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Outline

• Three Methods so far
– Time integration until steady-state achieved

– Finite difference methods

– Shooting Methods

• Shooting Methods
– State transition function

– Sensitivity matrix

– Matrix-Free Approach

• Spectral Methods
– Galerkin and Collocation Methods
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Basic DefinitionPeriodic Steady-State 
Basics

• Suppose the system has a periodic input

• Many Systems eventually respond periodically

( ) ( ) ( )
inputstate

dx t
F x t u t

dt
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Computing Steady State
Periodic Steady-State 
Basics

Time Integration Method

• Time-Integrate Until Steady-State Achieved

• Need many timepoints for lightly damped case!

( ) ( )( ) ( )( )1ˆ ˆ ˆ( ) ( )l l ldx t
F x t u t x x t F x u l t

dt
−= + ⇒ = + ∆ + ∆
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Basic FormulationBoundary-Value 
Problem

Differential 
Equation Solution

Periodicity 
Constraint

( ) ( )( )N Differential Equations: i i
d x t F x t
dt

=

( ) ( )N Periodicity Cons  traints: 0i ix T x=
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Finite Difference MethodsBoundary-Value 
Problem

Nonlinear Problem

( ) ( )( ) ( ) [ ] ( ) ( )
periodicity
 constraint

0,
input

dx t
F x t u t t T x T x t

dt
= + ∈ =

Discretize with Backward-Euler
( ) ( )( )1 1ˆ ˆ ˆLx x t F x u t− −∆ + ∆

( ) ( )( )2 1 2ˆ ˆ ˆ 2x x t F x u t− − ∆ + ∆

( ) ( )( )1ˆ ˆ ˆL L Lx x t F x u L t−− − ∆ + ∆
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ˆ

ˆ

FD
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x
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⎛ ⎞⎡ ⎤
⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥ =⎜ ⎟⎢ ⎥
⎜ ⎟⎢ ⎥⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠

0=

Solve Using Newton’s Method
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Shooting MethodBoundary-Value 
Problem

Basic Definitions

( ) ( )( ) ( )dx t
F x t u t

dt
= +Start with 

And assume x(t) is  unique given x(0).

D.E.  defines a State-Transition Function

( ) ( )0 1 1, ,y t t x tΦ ≡

( )0where  ( ) is the D.E. solution given x t x t y=
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Shooting MethodBoundary-Value 
Problem

Abstract Formulation

Solve 

Use Newton’s method

( )( ) ( )( )
( )

( )0 0 ,0, 0 0H x x T x

x T

= Φ − =

( ) ( ),0,
H

x T
J x I

x
∂Φ

= −
∂

( )( ) ( )1k k k k
HJ x x x H x+ − = −
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Shooting MethodBoundary-Value 
Problem

Computing Newton

( )( )To Compute 0 ,0,x TΦ

( ),0,
What is ?

x T
x

∂Φ
∂

( ) ( )( ) ( )Integrate  on [0,T]
dx t

F x t u t
dt

= +

( )0x ε+

( )0x
( )x T

( )x Tε

Indicates the sensitivity of x(T) to changes in x(0)
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Shooting MethodBoundary-Value 
Problem Sensitivity Matrix by Perturbation

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
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1 1 1 1
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N N N N
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⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥− −⎢ ⎥
⎢ ⎥⎣ ⎦

( ),0,x T
x

∂Φ
≈

∂



SMA-HPC ©2003 MIT

Shooting MethodBoundary-Value 
Problem Efficient Sensitivity Evaluation 

( ) ( ) ( ) ( )( )( )1 10 0
0

ˆ ˆx x u
x

t F x t− −∆ + ∆
∂

=
∂

Differentiate the first step of Backward-Euler

( )
( )
( )

( )
( )

11 10
0

ˆˆ
0

0
ˆ
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F xx xt
x

x x x x
∂∂∂ ∂
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∂ ∂ ∂ ∂

− ∆ =
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1 1 0
0 0

ˆ ˆF x
t

x
x x

xI
x
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Shooting MethodBoundary-Value 
Problem Efficient Sensitivity Matrix Cont 

( )
( ) ( )

1ˆ ˆ
0

ˆ
0

l l l

I
x x x

F x x xt
−⎛ ⎞∂ ∂ ∂⎜ ⎟⇒

⎜ ⎟∂ ∂ ∂⎝ ⎠
− ∆ =

Applying the same trick on the l-th step

( ) 1

1

ˆ lL

l

I
x

F x
t

−

=
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⎜ ⎟
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x
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∂
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Shooting MethodBoundary-Value 
Problem Observations on Sensitivity Matrix

