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Exercise 1.22:
For each of the following random variables, find the interval (r_,r;) over which the mo-
ment generating function g(r) exists. Determine in each case whether gx(r) exists at the
end points r_ or 4. For part ¢), g(r) has no closed form.

Part a) Let A, 0, be positive numbers and let X have the density

fx(@) = hexp(—Aa)z > 0 fx(x) = fexp(0r)ia <0

Solution: The MGF is calculated as:

gx(r) =

= / [x(z)e™ dx
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As observed, the first integral is infinite if » < —6 and the second integral is infinite if
r > X So gx(r) is defined in the interval (—6, \) and boundaries are not included in the
region of convergence.

Part b) Let Y be a Gaussian random variable with mean m and variance 2.

Solution: fy(y) = \/2;7 exp(—%) for all y.
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gy (r) exists for all —oo < 7 < co. But it does not exist for r = —oo or r = oc.

Part c Let Z be a non-negative random variable with density

fz(2) = k(14 2)2exp(=Az); z>0.

—1
where A > 0 and k = [fz>0 (1+ 2)? exp(—az)dz] . Hint: Do not try to evaluate gz(r).
Instead, investigate values of r for which the integral is finite and infinite.

Solution:

9z(r) = E[e"]
= / k(14 2) % exp(—Az) dz
0

= - 2) 2 ex r—Az)dz
S ACEERE PR

This integral is finite if and only if r is less than A (r < X). If r is strictly less than
A (r < A), since exponential function decays much faster than any polynomial, the inte-
gral will be finite. If » = )\, the integration is over a function that decays as z= where
a =2 > 1, and it will be finite.

Exercise 1.24:

Part a) Assume that the MGF of the random variable X exists (i.e., is finite) in the
interval (r_,ry), r— < r < r4 throughout. For any finite constant ¢, express the moment
generating function of X — ¢, i.e., gx_¢)(r), in terms of gx(r) and show that g x_c)()
exists for all r in (r—,r1). Explain why g% _.(r) > 0.



Solution:
gx—e)(r) = E[e"X79)]
— efrcE[erX]
— e*TCgX(T,)

Since g(x—¢)(r) = e "gx (r), if gx (1) exists and is finite in the interval (r—, 7 ), gx—c)(7)
also exists in this interval.

If we define the random variable Y = X — ¢, then gy (r) = g(x_¢)(r) and g%_.(r) is
equal to g{-(r) = E[Y2e"¥] which takes non-negative values.

Part b) Show that g% _.(r) = [¢%(r) — 2cg/y (r) + Fgx (r)] e7".

Solution:
d2E[er(X—c)]
" _
Ix_o(r) = dr2
d2er(X—c)
= E _—
[ dr? )

= E[(X — )%’

= e E[(X? - 2cX + ?)e™¥]

= e " [E[X%"¥] — 2cE[X e ¥] + PE[e™Y]]
= e " [g%(r) = 2¢qx (r) + Fgx (r)] -

Part c) Use (a) and (b) to show that g% (r)gx (1) — [¢% (7)]? > 0, Let yx(r) = Ingx ()
and show that 7% (r) > 0. Hint: choose ¢ = ¢’ (r)/gx(r).

Solution: In part a) it was proved that g% __(r) > 0 and in part b) g (r) was

calculated. Thus, we know that for any ¢, g’ _.(r) = ™" [¢% (r) — 2cg/x (r) + ¢ gX(r)} > 0.
Since e7"¢ > 0, thus, g% (r) — 2¢g’ (r) + ¢?gx (r) > 0. Now choosing ¢ = g’ (r)/gx(r):

/ / 2
1 gx(r) , [QX (74)}
gx(r) —2 gx(r)+ gx(r) >0
X220 P Lgen] <0
Which gives the desired result immediately.

Defining vx (r) = Ingx(r), we know that v (r) =
which is non-negative due to the result above.

