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Lecture 15: Large Scale Optimization, II



1 Outline

1. Dantzig-Wolfe decomposition
2. Key Idea
3. Bounds

2 Decomposition

. / /
min ¢1T1 + CaT2
st. Dixzy+ Doxo = by

F1CU1 = b1
FQ.’IUQ = b2
ri,T2 2 0

e Relation with stochastic programming?

e Firm’s problem

2.1 Reformulation
OPi:{:BiZ()lFi:Bi:bi},i:l,Q
° :Bz, j € J; extreme points of P;

e w! k€ K;, extreme rays of P;.

w3 Nal Y ol

e For all x; € P;

Jj€J; keK,
)\g >0 and Hf >0
dMoM=1, i=1.2
JEJi
min Z Mehad + Z oFchwh + Z Mcha) + Z 05 chw’
jegy k€K, €T kEK,
jea keK €T
+ Z 0%k Dow’ = by
keKo

> -
JjE€J1
> -
JE€J2
M >0, 6f >0, Y i, 7, k.
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Huge # variables, mo + 2 constraints

e A Dbfs is available with a basis matrix B

e p'=cyB ' p=1(q,m1,m2)

e Is B optimal?

Check reduced costs

3 Key idea

Consider subproblem:

Huge number of them

min (¢) — ¢' D)z
st. x € Py,

If optimal cost of subproblem is —oco, an extreme ray w} is generated:

(¢} — ¢ Dy)wh < 0, ie., reduced cost of 6% is negative; Generate column

[Dlwlfv 05 0]/

If optimal cost is finite and smaller than 71, then, an extreme point :B]l

J

is generated: (¢} — ¢'Dy)x] < 11, ie., reduced cost of )\{ is negative;
Generate column [D;x],; , 0]’

Otherwise, reduced costs are nonnegative

e Repear for subproblem:

4 Remarks

min (ch — q'Ds)xo
s.t. @xo € Py,

e Economic interpretation

e Applicability of the method

min
s.t.

cixy + chas + - + cwy
Dz + Doxo + -+ -+ Dy = by
Fiil:i:bi, i:1,2,...,t

L1, L2y...,&¢ > 0.
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4.1

min cx

s.t. Dx = by
Fx =0
x > 0,

Termination

Finite termination

Algorithm makes substantial progress in the beginning, but very slow later
on

no faster than the revised simplex method applied to the original problem
Storage with ¢ subproblems
Original: O((mg + tm1)?)

Decomposition algorithm O((mo +t)2) for the tableau of the master prob-
lem, and t times O(m?) for subproblems.

If t = 10 and if mo = mq is much larger than ¢, memory requirements for
decomposition algorithm are about 100 times smaller than revised simplex
method.

Example
min —4x; — x9 — 6z3
s.t. 3r1 + 2w + 4x3 = 17
1 S X1 S 2
1 S Xro S 2

P={xecR¥|1<z <2, i=1,2,3}; eight extreme points;

Master problem:

8
Z)\jD:l:j =17,

j=1

8
SN =1,
j=1

o ! =(2,2,2) and 2? = (1,1,2); Dx! =18, Dx? =13
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.32[18 13};3*:[ 0.2 —2.6]

11 -02 36
L4 - -
2
cpy=cz'=[-4 -1 —6] |2 |=-22
_2_
-
cpey=cx®=[—-4 -1 —6]| 1 |=-17
2

ep=[q¢ r]=cyB'=[-22 —17|B"'=[-1 —4].

d—-g¢D=[-4 -1 —6]—(-1)[3 24 =[-11 2],
optimal solution is ® = (2,1, 2) with optimal cost —5 <r = —4

e Generate the column corresponding to A3.
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T3
x2=11, 1,
»
x3=1 Z x! =
Lo
11,1 1,1
1.1 1
2?1
6 Starting the algorithm
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min %yt
t=1
st Y [ Y MDDzl + ) 0fDiw! | +y=by

i=1,2 \jeJ; keK;
J _

YN =1

je1



S N=1

jeJ2
N >0, 05 >0, y >0, Vi, gkt

7 Bounds

e Optimal cost z*

e 2 cost of feasible solution obtained at some intermediate stage ofe decom-
position algorithm.

e 1; be the value of the dual variable associated with the convexity constraint
for the ith subproblem

e z; optimal cost in the ith subproblem

e Then,

7.1 Proof

Dual of master problem

max qlbo +7r1+17o

st. ¢Dyxl + r < cjad, vV jeJ,
q' D wk < chwh, Vke K,
q’ngé + ry < cémg, Vi€ s,
q' Dywk < chwh, V ke Ks.

e (q,r1,72) dual variables
q'bo+ri+ry=2
e 2 is the optimal cost in the first subproblem:
mip(cie] ~ g Dial) = =

: A / k
min (ciwy — q¢ Diw?) > 0.
keKl( 1w —4q 1) >

e (g, z1,22) is a feasible solution to the dual of master problem
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7.2

By weak duality,

Example

z

*

(A1, 0%) =(0.8,0.2)

q'bo + 21+ 22
qbo+r1+re+ (21 —71)+ (22 —12)
24 (21 —7r1) + (22 — 12),

cg = (—22,-17), 2 = (—22,-17)'(0.8,0.2) = —21

r= 74’ 21 = (717 15 72)1(27 1;2) = —5.

—21>2*> =21+ (=5) — (—4) = —22

z¥=-215
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