Newton at each timestep uses same matrices

( ),0,x T
x

∂Φ
≈

∂

( ) 1

1

ˆL

l

Timestep Newton
Jacobian

l

I
x

F x
t

−

=

⎛ ⎞∂
⎜ ⎟
⎜ ⎟

−
⎝ ⎠

∆
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Formula simplifies in the linear case
( ),0,x T
x

∂Φ
≈

∂
( ) LI tA −− ∆
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Matrix-Free Approach
Shooting Method

Basic Setup

Start with 
( ) ( )( ) ( )dx t

F x t u t
dt

= +

Use Newton’s method

( )( ) ( )( ) ( )0 0 ,0, 0 0H x x T x= Φ − =

( ) ( ),0,
H

x T
J x I

x
∂Φ

= −
∂

( )( ) ( )1k k k k
HJ x x x H x+ − = −
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Matrix-Free Approach
Shooting Method

Matrix-Vector Product

( ) ( ) ( )1
,0,

,0,
k

k k k k
x T

I x x x x T
x

x b
A

+
⎛ ⎞∂Φ
⎜ ⎟− − = −Φ
⎜ ⎟∂⎝ ⎠

Solve Newton equation with Krylov-subspace method

Matrix-Vector Product Computation

( ) ( ) ( ),0, ,0, ,0,k k j k
j j

x T x p T x T
I p p

x
ε

ε

⎛ ⎞∂Φ Φ + −Φ
⎜ ⎟− ≈ −
⎜ ⎟∂⎝ ⎠

Krylov method search direction
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Matrix-Free Approach
Shooting Method

Convergence for GCR

Example

( )0 real and negativedx Ax eig A
dt

− =

Shooting-Newton Jacobian

( ),0, ATx T
I e I

x
∂Φ

− = −
∂
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Matrix-Free Approach
Shooting Method

Convergence for GCR-evals

1

1

1

1N

T

AT

T

e
e I S S

e

λ

λ

−

⎡ ⎤−
⎢ ⎥− = ⎢ ⎥
⎢ ⎥−⎣ ⎦

Many Fast Modes cluster at 1

1
Few Slow Modes larger than 1
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Fourier Representation
Spectral Methods

Truncation Approximation

• Periodic function fourier series  

• Approximate a function with truncated series

2
( )

tL i l
T

l
l L

x t X e
π−

=−

≈ ∑

2
( )

ti l
T

l
l

x t X e
π∞ −

=−∞

= ∑
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Fourier Representation
Spectral Methods

Square Wave Example

“Copyright 1997 by Alan V. Oppenheim and Alan S. Willsky”
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Fourier Representation
Spectral Methods

Annoyance for Real Functions

• Real x Fourier Coeffs complex conjugate

• Can rewrite series with fewer unknowns 

*
l lX X− =

2 2*
0

1 0Real
( )

t ti l i l
T T

l l
l l

x t X e X e X
π π∞ − +

= =

= + +∑
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Fourier Representation
Spectral Methods

Orthogonality

• Terms in Fourier Series are orthogonal

• Simple formula for computing coefficients

22

0

0
ti mti

T
T

l
Te dt l me

π π−−
= ≠∫

0

22 2

0

( )
t ti m i m
T T

ti l
T

l m

T T

l

dt dte ex t X e TX
π π π∞ −

=−

− −

∞

= =∑∫ ∫
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Fourier Representation
Spectral Methods

Advantages

• For smooth functions (infinitely cont. diff)
– Fourier Coefficients decay exponentially fast

• Automatically satisfies periodicity

( )
0

21lim l( ) im
ti m

m
mT

T

m mx dt
T

t X O ce
π

−>∞ −>∞

−
==∫

( )
2 2

( )
t T tL Li l i lT T

l l
l L l L

x t T X e X e x t
π π

+⎛ ⎞− −⎜ ⎟
⎝ ⎠

=− =−

+ = = =∑ ∑
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Computing Coefficients
Spectral Methods

Residual

• Plug representation into differential equation

• Simplify by differentiating representation

( ) ( )
2 2

Residual

,
t tL Li l i l
T T

l l
l L l L

dR X t X e F X e u t
dt

π π− −

=− =−

⎛ ⎞ ⎛ ⎞
= − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑

( ) ( )
2 2

Residual

2,
t tL Li l i l
T T

l l
l L l L

i lR X t X e F X e u t
T

π ππ − −

=− =−

⎛ ⎞−
= − −⎜ ⎟

⎝ ⎠
∑ ∑
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Computing Coefficients
Spectral Methods

Collocation and Galerkin

• Collocation – Residual = 0 at test points

• Galerkin – Residual orthog to Fourier Terms

( )
Residual

, 0 {1,..., 2 1}lR X t l L= = +

( )2

0
Residual

, 0 { ,...,0,... }
ti m

T
T R X t dt m L Le

π−
= ∈ −∫
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Computing Coefficients
Spectral Methods