Part d) Assume that X is non-deterministic, i.e., that there is no value of « such that
Pr{X = a} = 1. Show that the inequality sign ” > " may be replaced by ” > " everywhere



in (a),(b) and (c).

Solution: All the inequalities were result of the fact that E[(X — ¢)2¢"(X~9)] > 0. This
is because e"X~¢) > 0 for all values of X > —oco and (X —¢)? > 0. Now if there is a
positive probability that (X —¢)? > 0 or in other terms if X is not a deterministic random
variable that takes the value of ¢ with probability 1, then (X —¢)? > 0 and gE/X— 0 (r) > 0.

Exercise 7.1:

Consider the simple random walk {S,, : n > 1} of section 7.1.1 with S,, = X; + Xo +
<-4+ X, and Pr{X; = 1} = p; Pr{X; = —1} = 1 — p; assume that p < 1/2,

Part a) Show that Pr{Unz1{Sn > k}} = [Pr{Un21{Sn > 1}}]1c for any positive inte-

ger k. Hint: Given that the random walk ever reaches the value 1, consider a new random
walk starting at that time and explore the probability that the new walk ever reaches a
value 1 greater than its starting point.

Solution: Since X; is equal to 1 or —1, S,, increases or decreases by value of one at
each time. In order for S, to ever reach the value of k, it should first reach the value of 1.

Pri (J{Sn =k} p = Prd [ J{Sn =1} p Prg (J{Su = R} (J{Sn > 1}

n>1 n>1 n>1 n>1

Prd | J{Sn =1} p Pra | J{Sn =k — 1}

n>1 n>1

Doing the same thing iteratively for Pr{UnZl{Sn >k — 1}}, we get: Pr{Unzl{Sn > k;}} =

k
Pr{Unz1{8 = 1}}] -
Part b) Find a quadratic equation for y = Pr{Un21{Sn > 1}} Hint: explore each of
the two possibilities immediately after the first trial.

Solution:
y=Pro [ J{Sn=1}p = Pro [ J{Sn = 1}X1 =1, Pr{X; =1} +Pr{ [ J{S, > 1}| X1 = -1 Pr{X
n>1 n>1 n>1

= Pr{X; =1} +Prq [ J{Sn =2} p Pr{X1 = -1}

n>1



Where the last equation is because of the fact that the probability that .S,, ever reaches
the value of 1 conditional on the X; = —1 is the same event that S, should reach

value of 2 starting from the beginning. Thus, y = Pr{Un21{Sn > 1}} =p+(1-
2
PPr{U,1 {80 = 11} =p+ (1 - p)y’

Part c) For p < 1/2, show that the two roots of this quadratic equation are p/(1 — p)
and 1. Argue that Pr{Un21{Sn > 1}} cannot be 1 and thus must be p/(1 — p).

Solution: We see that both the values of p/(1 — p) and 1 satisfy the equation y =
p+ (1 —p)y?. Since p < 1/2, there is a drift to the left in the Markov chain corresponding
to this random walk. Thus, there is a positive probability that S, gets negative values
and wanders off to —oo without ever reaching the value of 1. Hence the probability of
{U,,>1{Sn > 1}} should be less than 1 and it is p/(1 — p).

Part d) For p = 1/2, show that the quadratic equation in part (c) has a double root at
1, and thus Pr{UnZl{S” > 1}} = 1. Note: this is the very peculiar case explained in the
section on Wald’s equality.

Solution: When p = 1/2, p/(1 —p) = 1 and so both the roots of the quadratic function
are 1. Although Pr{Unzl{Sn > 1}} = 1 in this case, the expected time to reach the

value of 1 for this Random walk is infinite, the corresponding birth-death Markov chain is
null-recurrent and that is the reason for the peculiar behavior of that.

Part e) For p < 1/2, show that p/(1 — p) = exp(—r*) where r* is the unique positive
root of gx(r) = 1 where g(r) = E[e""].

