ma¢n}

Then H‘u—uhm =min, . Hu—whm
Solution Projection
Error Error
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Convergence Analysis

Heat Equation
Overview of FEM

The question is only

How well can you fit u with a member of X,
But you must measure the error in the ||| ||| norm

'

SMA-HPC ©2003 MIT error

. o ]
For piecewise linear: ‘u —uh‘ = O(—
. v n



Problem of Helmholtz Equation in 1D

interest

Boundary Value Problem (BVP) - Strong Form

—u'(x) + au(x) = f(x) a>0

x € (0,1), u(0) =u(1) =0
Describes many physical phenomena (e.g.) :
e Temperature distribution in a bar x
e Deformation of an elastic bar N1
e Deformation of a string under tension N2



Problem of Solution Properties

interest

e the solution u(x) always exists
e u(x) is always smoother than the data f(x)

e given f(x) the solution u(x) is unique



inimization |

Principle
Find
v = arg min J(w)
weX
where

X = {v sufficiently smooth | »(0) = v(1) = 0},

and

1 1
J(w):%[) (wmwm—|—¢:1|:w't.u)ala.'s—/0 fwdx



inimization [

Principle

In words:
Over all functions w in X,
u that satisfies
—Upe+xu = F 1IN
uw(0) =u(1l) =0

makes J(w) as small as possible.

N4



Statement

Minimization

Principle Proof...

Let w = u + .
Then

X 1 /1
J(+ 1) = 5/0 (v +v)z(u +v), do

—|—%/0 (u +v)(u+ v)dx

— /01 f(u+v)de.
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Statement

Minimization

Principle ..Proof...
1 1 1
J(u+v):§/ (umum-l—auu)d:c—/ fudz J (u)
0 0

1 1
+ / (uzv; + auv) de — / fvdz 0J,(u)
0 0 first variation

1
+%/ (vv; + avv) de >0forv#£0
0
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Statement

Minimization

Principle ...Proof...

1 1
0J,(u) = /0 (uzv; + auv) dx —/0 fvdz

— 30(0) ua(0) B (1) ua(1) — / et da

1 1
-I—a/ 'u,'vd:c—/ fvdx
0 0

1
:f V{—UgzF+au—f}dx =0, Vve X
0 H
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Statement

Minimization

Principle .Proof

1
J(u+ v) =J(u)—|—%£ (V¥ + avv)de, Vo e X

>0un|grss'v=0

J(w) > J(u), VweX, w#u
= ]

u is the minimizer of J(w)

E1 N5

SMA-HPC ©2003 MIT



Approximation

Rayleigh-Ritz
Approach

Q = T TF ,k=1,..., K —=n+1: elements
r;,?2=20,...,n+ 1: nodes

N6



Approximation

Rayleigh-Ritz
Approach

Xp={veX ‘U|T’;:€IP1(T,f), k=1,...,K|

piecewise linear

S

v(0) =0 'v(l)/i 0
A

v continuous




Rayleigh-Ritz
Approach

Approximation
Nodal basis for X3:

Pis J: 1,...,n:dim(Xh)

i | ==it1
i nonzero only on T, | |,

N7 N8



“Projection”

Rayleigh-Ritz

Approach Plan...
et
Up (E Xh)
RR/FE Approximation

set up; = w; that minimize

T D wie;
j=1
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Rayleigh-Ritz
Approach

“Projection”

Geometric Picture:

(minimizer over X3,)
(minimizer over X)




“Projection”

Rayleigh-Ritz
Approach

/Z wm)z (wj ;) - /01 é'ij

_Zzw*wd’l/ do iﬁj+a¢z@3)dm ij/ fejdz

i=1 j=1 j=1 V0
by bilinearity and linearity.
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Rayleigh-Ritz “Projection”
Approach
THweR™) =T | 3, wie

:_wTAhw_wTFh.

1
Fy € IR™ Fm':/ J pidx

0
1
dy; dy;
A, € R " Ap 5 = J 0.} d
<3h hij ,/O(dw d.’,B |aL‘0Lp3) T
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“Projection”

Rayleigh-Ritz
Approach

u, = arg min J"(w)

Expand J(w = u,; + v); require J(w) > J(u;)
unless v = 0.



Rayleigh-Ritz “Projection”
Approach

..Minimization...