Galerkin Equation

• Galerkin – Residual orthog to Fourier Terms

( )
2

0

2 22 t tL Li l iti m l
T T

l l
l L l

T

L

T i l X e F X e u t dt
T

e
π ππ π − −

=− =

−

−

⎛ ⎞⎛ ⎞−
− − =⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝

⎛ ⎞
−⎜ ⎟⎜ ⎟
⎝ ⎠ ⎠

∑ ∑∫

( )
2

0

2

0

2
2 0

tL i l
T

l l

T t ti m i m
T

L

T
T

l

i mX F X e dt u t dte e
π ππ

π
− −−

=−

⎛ ⎞
+ =⎜ +⎟

⎝ ⎠
∫ ∫∑

{ ,...,0,... }m L L∈ −
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Computing Coefficients
Spectral Methods

Linear Galerkin F(x)=Ax

( )
0

2 2

0

2
2 0

tL i l
T

t ti

l l
l L

i m
T

T
T

T
m

mU

i mX X e dt u te A e dt
πππ

π
− −−

=−

⎛ ⎞
+ =⎜ +⎟

⎝ ⎠
∫∑∫

( ) ( ) ( )1 1

2 0 0 0

2 1
0 0 0

0 0 0
20 0 0

L L

L L

L L

Diagonal

i L A X UT
X Ui L

A
T

i L X UA
T

π

π

π

− −

− − − −

⎡ ⎤+ ⎡ ⎤ ⎡ ⎤⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥

− ⎢ ⎥ ⎢ ⎥⎢ ⎥+ ⎢ ⎥ ⎢ ⎥⎢ ⎥ = −
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦− +⎢ ⎥⎢ ⎥⎣ ⎦
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Computing Coefficients
Spectral Methods

Collocation Equations

• Collocation – Residual zero at test times

( ) ( )
2 2

Residual

2, 0
l lt tL Li l i l
T T

l l l l
l L l L

i lR X t X e F X e u t
T

π ππ − −

=− =−

⎛ ⎞−
= = − −⎜ ⎟

⎝ ⎠
∑ ∑

{1,..., 2 1}l L= +



SMA-HPC ©2003 MIT

Computing Coefficients
Spectral Methods

Discrete Fourier Transform

( ) ( )

( )

( )
( )

( )( )

1 1

2 1 2 1

12 2

21

2 2

2 1

Discrete Fourier Transform(DFT)

L L

L Li t i t LT T

L

L Li t i t
T T

LL

x tX
e e x tX

x te e X

π π

π π+ +

− −

− −

−

+

⎡ ⎤⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥ = ⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎢ ⎥⎣ ⎦

If then DFT Matrix has orthog columns
2 1l
lt T
L

=
+
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Computing Coefficients
Spectral Methods

Collocation using timepoints

( )
( )

( )
( )

( )( )

( )( )
( )( )

( )( )( )

( )
( )

( )( )

11 1

22 2
1

2 1 2 12 1

Spectral Differentiation

2 0 0 0

2 1
0 0 0

0 0 0
20 0 0 L LL

i L F x tx t u tT
F x tx t u ti L

DFT DFTT

i L x t u tF x t
T

π

π

π

−

+ ++

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢−⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢⎢ ⎥ − =⎢ ⎥⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢− ⎣ ⎦ ⎣⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥⎦

Converting timepoint into Fourier Coeffs, 
Differentiating, and then returning to time
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Computing Coefficients
Spectral Methods

Spectral Differentiation Example

Middle row, T = 17 and 2L+1 = 17
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Computing Coefficients
Spectral Methods

Spectral Colloc vs. F-D

( )( )
( )( )

( )( )( )

( )
( )

( )( )

1 1 1

2 2 2

2 1
2 12 1

1 10 0 ˆ
ˆ1 1 0 0

0 0
1 1 ˆ0 0

L
LL

F x t u txt t
F x t u tx

t t

u tx F x t
t t

+
++

⎡ ⎤ ⎡ ⎤− ⎡ ⎤⎢ ⎥ ⎡ ⎤ ⎢ ⎥∆ ∆ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ + =∆ ∆ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥− ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦∆ ∆⎣ ⎦
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11 1

22 2
1

2 1 2 12 1

2 0 0 0

2 1
0 0 0

0 0 0
20 0 0 L LL

i L F x tx t u tT
F x tx t u ti L

DFT DFTT

i L x t u tF x t
T

π

π

π

−

+ ++

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ − =⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− ⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦
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Summary

• Four Methods 
– Time integration until steady-state achieved

– Finite difference methods

– Shooting Methods

– Spectral Methods

• Shooting Methods
– State transition function

– Sensitivity matrix

– Matrix-Free Approach

• Spectral Methods
– Galerkin and Collocation Methods
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