Solution: The moment generating function is gx(r) = pe” + (1 — p)e™". The solution
to the equation gx (1) = 1 satisfies p + (1 — p)e™?™* = e~ "*. Setting z = exp(—r*), we have
p+ (1 —p)2? = 2.This equation has two solutions z = 1 or z = p/(1 —p). z = 1 corresponds
to r+ = 0 and z = p/(1 — p) corresponds to the unique positive solution of the equation
where exp(—r*) = p/(1 — p). (Since p < 1/2, p/(1 —p) < 1 and r* > 0).

Exercise 7.3:
A G/G/1 queue has a deterministic service time of 2 and interarrival times that are 3 with
probability p and 1 with probability 1 — p.

Part a) Find the distribution of Wi, the wait in queue of the first arrival after the
beginning of a busy period.



Solution: We know that W; = max(Yy — X1,0). Yy = 2 with probability 1, X; = 3
with probability p and X; = 1 with probability 1 — p. So Yy — X; = —1 with probability
p and is equal to 1 with probability 1 — p. Thus, W; = 0 with probability p and is equal
to 1 with probability 1 — p.

Part b) Find the distribution of W, the steady state wait in queue.

Solution: We define U,, = Y,,_1 — X,, and similarly to part (a), it can be proved that
U,’s are IID random variable that are equal to 1 with probability 1 — p and are equal to
—1 with probability p. Similar to the analysis done in section 7.2 of the notes, we know
that:

Wy = HlaX(O, Zi’b’ Zg) T 7Z77’LL)
Where Z' = U,, + Up—1 + -+ + Up—iy1 for 1 < ¢ < n. Thus, Z" is a random walk of

Un,Upn—1, -+ ,Up—jy1 which are IID random variables. Hence,
Pr{iWWe >k} = lim Pr{max(0,27,23,---,Z) > k}
n—oo

= P JZ2" >k

n>1
k

= P | Jz">1

n>1

k
Thus, Pr{W, > k} = (%) if p>1/2and Pr{W, >k} =1ifp<1/2.
Exercise 7.4:

A sales executive hears that one of his sales people is routing half of his incoming sales
to a competitor. In particular, arriving sales are known to be Poisson at rate one per hour.
According to the report (which we view as hypothesis 1), each second arrival is routed
to the competition; thus under hypothesis 1 the interarrival density for successful sales is
f(y|H1) = ye™¥; y > 0. The alternative hypothesis (Hp) is the rumor is false and the
interarrival density for successful sales is f(y|Hp) = e™¥; y > 0. Assume that, a priori,
the hypotheses are equally likely. The executive, a recent student of stochastic processes,
explores various alternatives for choosing between the hypotheses; he can only observe the
times of successful sales however.

Part a) Starting with a successful sale at time 0, let S; be the arrival time of the i-th
subsequent successful sale. The executive observes Sy, S2,---,S, (n > 1) and chooses
the maximum aposteriori probability hypothesis given this data. Find the joint density



f(S1,82,-+,Sy|Hy) and f(S1,S9,- - ,Sn|Ho) and give the decision rule.

Solution: Let’s define Y; to be the interarrival time of the ith successful sale (i.e.,
Y, =85;—5;-1) and Y1 = S1. We know that Y;’s are IID and their distribution conditional
on each hypothesis is given.

Thus,

fOY, Yo, - Yo Hy) = f(Yi|Hy)f(Yo|Hy) - f(Yn|Hy)

= Hf(Yz‘!ffl)

n
i=1

n
— o (MitetYy) HYl

i=1
n
i=1

Based on the definition of Y;, f(Si,Sa, -+ ,Sp|Hy) = e 5n [T, (Si — Si—1) where Sy is
defined to be 0.

