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Problem 1.1

BEHAVIOR SET B OF AN AUTONOMOUS SYSTEM WITH A SCALAR BINARY DT ouTpPUT
CONSISTS OF ALL DT SIGNALS w = w(t) € {0,1} WHICH CHANGE VALUE AT MOST
ONCE FOR 0 <t < 0.

(a) GIVE AN EXAMPLE OF TWO SIGNALS wi,wy € 3 WHICH COMMUTE AT t = 3, BUT
DO NOT DEFINE SAME STATE OF B AT t = 3.

To answer this and the following questions, let us begin with formulating necessary
and sufficient conditions for two signals z1, 29 € B to commute and to define same
state of B at a given time ¢.

For w € B, t € [0,00) let

| lim o w(T), it >0,
wlf] = { w(0), if1=0

be the left side limit value of w at t. Let

0, if w(t) = lm, o w(T),
Ny (w,t) = { 1, otherwise

be the number of discontinuities of w(7) between 7 =t and 7 = co. Similarly, let

0, if w(0) = wlt],
1, otherwise

V() = {

be the number of discontinuities of w(7) between 7 =0 and 7 =t — 0.
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Lemma 1.1 Signals z1, 22 € B commute at time t € [0,00) if and only if z,(t) =
29(t) and
N_(z1,t) + Ni(29,t) + |22(t) — 21[t]| <1 (1.1)

and
N_(2z9,t) + Ny(z1,t) + |z1(t) — z[t]] < 1. (1.2)

Proof First note that the “hybrid” signal z;5, obtained by “gluing” the past of z;
(before time t) to the future of z; (from ¢ to 00), is a discrete time signal if and only
if z1(t) = 22(t). Moreover, since he discontinuities of 215 result from three causes:
discontinuities of z1(7) before 7 = ¢, discontinuities of zo between 7 = ¢ and 7 = oo,
and the inequality between zq[t] and z1(t), condition (1.1) is necessary and sufficient
for z15 € B (subject to z;(t) = z2(t)). Similarly, considering the discontinuities of
the other “hybrid” obtained by “gluing” the past of z5 to the future of zy yields
(1.2). |
It follows immediately from Lemma 1.1 that signals z1, zo € B define same state of

B at time ¢ € [0,00) if and only if

N_(z1,t) = N_(29,t), D(21,t) = D(29,t), Ni(z1,t) = Ny(29,t), z1(t) = 22(2),
where for w € B
D(w, t) = [w(t) — w(t]]
is the indicator of a discontinuity at .
For k € Z let u, € B be defined by

0, t<k,
uk(t):{ 1, t>k

Then u; and ug commute but do not define same state of B at time t = 3.

GIVE AN EXAMPLE OF TWO different SIGNALS wi,ws € B WHICH DEFINE SAME
STATE OF B AT t = 4.

uy and us.
FIND A TIME-INVARIANT DISCRETE-TIME FINITE STATE-SPACE “DIFFERENCE IN-

CLUSION” MODEL FOR B, I.E. FIND A finite SET X AND FUNCTIONS g : X +—
{0,1}, f: X — S(X), WHERE S(X) DENOTES THE SET OF ALL NON-EMPTY

SUBSETS OF X, SUCH THAT A SEQUENCE w(0),w(1),w(2),... CAN BE OBTAINED
BY SAMPLING A SIGNAL w € B IF AND ONLY IF THERE EXISTS A SEQUENCE
z(0),x(1),x(2),... OF ELEMENTS FROM X SUCH THAT

x(t+1) € f(z(t)) and w(t) = g(x(t)) for t=0,1,2,....



(FIGURING OUT WHICH PAIRS OF SIGNALS DEFINE SAME STATE OF B AT A GIVEN
TIME IS ONE POSSIBLE WAY TO ARRIVE AT A SOLUTION.)

Condition (1.3) naturally calls for X to be the set of all possible combinations

Note that not more than one of the first three components can be non-zero at a
given time instance, and hence the total number of possible values of x(t) is eight,
which further reduces to four at ¢ = 0, since

N_(w,0) = D(w,0) =0 Ywe B.
The dynamics of z(t) is given by

£([00;0;0]) = {[0;0;0; 0},

(10;0; 0;1]) = {[0; 0; 0; 1]},
f([150; 05 0]) = {[1; 05 0; 0]},
F([150;0;1]) = {[1; 0; 0; 1]},
f([0,1,0 0]) = {[1;0;0; 0]},
f(10;1;0;1]) = {[1; 05 0; 1]},
f(10;0; 1;.0]) = {[0; 0; 1; 0, [0; 1; 0; 1]},
F(10;0; 1;1]) = {[0; 05 1; 1], [0; 1; 0; O]},

while g(z(t)) is simply the last bit of x(t).

This model is not the minimal state space model of B. Note that last two bits of
x(t+1), as well as w(t), depend only on the last two bits of z(¢). Hence a model of
B with a two-bit state space X, = {0,1} x {0,1} can be given by

£e10;01) = {[0; 0]}, £.([0;1]) = {[0; 1]}, £.([1;0]) = {[0; 1], [1; 0]}, fil[1; 1)) = {[0; 0], [1; 1]},

and
g« ([T1; 2]) = T2



Problem 1.2

CONSIDER DIFFERENTIAL EQUATION

()

§(t) +sgn(y(t) +y(t)) = 0.

WRITE DOWN AN EQUIVALENT ODE i(t) = a(z(t)) FOR THE STATE VECTOR
_ T2

x(t) = [y(t); 9(t)).
“ ({ gl ) - { —sgn(Zy + o)

FIND ALL VECTORS Zy € R? FOR WHICH THE ODE FROM (A) DOES NOT HAVE
A SOLUTION z : [tg,t1] — R? (WITH t; > o) SATISFYING INITIAL CONDITION

x(ty) = xo.