JE(u;, + v)

1
= — (gh + Q)T Ap(up +v) — (uy + Q)TEh

1
EUZ Ay, up, —uy Fy,

1
—|—2 TAhuh—I——uh A, v—v  F,

1
+§QTAhQ
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“Projection”

Rayleigh-Ritz
Approach ...Minimization...

J(uy, + v) = J(u)

+(A,u, — Fp)'v 6JF(u,) SPD
VJﬁ?Eh)

1
+§ c'vT A, v SPD
>0, Vv#£0
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“Projection”

Rayleigh-Ritz
Approach ...Minimization

If (and only if)

)

VJ%(u,) = Apu, — F,, =0
then

J(w=1u,+v)>J(u), Vo # 0.
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“Projection”

Rayleigh-Ritz
Approach Final Result

Find u;, € IR™ such that

Apu,=F, = up(z)= Z un; @i () .
j=1

SPD = existence and unigueness.
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-
Error Analysis

Remember

J(u+v) = J(u)+%£1(vmvm+a'v'v) de, Vv e X
>0,SPD

Define

1
||| = / (Vs vy + @ v V) daz
0O

b=

Energy norm



-
Error Analysis

Therefore
1
J(u+v) =J(u) + §|||'v|||2, Vo € X

Choose any wy, € X, v — (wp, —u) € X

1
J(wn) = J(u) + Slllw — wal||*, Yen € X

For W = Up

|
J(un) = J(u) + Slju - un|||”



-
Error Analysis

J(up) < J(wp) , Ywp € Xy, wp 7= up,

fe=u — up
u = upl||| < |||lu —whll|, Ywn € Xn, wn # up
e

and

— inf —
llelll = inf |lju— w]




-
Error Analysis

In words: even If you knew wu,
you could not find a wy, in X,
more accurate than uy

In the energy norm.



_ A priori theory
Error Analysis

A priori error estimates N9
Energy norm:

llell|l < C1h

Lo norm:
1/2

1
le|| = (/ eedm) < Cs h?
0

C1 2 = F(§2, problem parameters, smoothness of u)



Discrete Matrix Elements: A;
Equations




Discrete
Equations

Matrix Elements: A;

nt Methods

32



Discrete Matrix Elements: A;
Equations

Typical Row

dp;dyp; dp;dyp; / dp;dyp;
Al — %i::/‘ J e ig
hi /ﬂdm de 0 Jade dz o i da dx

h h

IS honzeroonlyfore=9—-1, 3, 7+ 1

A}nizﬁ(h)*‘%(h) — %
A:?Lm'z'—l — % (_%) (h) — _%
Apiini= (n)ah) =5
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Matrix Elements: A;

Discrete
Equations




Discrete
Equations

Matrix Elements: A;

Properties of A,

A} is SPD; and
diagonally dominant; and

sparse;

and

tridiagonal.
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Discrete
Equations

Mh c IR™x":

1
Mypij = / pi pj dx
0
the finite element “identity” (I) operator

Is nonzeroonlyforte =3 —1, 3, 7+ 1

Mhij=L,@i@jdm+Li+l@i¢jdm
h

(3

h



oiscrete [

Equations

For linear elements, nodal basis:

2 1 \

3 6

12 1 0

6 3 6

Mh:h
0O 2 1

3 6
1 2
6 3/

sparse, banded, tri-diagonal — “close” to I.



Discrete
Equations

“Load” Vector Elements: F,




Discrete
Equations

u; € IR™ satisfies

[A},, + aMh]

[(uni )

)

7

\ Fin

N10



Heat Transfer Problem
Example

Non-dimensional form

k*: Thermal conductivity
fOI’Qz‘,‘i:O,...,él

Bi: Heat transfer coefficient

. Geometric parameters




Finite element method

Example

Xn = span{p1,...,Pn}

pi(T):
Nodal basis functions

—First order elements




Possible solutions
Example




campie I

e Complicated geometries

e General classes of problems
(Good mathematical properties)

e Wider class of operators



Summary

 Why Poisson Equation

— Reminder about heat conducting bar

 Finite-Difference And Basis function methods

— Key question of convergence

e Convergence of Finite-Element methods
— Key 1dea: solve Poisson by minimization

— Demonstrate optimality in a carefully chosen norm