Similarly,
f(V1,Ya, -+ YolH) = e
Thus, f(S1,S2,---,Su|Hg) = e . The optimal decision making rule, assuming the

equiprobable priors for the hypotheses is a thresholding on likelihood ratio function. If
A(Sy,--+,S,) > 1 then the hypothesis Hj is chosen, otherwise hypothesis Hy is chosen.

f(SbSQv'” 7Sn|H1)
f(Sla527"' aSn‘HO)
e 5 [Ty (Si — Si—1)

68”

= H (Si — Si-1)

=1

A(Sy,---,50) =

Soif [Ti (Si — Si—1) > 1, hypothesis H; is chosen and if [[}"; (S; — Si—1) < 1, hypoth-
esis Hy is chosen.

Part b) This is the same as part (a) except that the system is in steady state at time
0 (rather than starting with a successful sale). Find the density of S; (the time of the
first arrival after time 0) conditional on Hy and H;. What is the decision rule now after



observing S1,S52, -, Sy.

Solution: The only difference with part (a) is the distribution of the first arrival. The
consecutive arrivals are going to have the same distribution as they had in part (a).

Under hypothesis Hg, due to the memoryless property of the exponential distribution,
the remaining time to the next arrival is also going to be exponentially distributed. So
f(Yl‘Ho) = €7Y1; Y1 Z 0, and f(Sl,SQ, e ,Sn’Ho) = e’S".

Under the hypothesis Hi, since the system is in steady state, two cases are possible at
time 0. Either the first arrival will be routed to the competition or it will be a successful
sale.These two events are equiprobable. If the first sale is supposed to be successful sale,
its arrival time should be distributed exponentially (as under hypothesis Hy). If it is going
to be routed, the arrival time of the first successful job is the sum of two arrival times,
each distributed exponentially (the first one will be routed and the second one will be
successful). This will be the same distribution that the later arrival times have under
hypothesis Hy. Thus, f(Y7 =y|Hy) = 1/2e7Y 4+ 1/2ye™ Y.

Based on similar analysis to part (a), f(S1, S, -+ ,Sn|H1) = e [[i_; (Si — Si—1) and

f(S1,82,--, S, H1) = f(Y1=51|H1)f(S2,---,Sn|Hi,S1)
= f(Y1=51H)f(Yo=5—-51,---.,Y, =5, — Sp_1|H1)

= [1/26—51 + 1/2516—31] H (S; — Sifl)e_(si_si_l)
=2

= %e_S"[l -+ 51] H (Si - Si—l)

i=2
So the likelihood ration function will be:
f(Sl7 527 e 7Sn‘H1)
f(Sl7 527 e 7Sn‘HO)

1/2e=5 (1 + 81) TTiy (Si — Si—1)
675”

A(S1,--+,5) =

n

= 120+ S) [ (S — Si-1)

1=2

Again, if A(S1,---,S,) > 1, hypothesis Hj is chosen, and if A(Sy,---,Sy) < 1, hypoth-
esis Hy is chosen.

Part c)

This is the same as part (b) except rather than observing n successful sales, the success-
ful sales up to some given time ¢ are observed. Find the probability, under each hypothesis,
that the first successful sale occurs in (s1,s1 + A], the second in (sg,s2 + A], - -+, and the



last in (sy(s), Sn() + A] (assume A very small). What is the decision rule now?

Solution:

Suppose the observed data is sy, 2, -+ , s, where n is the observed value of N (¢). Under
Hy, the probability of arrivals in (s1,s1+A), -+, (Sn, sSp+A) (A very small) is the probabil-
ity that the first n arrivals are in these intervals times the probability of no arrival from s, A
to ¢t. This is Aexp(—s1)Aexp(—so2+5s1) - Aexp(—sp + Sn—1) exp(—t+ s,,) = A" exp(—t).
Similarly, for Hj, the probability of an arrival in (s1,s1 + A) is A(1+ s1) exp(—s1)/2. The
probability of each subsequent arrival 7 is A(s; — s;-1) exp(—s; + s;—1). Finally, the prob-
ability of no arrival in (s, t) is f$>(t_sn) xexp(—z)dr = (t — s, + 1) exp(—t + s,). Thus
the probability of arrivals in (s1,81+A), -+, (Sp,sp +A) is A™(1451)/2(s2—51) -+ (Sp —
Sn—1)(t — sp + 1) exp(—t). Taking the ratio of these probabilities, we choose H; if

s1+1
2

H(Si — Si—l)] (t — Sp + 1) >1

i=1

We choose Hy if this is strictly less than 1, and we don’t care if it is equal to 1.
Exercise 7.5:

For the hypothesis testing problem of Section 7.3., assume that there is a cost Cy of
choosing Hi when Hj is correct, and a cost C7 of choosing Hy when Hj is correct. Show
that a threshold test minimizes the expected cost using the threshold n = (Cip1)/(Copo).

Solution: For a given sequence of observations y, if we select h = 0, an error is made
if h = 1. The probability of this even is Pr{H = 1|y} and the expected cost will be
aPr{H = 1]y}.

If we select b = 1, an error is made if h = 0. The probability of this even is Pr{H =0y}
and the expected cost will be coPr{H = 0|y}.

In order to minimize the expected loss, the decision rule should choose h = 1if coPr{H = 0]y} <
e Pr{H = 1|y}. Thus, h = 1 if:

coPr{H =0y} < cPr{H =1y}

Pr{H =0y} L a
Pr{H =1y} o
poPri{ylH =0} _ «a
piPr{y|H =1} co
Priy|f =0} _ pa
Pr{y|H = 1} PoCo



Exercise 7.10: Consider a random walk with thresholds a > 0, 8 < 0. We wish to find
Pr{S; > a} in the absence of a lower threshold. Use the upper bound in (7.42) for the
probability that the random walk crosses a before (.

Part a) Given that the random walk crosses f first, find an upper bound to the proba-
bility that « is now crossed before a yet lower threshold at 23 is crossed.

Solution: Let J; be the stopping trial at which the walk first crosses either o or 8. Let
Ja be the stopping trial at which the random walk first crosses either « or 23 (assuming the
random walk continues forever rather than actually stopping at any stopping trial. Note
that if Sj, > «a, then S;, = S, but if S;, < 3, then it is still possible to have S, > a.
In order for this to happen, a random walk starting at trial J; must reach a threshold of
a — S, before reaching 23 — S, . Putting this into equations,

Pr{SJz 2 a} = PT{SJl > Oé} + PT{SJQ >« | SJI < ﬂ} PT{SJl < ﬁ}

Pr{S;, > a | S5, < B} < exp[r’(a — B)],
where the latter equation upper bounds the probability that the RW starting at trial J;
reaches a — S, before 23 — S, , given that S; < .

Part b) Given that 23 is crossed before «, upperbound the probability that « is crossed
before a threshold at 33. Extending this argument to successively lower thresholds, find an
upper bound to each successive term, and find an upper bound on the overall probability
that « is crossed. By observing that (3 is arbitrary, show that (7.42) is valid with no lower
threshold.

Solution: Let Ji for each £ > 1 be the stopping trial for crossing « before k5. By the
same argument as above,

Pr{S;,, >a} = Pr{S; >a}+Pr{S,.,, >al|S; <kB} Pr{S;, <k}
< Pr{Sy, = a} +explr*(a — kB)),
Finally, let J» be the defective stopping time at which « is first crossed. We see from

above that the event S; > « is the union of the the events S; > « over all £ > 1. We
can upperbound this by

oo
Pr{S; >a} < Pr{S; >a} +ZPI‘{SJk+l >al| Sy, <kB}
k=1
1
1 — exp[r*[]
Since this is true for all 8 < 0, it is valid in the limit § — —oo, yielding e~
The reason why we did not simply take the limit 5 — —oo in the first place is that
such a limit would not define a defective stopping rule as any specific type of limit. The
approach here was to define it as a union of non-defective stopping rules.

< exp[ria]

™o
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