Solutions (forward in time) do not exist for

$0€X0:{|:%01} GRQI ZTo1 + Too = 0, Zf'()lE[—l,lL (E()l#()}.

Zo2
To show this, note first that, for
To1 + Toz 2 0, Tz > 1,
a solution is given by

x(t) = { Tor +_m02 t/ } , t€10,2(Zgg — 1))
To2 — t
Similarly, for

To1 + To2 <0, Tpe < —1,

a solution is given by

| Tor + tTgy + 27/2 o
f(t) = |: (Z’()Q—f-t 5 t e [0,2( T2 1)]

Finally, for Zy = 0 there is the equilibrium solution z(t) = 0.

Now it is left to prove that no solutions with z(0) € X, exist. Assume that, to
the contrary, x : [0,¢] — R is a solution with ¢ > 0 and x(0) = [—t,t] for some
€ [—1,1], t # 0. Without loss of generality, assume that 0 < ¢ < 1.

Since x is continuous, there exist § € (0, €) such that z5(t) > 0 for all ¢ € [0, d]. Let
to be the argument of minimum of x;(t) 4+ x2(t) for ¢t € [0,0]. If x4 (to) + x2(to) <0
then xo(t) — sgn(x1(t) + z2(¢)) > 1 for ¢ in a neigborhood of t,, which contradicts



(e)

the assumption that ¢, is an argument of a minimum. Hence 1 (t)+z2(t) > 0 for all
t € [0, 8]. Moreover, since x; is an integral of xo > 0, x1(t) is strictly monotonically
non-increasing on [0, §], and hence z;(¢) > —1 for all ¢ € (0, J].

Let to be the argument of maximum of z1(¢) + z2(t) on [0,]. If x1(to) + x2(to) > 0
then xq(t) +22(t) > 0 in a neigborhood of ty. Combined with z;(¢) > —1, this yields

d(t) = zo(t) —sgn(xy(t) + x2(t)) < —x1(t) — sgn(z1(t) + 22(t)) <1 —1=0.

Since x1 + x5 is an integral of d, this contradicts the assumption that ty is an
argument of a maximum. Hence x4 (t) + z5(t) = 0 for ¢ € [0, 6], which implies that
xo(t) is a constant. Hence z1(t) is a constant as well, which contradicts the strict
monotonicity of ().

2
DEFINE A SEMICONTINUOUS CONVEX SET-VALUED FUNCTION 7 : R? — 2R
SUCH THAT a(Z) € n(Z) FOR ALL x. MAKE SURE THE SETS 7)(Z) ARE THE
SMALLEST POSSIBLE SUBJECT TO THESE CONSTRAINTS.

First note that a([Z1, Zs]) converges to [79; 1] as Ty — Z3 within the open half plane
T1 + To < 0. Similarly, a([Z1,Zs]) converges to [23; —1] as Ty — Y subject to
71+ Ty > 0. Hence one must have n(Z) D (%), where

w([2])={[ 2] rev@ra},

{1},  y>0,
v(y) =4 {—1}, y <O,
[1,1], y=0.

On the other hand, it is easy to check that the compact convex set-valued function
7o is semicontinuous. Hence n = nj.

FIND EXPLICITLY ALL SOLUTIONS OF THE DIFFERENTIAL INCLUSION #(t) € n(z(t))
SATISFYING INITIAL CONDITIONS z(0) = z¢, WHERE Z(y ARE THE VECTORS FOUND
IN (B). SUCH SOLUTIONS ARE CALLES sliding modes.

The proof in (b) can be repeated to show that all such solutions will stay on the
hyperplane z1(t) + z2(t) = 0. Hence

z1(t) = 21(0)e™", 2o(t) = 22(0)e "
REPEAT (C) FOR a: R? — R? DEFINED BY

a([z1;z2]) = [sgn(w1); sgn(zz)].



Problem 1.3

FOR THE STATEMENTS BELOW, STATE WHETHER THEY ARE TRUE OR FALSE. FOR
TRUE STATEMENTS, GIVE A brief PROOF (CAN REFER TO LECTURE NOTES OR BOOKS).
FOR FALSE STATEMENTS, GIVE A COUNTEREXAMPLE.

(a)

ALL MAXIMAL SOLUTIONS OF ODE i(t) = exp(—z(t)?) ARE DEFINED ON THE
WHOLE TIME AXIS {t} = R.

This statement is true. Indeed, a maximal solution x = z(t) is defined on an interval
with a finite bound ¢, only when |z(t)| — oo as t — t,.. However, z(t) is an integral
of a function not exceeding 1 by absolute value. Hence |z(t) — x(to)| < |t — to| for
all ¢, and therefore |x(¢)| cannot approach infinity on a finite time interval.

ALL SOLUTIONS z: R— R oF THE ODE

o Joat)/t, t#0,
“”_{0, t=0
ARE SUCH THAT z(t) = —x(—t) FOR ALL t € R.
This statement is false. Indeed, for every pair ¢y, co € R the function

i Clt, t S O,
ﬂw_{qut>0

is a solution of the ODE, which can be verified by checking that
to
t
Z’(tg) - l‘(tl) = / ?dt W tl,tg.
t1

IF CONSTANT SIGNAL w(t) = 1 BELONGS TO A SYSTEM BEHAVIOR SET B, BUT
CONSTANT SIGNAL w(t) = —1 DOES NOT THEN THE SYSTEM IS NOT LINEAR.

This statement is true. Indeed, if B is linear then cw € B for all ¢ € R, w € B.
With ¢ = —1 this means that, for a linear system, w € B if and only if —w € B.



