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Problem 3.1

CONSIDER A CONTROL SYSTEM DESCRIBED BY

G(t) — a*q(t) = v(t) + fi(t), g(t) = q(t) + fo(t),

WHERE f = [f1; fa] IS A NORMALIZED WHITE NOISE, v IS THE CONTROL SIGNAL, ¢ IS
THE SENSOR MEASUREMENT, AND a > 0 IS A PARAMETER. THE OBJECTIVE IS TO
FIND A DYNAMIC FEEDBACK CONTROLLER (WITH INPUT g AND OUTPUT v) WHICH
STABILIZES THE SYSTEM WHILE USING A MINIMUM OF CONTROL EFFORT (DEFINED AS
THE ASYMPTOTIC VARIANCE OF v(t) AS t — 00).

(a) FIND THE COEFFICIENTS OF THE AUXILIARY ABSTRACT H2 OPTIMIZATION PROB-
LEMS ASSOCIATED WITH THE ORIGINAL TASK.
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Dis=1, Dyy=[0 1], Dy =0.

The full information control abstract H2 optimization has coefficients
a=A, b=DBy, ¢c=C, d= Dss.

The state estimation abstract H2 optimization problem has coefficients

a=A" b=_C, c¢= B, d= Dj.

WRITE ANALYTICALLY THE ASSOCIATED HAMILTONIAN MATRICES, BASES OF
THEIR STABLE INVARIANT SUBSPACES, STABILIZING SOLUTIONS OF THE RiccATl
EQUATIONS, AND OPTIMAL CONTROLLER AND OBSERVER GAINS.

The full information control Hamiltonian is
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Its eigenvalues are +a (double multiplicity each). Hence the stable invariant sub-
space of Hy; is the kernel of (Hy; 4+ al)?. A basis in this kernel is given by
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and the optimal state feedback gain is given by
K =—ByP; =[ —2a*> —2a |.

A good sanity check here: the closed loop poles (eigenvalues of A+ By K) should be
identical to the stable eigenvalues of the Hamiltonian.

The state estimation Hamiltonian is
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Its characteristic polynomial is s* —2a%s?+a*+1, and hence its eigenvalues s satisfy
5?2 = a? £ j. The stable eigenvalue s = = + jy such that s> = a® + j is given by

va*+ 1+ a? vat+1—a?
r= — , Y= — :
2 2

The corresponding eigenvector is

T+ jy

y—jx

Since Hg. has real coefficients, the eigenvector corresponding to eigenvalue = — jy
will be the complex conjugate of h. Hence real and imaginary parts of h form a
basis in the stable invariant subspace of H.:
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DERIVE AN ANALYTICAL EXPRESSION FOR THE TRANSFER FUNCTION OF THE
OPTIMAL DYNAMIC FEEDBACK CONTROLLER, AND VERIFY IT USING NUMERICAL
CALCULATIONS WITH h2syn.m.

The closed loop transfer function is given by
G(s) = —K(sI — A— ByK — LCy) L.

To verify the formulae, MATLAB function ps3_1.m can be used. This function relies
on SIMULINK design diagram ps3_1la.m.



Problem 3.2

RANDOM SIGNAL ¢ = ¢(t) IS ASSUMED TO BE A “BANDLIMITED WHITE NOISE” OF A
GIVEN BANDWIDTH B (I.E. THE RESULT OF PASSING THE TRUE WHITE NOISE v (t)
THROUGH AN IDEAL LOW-PASS FILTER OF BANDWIDTH B RAD/SEC). A HIGH QUALITY
SENSOR IS ASSUMED TO MEASURE ¢(t) ACCURATELY, EXCEPT FOR A WHITE ADDITIVE
NOISE, WITH THE SIGNAL-TO-NOISE RATIO OF 10.

(a)

USE h2syn.m TO DESIGN A 10-TH ORDER LINEAR FILTER WHICH INPUTS THE
SENSOR OUTPUT, AND OUTPUTS AN ESTIMATE OF q(t) WHICH MAKES THE MEAN
SQUARE ESTIMATION ERROR AS SMALL AS POSSIBLE.

M-function ps3_2a.m does the job. It uses a 10-th order Butterworth filter W with
cut-off frequency B to model ¢ as ¢ = Ww, where w is the normalized white noise.

TEST YOUR DESIGN BY COMPARING THE simulated PERFORMANCE OF FILTERS
YOU HAVE DESIGNED FOR B = 10 RAD/SEC AND B = 1 RAD/SEC ON SIGNALS
q(-) OF BANDWIDTHS OF B = 10 AND B = 1 RAD/SEC. (ONE EXPECTS THAT
THE FILTER OPTIMIZED FOR B = 10 RAD/SEC WILL BE BETTER ON THE ¢(-)
WITH BANDWIDTH B = 10 RAD/SEC THAN THE FILTER OPTIMIZED FOR B = 1
RAD/SEC, AND VICE VERSA.) USE THE GENERATOR OF BANDLIMITED WHITE
NOISE SUPPLIED WITH THE SIMULINK TO PERFORM THE SIMULATIONS.

The SIMULINK diagram for testing is ps3_2c.mdl. You must run ps3_2b.m before
you open it. For B = 1 rad/sec, the degradation of performance when a filter
designed for B = 10 is used is dramatic (at least a 10-fold increase of error). For
B =10, the degradation of performance when a filter designed for B = 1 is used is
not as big, but still quite noticeable.



